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Abstract

In this paper, we are concerned with the symmetric positive solutions of a
2n-order boundary value problems on time scales. By using induction principle,
the symmetric form of the Green’s function is established. In order to construct
a necessary and sufficient condition for the existence result, the method of
iterative technique will be used. As an application, an example is given to
illustrate our main result.
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1 Introduction

The theory of measure chains (time scales) was first introduced by Stefan Hilger
in his Ph.D. thesis (see [1]) in 1988. Although it is a new research area of math-
ematics, it has already caused a lot of applications, e.g., insect population models,
neural networks, heat transfer and epidemic models (see [2,3]). Some of these mod-
els can be found in [4-6]. Such as in [5], Q.K. Song and Z.J. Zhao discussed the
problem on the global exponential stability of complex-valued neural networks with
both leakage delay and time-varying delays on time scales. By constructing ap-
propriate Lyapunov-Krasovskii functionals and using matrix inequality technique, a
delay-dependent condition assuring the global exponential stability for the consid-
ered neural networks was established.

In the past few years, more and more scholars concentrated on a positive solution
of boundary value problems for differential equations on time scales (see [7-12]). In
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[13,14], by using some fixed point theorems, the existences of pseudo-symmetric solu-
tions of dynamic equations on time scales were obtained. In [15,16], the fourth order
integral boundary value problems on time scales for an increasing homeomorphism
and homomorphism were discussed. Recently, the conditions for the existence of
symmetric positive solutions of boundary value problems were constructed in [17,18].
By applying an iterative technique, the existence and uniqueness of symmetric pos-
itive solutions of the 2n-order nonlinear singular boundary value problems of differ-
ential equation

(=D u@(t) = f(t,u(t), te(0,1),
uR(0) =u®(1) =0, k=0,1,2,---,n—1,

were obtained.
In this paper, we are concerned with the existence of symmetric positive solutions
of the following 2n-order boundary value problems (BVP) on time scales

{(—1)”7&2”@) = flo(t),u?(t), t€0,0(1)],

w7 (0) = v (0(1)) =0, 0<i<n-—1, M

where f : [0,0(1)] x [0,00) — [0,00) is continuous and f(¢,u) may be singular at
u=20,t=0 (and/or t = o(1)). If a function w : [0,0(1)] — R is continuous and
satisfies u(t) = u(o(1) —t) for t € [0,0(1)], then we say that u(t) is symmetric

n [0,0(1)]. By a symmetric positive solution of BVP (1), we mean a symmetric
function u € C27[0,0(1)] such that (—=1)u®”(¢) > 0 for t € (0,0(1)) and i =
0,1,---,n —1, and u(t) satisfies BVP (1). We assume that (1) and 0 are all right
dense. Throughout this paper we let T be any time scale (nonempty closed subset
of R) and [a,b] be a subset of T such that [a,b] = {t € T :a <t < b}. T satisfies

o(a—a(b)) = o(a) —o(b), (2)

and it is easy to see that T = R or T = hZ satisfies (2). And thus T = {o(t)|t € T} =
T.

2 Preliminary

Before discussing the problems of this paper, we introduce some basic materials
for time scales which are useful in proving our main results. These preliminaries can
be found in [17-20].

Lemma 2.1[20](Substitution) Assume that v : T — R is strictly increasing and
T := v(T) is a time scale. If f : T — R is an rd-continuous function and v is
differentiable with rd-continuous derivative, then for a,b € T,
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b v(b) "
[ rorwac= [ gor s
a v(a)

Throughout this paper, similar to [18], we assume that:
(A1) For (t,u) € [0,0(1)] x [0,00), f(t,u) is symmetric in ¢, that is, f satisfies

flo(1) —t,u) = f(t,u), forte (0,0(1)). (3)

(A2) For (t,u) € [0,0(1)] x [0,00), f is non-decreasing with respect to u and
there exists a constant A € (0,1), such that if o € (0, 1], then

U)\f(t, u) < f(t,ou). (4)
It is easy to see that (4) implies that if o € [1,00), then
f(t,ou) < o™ f(t,u). (5)
For convenience, in this paper we let
e@yzaé)@u)—w, for ¢ € [0,(1)]. 6)

Lemma 2.2 Let v € C[0,0(1)], then the following BVP

(=1t (1) = o(t),  te[0,0(1)], )
w7 (0) = uh(0(1)) =0, 0<i<n-—1
has a unique solution
o(1)
u(t) :/ Gn(t,s)v(s)As, (8)
0
where Gy (t, s) is defined in [0,0(1)] x [0,0(1)], and it follows from [19] that
(1)
Gi(t,s) = / G(t,7)Gi—1(1,8)A1, 2<1i<n, (9)
0

1 Jte(1) —a(s)), t<s,

Gilts) =Gl =0 {a<s><a<1> 1), 1> o(s), )

which satisfies
G(t,s) >0, (t,s) € (0,0(1)) % (0,1).

It is easy to see

. (ts) €1[0,0(1)] x [0,1]. (11)
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Lemma 2.3 For any t,s € [0,0(1)], from (2) we have
Gn(o(1l) —t,o(1) —o(s)) = Gu(t,s), n>1. (12)
Proof For any t,s € [0,0(1)], when n = 1, it is easy to see G1(o(1) —t,0(1) —

o(s)) = Gi(t, s).

Assume that
( ) —t,o(1) —a(s))
/ Glo(1) = £.7)Go 1 (r 0(1) — o)) Ar

o(1)
= / G(o(1) —t, T)/ G(1,7)Gp—2(1,0(1) — o(s))ATAT
0
o(1) a(1)
:/ G(o(1) —t,7 / G(t,71) G(1,7)G1(r,0(1) — o(s))A" L7
0

= " G(t,7) G(T T) G (7,7)G1 (7, 8) A" L7
0 0
= Gh(t, s). (13)

We consider G41(0(1) —t,0(1) — o(s)).
From (13), we obtain

o(1) —t,0(1) —o(s))

n+1
/ G(o(1) —t,7)Gp(1,0(1) — o(s))AT
(1)
/ G(o(1) —t,7) G(r,7)- / G(1,7)G1(1,0(1) — o(s))A"T
U(l) a(1)
:/ G(o(1)-,7) G(r,7)--- G(1,7)G1 (T, o( )AL / G(r,7)
0 0 0

o(1) o(1) a(1)
:/ G(t,T)/ G(r,7)--- G(1,7)G1 (T, s)A”_lT/ G(t,7)AT
0 0 0 0

o(1) o(1) o(1)
_ / Gt 7) / Gl / Glr, 7)1 (7, 5) A"
0 0 0

o(1)
z/ G(t,7)Gn(1,8)AT = Gpy1(t, s).
0

Therefore, the proof of Lemma 2.3 is complete.
Remark 2.1 For any ¢,s € [0, 1], we have

Gn(1—t,1—5)=Gyu(t,s), n>1

in a real space R, with the Green’s function
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t(l—s), 0<t<s<l1,
s(1—t), 0<s<t<lLl.

Gi(t,s) =G(t,s) = {

Let E be the Banach space C?*")[0,(1)], and define

P={uecE:u0)=u(c(l)) =0,u(t) >0fort e (0,0(1)),u(t) =ulc(l) —t)
and there exist constants l,,, L,, with 0 < [, < 1 < L, such that
lue(t) < u(t) < Lye(t) for t € [0,0(1)]}. (14)

Lemma 2.4 Assume that u € C?[0,0(1)] with u(t) > 0 and u>>((t)) < 0 for
t €10,0(1)], then

u(t) > seI[Bl%Iz(ﬂ]U(S)e(t), te0,0(1)].

Proof The proof is similar to that of Lemma 2.3 in [18].
Lemma 2.5 If u(t) is a symmetric solution of BVP (1), then there ezist con-
stants c1, co with 0 < ¢; < 1 < co such that

cre(t) < u(t) < cge(t), te|0,0(1)]. (15)

Proof For cie(t) < u(t), since u(t) is a symmetric positive solution of (1),
we obtain u(t) > 0 and u22((t)) < 0 for t € [0,0(1)]. Choose a positive number

¢1 < min {1, ser[{]l%}((l)] u(s)}, then Lemma 2.4 implies cre(t) < u(t), t € [0,0(1)].

For u(t) < coe(t), again from the fact that w(t) > 0 and u®2((t)) < 0 for
t € [0,0(1)], we obtain
u(t) <u(0)t, tel0,0(1)]
and
u(t) < —uP(o(1))(e(1) —t), te[0,0(1)].

When t € [0,0(1)/2], we have o(1) < 2(o(1) — t), then

u(t) < u(0)t < W(0(1) —t) = 2u®(0)e(t), te0,0(1)/2).

When t € [0(1)/2,0(1)], we have (1) < 2¢, then
u (o
) < -2 o) — 1) = ~2u¥ o )ett). 1€ [o(1)/2,0(0)
The symmetry of u(t) implies that u*(0) = —u®(o(1)). Choose a number cy >

max {1,2u”(0)}. Then u(t) < cze(t), t € [0,0(1)].

Clearly, (15) holds, and this completes the proof of Lemma 2.5.

Lemma 2.6!%°! Let [a,b] € T, and f be right-dense continuous. If [a,b] consists
of only isolated points, then
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> (@) =) f(t), if a<b,

b te€[a,b)
/ ft)At =0, if a=b, (16)
’ — S (a(t) =) f(t), if a>b.

telb,a)

3 The Existence Result

Theorem 3.1 Assume (Al) and (A2) hold. Then BVP (1) has at least one
symmetric positive solution if and only if

o(1)
0< /0 F(o(1), 7 (1)) At < oo, (17)

Proof Necessity Assume first that u(t) is a symmetric positive solution of (1).
We will show that (17) holds. Let ¢; and ¢z be given as in Lemma 2.5 for this u(t).
By Lemma 2.5, u(t) satisfies (15).

From (1), for ¢t € (0,0(1)), when n is odd, u®*"((£)) < 0 and when n is even,
u®”"((t)) > 0. Then

w0 (1))
w0 (1))

uAQn_l(O), when n is odd, (18)
2n—1
SO

AVARRVAN

u , when n is even. (19)

By (4),(5),(15),(18) and (19),

o(1) a(1) o(1)
/ Flo(t),e? (1) At < / Flo(t), e u? (1) At < e / Flo(t),u? (t))At
0 0 0
= (—1)" M W™ (0(1) = uAT(0)) < oo, (20)

and

o(1) a(1) o(1)
/ f(a(t)m"(t))AtZ/ flo(t), ey u? (1) At > c;A/ flo(t),u? () At
0 0 0
= (="M WA (o (1) —wATH0)) > 0. (21)

Now, (17) follows from (20) and (21).
Sufficiency Now assume that (17) holds. We will show that BVP (1) has at
least one symmetric positive solution.
Define an operator T': E — E by
o(1)

Tu(t) = ; Gn(t,s)f(o(s),u’(s))As, (22)
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where Gy, (t, s) is defined by (9) and (10). It is clear that u is a solution if and only
if u is a fixed point of T
Claim 1 The operator T : P — P is completely continuous and non-decreasing.
In fact, for u € P, it is obvious that Tu € E, Tu(0) = Tu(o(1)) = 0, Tu(t) > 0,
for t € (0,0(1)). From (22), we have

)= 1) / Go(o(1) — 1, 8) f(o(s), u” () As.

Assuming s = o(1) — o(€), since A(€) = AE, from (3),(12)and Lemma 2.1, we can
obtain

Tu(o(1) = 1)
a=1(0)
:/(1) Gn(o(1)—t,0(1)—a(£))f(o(a(1)—a(€)),u (a(1) —a(£)A(a (1) —a(£))
o(1) -

= Gn(t,€) f(a(§),u”(€)) AL = Tu(t).

Thus, for any u € P, from (4),(5),(10),(11) and (17), we obtain that for ¢ €
[0,0(1)],

o(1)
Tu(t) = Gn(t,s)f(o(s),u’(s))As

o(1) ro(1)
/ G(t, 7)Gn-1(7,8)ATf(0(s),u’(s))As

o(1) o(1)
= G(t,T) ; Gn-1(7,8)f(0(s),u’(s))AsAT
o(1) o(1)

0 [ Gurlr 9 f(o(s) 0 (5) AsAr
o(1) o(1)

e(t) Gr-1(7,8)f(0(s), Lye?(s))AsAT

Il
o\o
o

IN

IN
\o\o

< L’\/ / Gn-1(1,8)f(0(s),€e7(s))AsATe(t)
< Lpge(t) (23)
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and

o(1) o(1)
G(t Gr-1(7,8)f(0(s),u’(s))AsAT

0=
/00(1) / Gn1(7,8)f(0(s),u”(s)) AsAT
I

A\

o(1)

v

/ Gn-1(7,8)f(0(8),1,e7(s))AsAT

A o
Zlu/o e(r)/o Gn-1(7,5)f(0(s),e?(s))AsATe(t)
> lrye(t), (24)

where L, and lr, are positive constants satisfying

o(l) ro(1)
Ly, > max {L Lq)),/ / anl('n S)f(O'(S), eo(s))A‘SAT} )

(1)
lry, < min{l,l / / Gn-1(7,8)f(o(s), e”(s))AsAT}.

Thus, it follows from (23) and (24) that there exist constants Ly, and I, with
0 <lp, <1< Lpy, such that

Irwe(t) < Tu(t) < Lywe(t), te[0,0(1)]. (25)

Therefore, Tu(t) € P, that is, T : P — P. A standard argument can be used to show
that T : P — P is completely continuous.

From (A2), it is easy to see that T is non-decreasing with respect to u. Hence,
Claim 1 holds.

Claim 2 Let 0 and « be fixed numbers satisfying

1 1
0<d6<lp,* and A>Lp7, (26)
and assume
ug = de(t), wo = ve(t), (27)
Up =Tup,_1 and v, =Tv,_1, forn=1,2---. (28)

Then,
up <up << up <<y < - < g < g, (29)

and there exists a u* € P such that

un(t) = u*(t), wvn(t) — u*(¢t), uniformly on [0,0(1)]. (30)
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In fact, 0 > lpe < 1 < Ly, since Te € P. So 0 < 6 < 1 <. From (27), we have
ug, vg € P and ug < vyg.
On the other hand,

up(t) = Tup(t / Gn(t,s)f(o(s),de’(s))As

> 5 / Gilt, 5) f(0(s), % (5)) As
0
= 6'Te > mTee( t) > 6201 Ae(t) = ug(t),

on(t) = Tuo(t / Gt ) F(0(5), 7€ (5)) As
A s)f(o(s),e’(s s
<~ /0 Gt 5)(0(s), €7 (5)) A

= fy)‘Te < ’y)‘LTee(t) < 7)‘71 A e(t) = vo(t).

Since ug < vo and T is nondecreasing, by induction, (27) holds.
Let ¢g = %, then 0 < ¢g < 1. It follows from

T(cu) > A Mu, if0<c<l1, ueP,
that for any natural number n,
Uy = Tp_1 = T"ug = T™(0e(t)) = T™(cove(t)) > ¢ T (ve(t)) = ¢} vy.
Thus, for each natural numbers n and p*, we have
0 < Upypr —up <vp —up < (1— c{}n)vn < cén’ye(t),

which implies that there exists a u* € IP such that (30) holds, and Claim 2 holds.
Let n — oo in (28), we obtain u*(t) = Tw*(t), which is a symmetric positive
solution of BVP (1). Thus, the proof of Theorem 3.1 is complete.

4 Example
Example 4.1 Consider

{(—1)"UA2n (t) = (e())*(e(1) = a(®)*u’(o(t), te€[0,0(1)],

u?”(0) = uP™ (0(1)) =0, 0<i<n-—1, (31)

where o € R, 0 < 3 < 1. Let f(o(t),u(t)) = (o(t))*(c(1) — a(t))*uP(a(t)),
(t,u) € [0,0(1)] x [0,00), then, for a > —f — 1, there is at least one symmetric
positive solution of BVP (31).
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Note that the function f satisfies assumptions (A1) and (A2). In fact, for (t,u) €
[0,0(1)] x [0,00), f(o(1) —a(t),u’(t)) = f(o(t),u’(t)), f is non-decreasing with
respect to uw and if o € (0, 1], there exists a constant A\ with 0 < < A < 1, such
that f(o(t),ocu’(t)) > o f(o(t),u’(t)).

Thus, from Theorem 3.1, there is at least one symmetric positive solution of
BVP (31) if and only if

0 </0 (o) (c(1) — o () (m(a(n —o(t) At<oo. (32

In fact, the integration

a(1) 1 \8 wis B s
[ () o2t - oty

converges if and only if @« > —f — 1, then (32) holds. That is, for & > —f — 1, there
is at least one symmetric positive solution of BVP (31).

5 Discussion

IfT* = {0}U{i}u{1—1}U{1}, from (16), we can obtain the following result.
Theorem 5.1 Assume that (Al) and (A2) hold. Then BVP (1) has at least
one symmetric positive solution if and only if

0< Z (1—2;)2(1—t)f(0<t>’ e’ (t)) + Z (3£12t_)(tZ)2—t)f(U(t>’ e’ (t)) < 0.
te[0,3)NT* te[3,1)NT*
In particular, letting
flo(t),u?(t)) = a(t)(c(1) —o(t)), (t,u) €T x[0,00),
it is easy to see that f satisfies assumptions (A1) and (A2), and there is

> 1 n
0<n§_:2((n—1)3+(n+2)(n+1)3

) <o

Thus, from Theorem 5.1, BVP (1) has at least one symmetric positive solution.

References

[1] S. Hilger, Ein Mabkettenkalkiil mit Anwendung auf Zentrumsmannigfaltigkeiten, Ph.D.
thesis, Universitat of Wiirzburg, 1988.

[2] R.P. Agarwal, M. Bohner, W.T. Li, Nonoscillation and Oscillation Theory for Func-
tional Differential Equations, Pure Appl. Math., Dekker, Florida, 2004.



No.3 Y.Y. Yu, etc., Symmetric Positive Solutions of BVP 321

3]
[4]

[5]

B. Kaymakgalan, V. Lakshmikantham, S. Sivasundaram, Dynamic Systems on Measure
Chains, Kluwer Academic Publishers, Boston, 1996.

Q.Z. Xiao, B.X. Dai, Dynamics of an impulsive predator-prey logistic population model
with state-dependent, Applied Mathematics and Computation, 259(2015),220-230.

Q.K. Song, Z.J. Zhao, Stability criterion of complex-valued neural networks with both
leakage delay and time-varying delays on time scales, Neurocomputing, 171(2016),179-
184.

L.L. Qian, E. Winfree, J. Bruck, Neural network computation with DNA strand dis-
placement cascades, Nature, 475(2011),368-372.

H.R. Sun, L.T. Tang, Y.H. Wang, Eigenvalue problem for p-Laplacian three-point
boundary value problems on time scales, J. Math. Anal. Appl., 331(2007),248-262.

E. Cetin, S. Gulsan Topal, Higher order boundary value problems on time scales, J.
Math. Anal. Appl., 334(2007),876-888.

H.R. Sun, W.T. Li, Positive solutions for nonlinear three-point boundary value prob-
lems on time scales, J. Math. Anal. Appl., 299(2004),508-524.

Y.B. Sang, H. Su, Several existence theorems of nonlinear m-point boundary val-
ue problem for p-Laplacian dynamic equations on time scales, J. Math. Anal. Appl.,
340(2008),1012-1026.

H.R. Sun, W.T. Li, Existence theory for positive solutions to one-dimensional
p-Laplacian boundary value problems on time scales, J. Differential FEquations,
240(2007),217-248.

L. Erbe, R. Mathsen, A. Peterson, Existence, multiplicity, and nonexistence of positive
solutions to a differential equation on a measure chain, J. Comput. Appl. Math., 113:1-
2(2000),365-380.

Y.H. Su, Multiple positive pseudo-symmetric solutions of p-Laplacian dynamic equa-
tions on time scales, Math. Comput. Modelling, 49(2009),1664-1681.

Y.H. Su, W.T. Li, H.R. Sun, Triple positive pseudo-symmetric solutions of three-
point BVPs for p-Laplacian dynamic equations on time scales, Nonlinear Anal.,
68(2008),1442-1452.

N.A. Hama, F. Yoruk, Symmetric positive solutions of fourth order integral BVP for
an increasing homeomorphism and homomorphism with sign-changing nonlinearity on

time scales, Comput. Math. Appl., 59(2010),3603-3611.

E. Cetin, F. Serap Topal, Symmetric positive solutions of fourth order boundary value
problems for an increasing homeomorphism and homomorphism on time-scales, Com-

put. Math. Appl., 63(2012),669-678.

X.L. Lin, Z.Q. Zhao, Existence and uniqueness of symmetric positive solutions of 2n-
order nonlinear singular boundary value problems, Appl. Math. Lett., 26(2013),629-698.

Y. Luo, Z.G. Luo, A necessary and sufficient condition for the existence of sym-
metric positive solutions of higher-order boundary value problems, Appl. Math. Lett.,
25(2012),862-868.

L.J. Kong, Q.K. Kong, Even order nonlinear eigenvalue problems on a measure chain,
Nonlinear Anal., 52(2003),1891-1909.

M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with
Applications, Birkhauser, Boston, 2001.

(edited by Liangwei Huang)



