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Abstract

In this paper, we consider a hydrodynamic flow of nematic liquid crys-
tal system. We prove the local well-posedness for the system in the critical
Lebesgue space, and study the space-time regularity of the local solution.
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1 Introduction

In this paper, we consider the following hydrodynamic flow of nematic liquid
crystal system:

ur+u-Vu—Au+ VP =-V .- (Vd® Vd), inR" x (0,+00),
V-u=0,
dy +u-Vd=Ad+|Vd|*d, inR" x (0, +oc0),
(u(z, 1), d(z,1))|i=0 = (vo(x),do(x)), |do(z)| =1,
which was proposed by Lin and Liu [25,26], as a simplified system of Ericksen-Leslie
model. Here u is the velocity of the flow, d(-,¢) : R® — S?, the unit sphere in R3,
is the unit vector field to depict the macroscopic molecular orientation of nematic
liquid crystal material, P is pressure. We denote by Vd® Vd the 3 x 3-matrix whose
(i,7)-entry is Vid - Vijd and 1 <14, j < 3.
The hydrodynamic theory of liquid crystal flow due to Ericksen and Leslie was
developed in 1960’s [5,6,21,22]. The model (1.1) is a simplified system of Ericksen-
Leslie model, and it is a macroscopic continuum description of the time evolution of

(1.1)

*This work was supported by NSF of China (grant No.11471126).
TManuscript received October 17, 2016
fCorresponding author. E-mail: guocongchong77@163.com

357



358 ANN. OF APPL. MATH. Vol.32

material under the influence of both the flow field u(x,t) and the macroscopic de-
scription of the microscopic orientation configuration d(x, t) of rod-like liquid crystal.

Many efforts on rigorous mathematical analysis of system (1.1) have been made,
see [23,25-27,29] etc. Since the liquid crystal system (1.1) is a coupling system
between the incompressible Navier-Stokes equations and the heat flow of harmonic
maps, we shall first recall some results of Navier-Stokes equations as follows.

For the incompressible Navier-Stokes equations, in [19], Leray proved that for any
finite square-integrable initial data there exists a (possibly not unique) global-in-time
weak solution. Moreover, for two space dimensions case, [20] proved the uniqueness
of the weak solution. Although the problems of uniqueness and regularity for n > 3
of Leray-Hopf weak solutions are still open, since the seminal work of Leray, there
is an extensive literature on conditional results under various criteria. The most
well-known condition is so-called Ladyzhenskaya-Prodi-Serrin condition, that is for
some T > 0, u € LP(0,T; LY(R™)), where the pair (p, q) satisfies

201 ge (n+od) (1.2)
p q
Under condition (1.2), the uniqueness of Leray-Hopf weak solutions was proved by
Prodi [33] and Serrin [34], and the smoothness was obtained by Ladyzhenskaya [15].
The borderline case (p, q) = (co,n) is much more subtle.

Subsequently, [8] proved the well-posedness for the Navier-Stokes equations in
a scaling invariant space H %71(]1%"). The scaling invariant in the context of the
Navier-Stokes equations is defined as: if a pair of functions (u(z,t), P(z,t)) solves
the incompressible Navier-Stokes equations, then

(ux, P\)(z,t) = (Au(Az, \2t), A2 P(Ax, \t)) (1.3)

is also the solution of the incompressible Navier-Stokes equations with initial data
(ux(x,0), Px(x,0)) = (Mug(Ax), \2Py(\z)). The spaces which are invariant under
such a scaling are also called critical spaces. Examples of critical spaces for the
Navier-Stokes in n dimensions are:

en_ . 71+27p
H: '(R") CL"(R") C B, 7

(R") ¢ BMO™Y(R"™) ¢ B"*°(R™). (1.4)
The study of the Navier-Stokes equations in critical spaces was initiated by Fujita-
Kato [8,13], and continued by many authors, see [1,7,10,14,32] etc.

In 2003, Escauriaza, Seregin, and Sverak [7] obtained many perfect results, such
as the backward uniqueness of the parabolic system and the regularity results for
weak Leary-Hopf solutions u satisfying the additional condition u € L>°(0, T’; L3(R3)),
as well as the local well-posedness in the critical Lebesgue space, which verified the

borderline case of (1.2) for n = 3. The results of [7] is the borderline case for the
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Ladyzhenskaya-Prodi-Serrin condition (1.2), which implied that the bound of weak
solution in L°°(0, T;L3(R?)) plays a crucial role to the uniqueness of the weak so-
lutions to the Navier-Stokes equations. And for the borderline case of (1.2) with
n > 4, the results were established by Du and Dong [3].

Subsequently, the space-time regularity for those local solutions in critical
Lebesgue space of the Navier-Stokes equations was presented by [2] and [10]. Simi-
larly the space-time analyticity results of the Navier-Stokes equations in other critical
spaces, please see [9,11,16,30,31] etc.

Now, we turn to the liquid crystal system of (1.1). Recently, Lin, Lin, and
Wang [24] studied the Dirichlet initial boundary value problem of (1.1), and proved
the results that for any initial data (ug,dy) € L?(R?) x H! (£, 5?), there exists a
global Leray-Hopf weak solution (u,d) that is smooth away from at most finitely
many singularity times. Under the initial data (ug,dg) € BMO~! x BMO, the
local and global well-posedness were studied by Wang [35]. Very recently, in [12],
the authors were established some Serrin type (not in borderline case, see (1.2))
and Beal-Kato-Majida type regularity criterion for the weak solution to (1.1) in
R3. In [28], Lin and Wang proved the borderline case for the Serrin type criterion
which is more intrinsic and difficult. For classical solutions to the Cauchy problem
in the two-dimensional incompressible liquid crystal equation and the heat flows of
harmonic maps equation, under a natural geometric angle condition, in [17], Lei,
Li, and Zhang proved the global smooth solutions to a class of large initial data in
energy space. After that, the existence of a pair of exact strong solutions to the 2D
incompressible liquid crystal equations with finite energy was constructed by Dong
and Lei [4].

Define

(ux, P, dy)(z,t) = (Mu(Az, \2t), N2 P(\x, \%t), d( Az, A%t)), (1.5)

then we can establish the critical space for the liquid crystal equations (1.1) as (1.4).
There are similar results for the liquid crystal system (1.1) in the so-called critical
spaces. For example in [29] and [35] the well-posedness to system (1.1) in critical
Sobolev space L. x W and in BMO x BMO~! were studied respectively.

Similar to the results of [7] of Navier-Stokes equations, the bound of the weak
solutions (u, d) in the space L>°([0, T); L™ (R™)) x L*°([0, T'); W' (R™)) will be crucial
to determine the uniqueness of the weak solutions to the liquid crystal equations
(1.1), see [28]. In this paper, we shall present the well-posedness of the solutions to
system (1.1) in critical Lebesgue spaces L ([0, T); L™(R")) x L®([0,T); W™ (R™)).
Furthermore, the space-time regularity of the solutions are also presented.

There are several ingredients in this paper. Firstly, we shall prove the local well-
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posedness for system (1.1) in the critical Sobolev spaces. This part have extended
the corresponding results of Navier-Stokes equations to the liquid crystal system.
Subsequently, we shall study the space-time regularity of the local solutions, which
implies not only the smoothness of the local solution, but also the decay rate about
time t. To prove our results, we need to verify the space-time regularity of the local
solution in the time interval [0, 7p]. By the standard method, it is easy to prove our
results in [0, 7] with 71 < Tp, and then some iteration method to verity our results
always hold on [171, Tp].

Our results are stated as follows.

Theorem 1.1(Local well-posedness) Suppose that (ug,dy) is a pair of initial
data of (1.1) with (ug,do) € L™(R™) x WL™(R™), then there exists a constant T > 0,
which depends on (ug,dy), such that system (1.1) admits a pair of unique solution
(u,d) with the following properties:

u,Vd € C([0,T]; L*(R™)) N L%([0, T]; H(R™)), (1.6)
u,Vd € C([0,T]; L™(R™)) N L™ 2(0, T,R™) N L™ (0, T, R™). (1.7)

Moreover, if the initial data satisfying |[uoll L wny + Vol pnmny is small enough,
then we can take T = +o00.

Remark 1.1 In [28], when u € L>(0,T; L*(R")) N C([0,T); L™(R™)) and d €
L2(0,T; H (R™)NC([0, T); W™ (R™)), the Leray-Hopf type weak solution is unique
on R™ x [0, 7], moreover, the local solution is smooth on [0, 7] x R™.

Theorem 1.2 Let (u,d) be the local solution presented in Theorem 1.1 on
[0,T7], then for any positive integers k and m, by letting (p, q) € [2,00] X [n, 00| with

g =1, we have

M R, ¢S 9PV d € LP(0, T, LI(R™)). (1.8)

This paper is organized as follows: In Section 2, we shall present some well-
known results for the Leray Projector operator and some estimates for linear stokes
system. In Section 3, the local well-posedness of (1.1) in the critical Lebesgue spaces
is proved. The space-time regularity properties of the local solutions are proved in
Section 4. Throughout this paper, we sometimes use the notation A < B as an
equivalent to A < C'B with a uniform constant C'. The notation A = B means that
A< Band BS A

2 Preliminaries

At the beginning, we recall some properties for the Leary projection operator P to
divergence free vector fields, which is defined by its matrix valued Fourier multiplier
]f”(f) = 0;j — % For any multi-indices «, this symbol satisfies Mihlin-Hormander
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condition sup [£ ]O‘|8§‘I@>(§ )| < C. Furthermore, we have the following pointwise bound
€10

(see [18] Proposition 11.1).
Lemma 2.1 Denote e'® as the heat operator, n as the space dimension and
P(x,t) as the kernel of VFTIPe!® respectively, then there holds

1
(\/{5_,_ |x|)n+k+1’

where C(k) is a constant depending only on k.
||

A

P(z,t) < C(k) (2.1)

Lemma 2.2 Let K(z,t) = ﬁe_ﬂ, then there exists a polynomial Jk+2m(%)
with degree k + 2m, such that
IMVRK (2, 1) = tm%K(x,t)Jk”m(’jZ'?). (2.2)

Proof It can be proved by induction.

We also need the following properties of the solution to the heat equation:

Lemma 2.3 Denote ¢ to be the solution to the linear heat equation Oy¢p— A¢p = 0
with the initial data ¢|li—o = ¢o. Then for n > 2 there hold:

(1) For s > s1 > 1, denote + = 2(L — 1),

2\s1 s
(. D)l Leqny < C s Dt Ig0 ]| Lo gy, (2.3)
moreover, if s > s1 > max{2, @} then

16C Dl L (jo,1, L5 rmy) < C (s, Dl doll o1 (2.4)

Particularly, for the case n =s1 > 2, s=1=n+ 2, we have

19l Ln+2(0,7rm) < B0l L (rRy- (2.5)

(2) When the initial data ¢o € L™(R™), for any positive integers M and K we

have
M K

. ma kLl
> Dm0V | oo ny = 0. (2.6)
m=0 k=0

(3) For any positive integers m,n and p € [n+ 2,+00|, q € [n,n + 2] satisfying
the condition % + 4 =1, we have

k
||tm+§atmvk(lsHLP(O,oo;Lq(R")) < C(m, k, n)Hd)OHLn(Rn)a (27)

where C(m, k,n) is a constant depending on m,k and n.
Proof The case (3) was proved by Dong-Du [2]. For the case (1), when n = 3,
it was proved by Lemma 7.1 of [7]. In fact (2.3) can easily be proved by using Young
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inequality. For the case n = s1 = 3, s =1 =5, (2.4) is proved by [7] (see Lemma
7.1). We shall prove (2.4) for arbitrary dimensions n > 2 for completeness.
Multiplying |#|51~2¢ to the heat equation and integrating on R", we have

s [0y + [ / V(61D Rdndt S 60l gy (28)

Let g = |<;5|S71, then by Holder inequality and (2.8), we get

T 28 L
(- )HLl([OT Ls(R")) :/0 </Rn ’9’510133) di

syn—s(n—2

< 9 n(s—sy) 2n n
S 9"z A lg|»=2da ) dt (2.9)

s%nfssl(n72)

n(s—s l
< sup 66Dl IVgBaorsn S Idollm g
0<t<T

Now, we are going to prove (2.6). Let w, be the smoother kernel and

Poe = we * Po, (2.10)

then

be = P e = we x ePug = we * @. (2.11)

For any positive integers m and k, by Lemma 2.2, we have
£ 07 R ooy < (|07 VE G| oo oy + 107 VE (=) e ()
m LE2 m m
<A (| VEPT G Loo mny + (V2 (G = 6) | oo )
i
< t2|goc(x, )| Loo(rn) + [ @oc(; ) — dollLn gm)- (2.12)
Recalling that ¢g € L™(R™) and (2.10), let € — 0 and ¢t — 0, we get

kE+1 t—0Q

2|0 V|| oo rry — O. (2.13)

The proof is completed.
Remark 2.1 Particularly, for given positive constants m and k, we can prove
the following estimate just similar to (2.3):

07 R ooy S (B0l o en)- (2.14)

We also recall some results for the following linear Stokes system:

{ut—Au:divf, (t,r) € RT x R, (2.15)

divu = 0.
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For given initial data ug € L™(R™), we have:

Proposition 2.1 For any T > 0, suppose that f € L% (0 T;R")NL?(0, T; R™)
and the initial data up € L™(R™), then for the linear equation (2.15), there exists a
uniform constant Cy, such that the solution u satisfies:

u € C([0,T); L*(R™) N L*(0,T; H' (R™)); (2.16)

w e C([0,T]; L™(R™)) N L™ 2(0, T; R™) N L1 (0, T; R™); (2.17)

[[u(s Ol @y + 1l vz o,rimmy < Co(lfI] 42 1R + [[uoll pr (re)); (2.18)
1wl et o,rmey < Co(lfll n + [Juoll Lr (rn))- (2.19)

L"¥ (0,T;R)
Proof This Proposition comes from [7], where the authors proved it for the
case n = 3. For completeness, we shall give a brief proof of (2.18)-(2.19) for the
general case n > 2.
Write g = |u|™?, we have

n—2
2(n+2)
</ ’u‘n+2dx>
i) At (71(72)2)
2(n+2) 2(n+2 n(n+2 2n 2n(n+2
= ([ ae) " s (] daPas) ([ o)
=2 (n72)2 n—2 n—2
< nd n(n+2) %d 2n(n+2) < o v o 9 20
< |ul"dz A g|n-2dx Il 7 (mey IVl 2 ny- (2.20)

By multiplying |u|"~2u to (2.15) and integrating by parts, we have

Ol oy + /R ]2 Va2 + /R Vgl2ds

1/2 1/2
5( / |f|2|u|”—2dx) ( / |u|"—2rw|2dx)
R™ Rn

n—2 1/2
2(n+2)

<Hf||LnT+2 R")</ |UIn+2dx) * (/ ’u|n2‘Vu|2dx>

R™ R™

n+

S age o, ([ 0l +2a0)

2(n—2) ("*2)2
, L\ ned) on n(nt2)
S age o, ([ e ) ([ al5a)
ST (L tras)

2(n—2) n—2

n(n+2) 9 n+2
| IvaPas
Rn

S Hfll ng2 )HuIILT(Rn)- (2.21)
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Then by Gronwall inequality, we get

HUHL‘X’(O,T;L"(R” < |’f”LLj£(OTRn + HUOHL”(R")a (2.22)
and
n/2 n/2
Vgl S o+ ol (223)
By (2.22) and (2.23), we verify (2.18) as follows:
2
fulzssiormny S Il IVl Ead iy S 10, g s + el oy (2:28)

Similarly, (2.19) can be proved as

1

Py
D ep— < / / \u|n+1dxdt)
1 n=1 1
2 n n n+1
< dx gn A1dr dt
0
1
n+1 2 +1
~ HuHLn (R™) ’Vg’ dxdt

S HfH 42 0 TRe) + [uoll Ln(gr)- (2.25)

The proof is complete.
Lemma 2.4 For any constant kg > 0 and do(x) € S?, there exists a constant
C(ko) such that

dist(e'®do(z),S%) < ko + (C™ + 1) Vdo|| (), (2.26)

where dist(-,-) is the distance.
Proof This Lemma follows directly from Lemma 2.1 of [35].

3 Local Existence
We prove Theorem 1.1 by using the fixed point argument. Given any T > 0, we

write
A
K(T) = [le"®ug || pnr(o.1mny + 1€ uol| Lrt2(o,7mm)
+|e 2V do|| prt1 07y + 1€ Vdo|| e o 1.rny < +00. (3.1)
At the beginning, we set a suitable space as follows (for more details of the suitable
space see [18]):

Definition 3.1 For the functions (f(z,t),g(x,t)) defined on R"™ x [0,7] (0 <
T < o), we say that (f(z,t),g(z,t)) € ET if there hold:

tim /Al o ey + 1V o)) = O, (3.2)
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and
1D er = gl e @ny + 1(f5 9) |l pr < oo, (3.3)
where
1(F, 9) | gr & \/z”fHLOO(Rn) + |l L0, immy + 11| Lrt20,1:mm)

£ sup
0<t<T
+ sup Vt|Vglreemn) + IVgllaiorgn) + 1Vl pnrzorgny- (3-4)
0<t<T
Furthermore, we say that (f(z,t),g(x,t)) € EE(T) if (f(x,t),9(z,t)) € ET and

1(f; 9l pr < 26(T). (3.5)

It is easy to check that both ET and EZ(T) are non-empty Banach spaces.

Let u and d® be solutions to the following equations respectively,

(1) (1) _
utl Au 0, (3.6)
u (z, t)] =0 = uo.
and W
dy” — AdM =0, (3.7)
d(l) ($, t)’t=0 = dp.
We set a map T(@,d) = (T1 (@, d), T2(, d)) as
( - t - -
u® =T, (u,d) = — / S(t—7)PV - [a®u+ Vd® Vd](-,7)dr,
0
(3.8)

~ t ~ ~ ~
d(2):T2(a7d):/ S(t — 7)(\Vdl*d — @ - vd)dr,
0

uP g =0, d?|—o=0.

Here and hereafter, we denote S(t) as the heat operator and P is the Leary projection
operator.
By Lemma 2.3, to prove Theorem 1.1, it is sufficient to estimate (u(z), d(z)).
Proposition 3.1 There exists a constant t1, when 0 <t <t we have

T(t,d) : Bl — Ely)- (3.9)
Proof We need to prove
1dP)]] oo (gn) < 00, (3.10)
and
lim V70 o) + [V | oo ny) = 0, (3.11)

as well as
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1, d®)| g < 26(2). (3.12)

We shall prove (3.10)-(3.12) term by term.

t o~ o~ ~
1dP]| e < H / S(t—7)(|VdP2d - w- vd)dr (3.13)
0 L (R")
When 0 < 7 < t/2, by Hélder inequality we have
t/2 o~ ~
H / St —7)(|Vd|*d — - Vd)dr
0 L (R")
n 2
N -
(] / i) (s + IV )
< KA(t) < (3.14)
For the case t/2 < 7 < t, we get
t ~ ~ ~
St —7)(|Vd)*d —u- Vd)dr
t/2 Le(R™)
—7?
S e oy + AV )
— y u oo (RN oo (RN T
t/2T JrRn VE—T Le=(®e) L) Loo(R™)
< KA(t) < oo. (3.15)
Then (3.10) comes from (3.13)-(3.15).
To verify (3.11), we begin with the term «(?) and we have
t ~ ~
£2[|u® | oo () = 2 / S(t—7)PV - [u® i+ Vd ® Vddr
Loo(R™)
) t/2
t2 (/ / ) (t— 7PV - [i® U+ Vd ® Vd]dr
t/2 L (R")
£ 11 + L. (3.16)

By Lemma 2.1 we have

t/2

Iy = t2 S(t—7T)PV - [4® U+ Vd® Vdldr

Lo (R")
t/2

1

(\u!z—i- ]Vd] Ydydr
n t—T |_|)

Loo(R™)

]
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< < / 2 L L d§d7>ni2
S\ e T ) e
T gy + 19 0
S a0 20y + IV a0y (3.17)
When % <7 <t, by Lemma 2.1 we get

1S(t —7)PV - [ ® T+ Vd ® Vd]|

1 ~ ~
/Rn Vv it aoeqer
1
SN 1(@® @ + Vd @ Vd)|| o n), (3.18)
-7

therefore we have

N

/t/2 N T (V[ oo rey + VE V| oo mr))

< (VE|a o ny + VIV oo @) - (3.19)

Ly St
Recalling that (4, d) € EY, from (3.16)-(3.19), we get
lim v/#[|u® | oo gy = 0. (3.20)
t—0
Furthermore, for a uniform constant Cy, from (3.16)-(3.19) we have

sup VE[ul? )||L<>° (®m) < C1R2(t). (3.21)
0<t<T

Similarly to the process of (3.16)-(3.21), we can get

V| Vd®]| oo ()

_\/H</t/2 //2> (t—7)(Vd[*d - @ - Vd)dr -

(L )
n _ +2 ly y\ <"+1>(n+2 Y 7—>
14 il

'(HuHan(O?%;Rn) + ||Vd||Ln+2(07%;Rn) ”dHLOO(IR{"))

t2 ————d7(Vt||[u]| oo (mrn) + V|| V|| oo mn) ||| oo (rr
Q/t/Q\/m_T T (VE[E]| oo rey + VIV oo () ]| oo (m7))
t—0

S I 20 2y IV ey + 1T ey + By 230, (3.22)



368 ANN. OF APPL. MATH. Vol.32

For a uniform constant Cs, from (3.22) we have

sup V|| VdP|| oo (gny < Car?(t). (3.23)
0<t<T

Then (3.11) follows from (3.20) and (3.22).
By Proposition 2.1, we have

[u® | L1070 5mmy + Hu(2)HL"+2(O,T*;R”)
S ||ﬂ”%n+2(0,T;Rn) + ||Vd‘|%n+2(o,T;Rn) < C3R%(t), (3.24)
and
IVd® || prsr o, 7+mm) + VAP sz e )
S @iz rmey + VA Eni2 ppny < Car?(t), (3.25)

where C3 and Cj are uniform constants.
Claim There exists a constant t1, for 0 < t < t; there holds

(Cr+Cr+ Cs+Cy)r(t) < 1. (3.26)

Then from (3.21), (3.23) and (3.24)-(3.25), (3.12) follows immediately.
In the following, we shall verify Claim (3.26). Denote

Uy = we x ug, df = we * do, (3.27)
where w, is the usual smoother kernel.

Write ugl) = emug and dgl) = emdg, by Lemma 2.3 and Proposition 2.1, we get

K(t) S HetAUSHLnJrl(o,T;Rn) + |’etAu8HL”+2(O,T;R") + HetAVdBHL"H(O,T;R")

+|e' AV dg | prrao.remn) + 1uh — ol o ey + [[Vd§ — Vol o )

1
S 700 ([[ugll ooy + 16§l pnr ey + Vgl n gy + [Vl s ()
+(llug — ol Lnwny + Vg — Vdo|| L (rn))

1
S C5t2("+1) + CG(HUB - UOHLn(Rn) + HVdS - VdOHLn(Rn)). (3.28)
Taking t; small enough, such that for 0 < ¢t < t;, we have
1
sy
(Cl +Cy+ C35 + C4)C5t12(n+1) < g (3.29)

Recalling that w, is the smoother kernel, we can choose the parameter e such that

1
(Cr+ Cy + C3 + C4)C6(||[ug — woll Ln(rn) + VG — Vdol| pn(rny) <

5 (330)

Then (3.26) follows from (3.28)-(3.30). The proof is completed.
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Proposition 3.2 There exists a constant to > 0, when 0 < t < t9, such that

T(a,d) : By — B (3.31)

is a contraction map. More precisely, let (u,d), (u,d) € E' with (i, d)|i—o = (%, d)|i=0
= (ug, do), then there exists a constant to > 0, such that for 0 < t <ty there holds:

!M%@®—EWﬂMMm®—%@@MmSQWWﬂJFWMn (3.32)

Proof For simplicity, we write u* = % — @ and d* = d — d. Recalling (3.8), we
obtain

3 ~ ~ _ _
T (%, d)—T1 (@, d)| = ‘/ S(t—T)PV - (i@ i+ Vd® Vd—ueu— Vd® Vd)dr
0

)

t ~ p—
= ‘/ S(t—7)PV - (a@u*+Vd® Vd* +u* @ u+Vd* @ Vd)dr
0

(3.33)

and

t o~ ~ ~ — — J—
| T2 (w, d)—Tg(u,d)|:‘ / St —7)(|Vd|*d —u - Vd — |Vd|*d +u - Vd)dr
0

t ~ J— ~ J— —
:‘ / S(t—7)(|Vd2d* —u - Vd* —u* - Vd+(Vd+Vd) : Vd*d)dr
0

(3.34)
Repeating the proof as in Proposition 3.1, we have
(T (3, d) — Ty (1, d), To (3, d) — To(T, d)) || (3.35)
SN | oo @) VAl T nva o mny + (1@ )l + 1@, &)l o) [ (w*, d) || 52
< Cr(lld" (oo ) + [l (", d) || ) - (1),
and
IT2(@, d) = Ta(@, d)|| = ) (3.36)

S e @y IV dl|F ez gy + (1@ ) e + 1@ d) )| (0, d°) |
< Cs(lld" | oo oy + Nl (", d*) [ ) - ().

As the proof in (3.28)-(3.30), we can take to > 0, such that for 0 < t < t3, we have

(07 + Cg)li(t) < % (337)

Then (3.32) follows from (3.35)-(3.37). The proof is completed.
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Proof of Theorem 1.1 By taking
T = min{tl, tg}, (338)

combing Lemma 2.3, Proposition 3.1 and Proposition 3.2, there exists a pair of
unique solution (u, d) satisfying (1.6)-(1.7) in the time interval [0,7]. To finish the
proof of Theorem 1.1, we still need to verify that |d(x,t)| = 1.

Following the line of [35], by Lemma 2.4 and (3.13)-(3.15), we have

dist(d, S?) <dist(d, d)+dist(dV), S?) <2 (t) +0+ (K" +1)V"||Vdo|| n(rny,  (3.39)
where we used the fact that dist(d,d)) < [|[d®||pec(gn). Recalling that Vdy €
L™"(R™), for any 0 < t < T, we have
dist(d,S?) < C(T) < . (3.40)
Furthermore, we take the vector II(d) € S§? with
dist(d, II(d)) = min{d, S?}. (3.41)
Write Q(d) = d — II(d) and p(d) = £|Q(d)|?, we have
pr+u-Vp—Ap=(d—1I(d)) - VaQ(d) - (dt + u - Vd — Ad)
~VQ(d)* +Q(d) - V*Q(d) = —[VQ(d)? <0, (3.42)
where we used VQ, V2Q € the tangent plate of S? and
d —TI(d) L the tangent plate of S2. (3.43)

Meanwhile, d|;—o = do = II(dp) € S? implies that p(d)|;—g = 0. Due to the maximum
principle, we conclude p = 0 from (3.42), which implies that d € S?.
Then we finish the proof of Theorem 1.1.

4 Space-time Regularity of the Local Solution

In the following, we shall prove Theorem 1.2. For any positive integers M, K
and (p,q) € [2+4 n,00] X [n,n + 2] satisfying
LY (4.1)
p q
it is sufficient to prove that the local solution (u,d) of (1.1) satisfies
M K
(#7432 07V | oo rypaunyy + ™2 07V d| oo 7 agrny)) < +00.

m=0 k=0
(4.2)

To prove (4.2), it is sufficient to verify the special case m = 0. Since when m > 1,
by using the linear heat equation 0;® — A® = F, we have
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m—1
e = A"+ A" GF, (4.3)
1=0
with a small modification of the following proof, and the general case m > 1 can be
proved by induction.
We write

K

k+1
(-9 o 2 32 ( sup #F (1 Flaomqaery + IV gllmy)  (40)
k=0 V=S

E E
+Ht2ka”LP(0,T;Lq(R")) + Ht2karlgHLP(O,T;Lq(R”)))~
Therefore, we verify (4.2), it is sufficient to prove

(e, )] oy < 0. (4.5)

To prove (4.5), we firstly give the following proposition.

Proposition 4.1  Let (u,d) be a local solution on t € [0,T] to (1.1) with
the initial data ug and Vdy € L™(R™), for any positive integers M, K and (p,q) €
[2 4+ n,00] X [n,n + 2] satisfying (4.1), then there exists a constant 0 < § < T, such
that

K

st
> (sup t 2 (|VFull peogey + V| oo ()
o 0<t<d

k k
+Ht2 V*ull Lo 0,6:00@ny) + 1E2 V) Loo,5:0mny)) < +00. (4.6)
Proof We prove this proposition by fixed point argument.
Recalling Lemma 2.3, it is sufficient to estimate (v, d®) with (u(,d®) sat-
isfying
t
u® = — / S(t —1)PV - [u®u+ Vd® Vd|(-,7)dr,
0

t (4.7)
d® = / St —7)(|Vd[*d — u - Vd)dr.
0
And we define the map T = (T, T2) as in (3.8).
Write
0(t) £ || ug| vz(o trn) + €2 Vol prte(o,mmys (4.8)
we define the following space
07

R = (£, D N0 o 2 Nollimqeey + 1 (F Dl o < 00}, (49)

with
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1/, 9] o < 26(2). (4.10)

It is obvious that Egg’t] is a non-empty Banach spaces.

We shall prove the map T = (T, Ty) is a contracting map in the space Eg't
when t is small enough.

Firstly, the estimates ||d|| oo (grn) < 00 were verified in (3.13)-(3.15). It is sufficient
to proceed the proof in two steps.

Step 1 There exists a constant dg > 0 such that T : Eﬁgﬁo] — EQ’JO].

We begin the estimates with the term «(?). Taking the positive integers k < K,

]

we have
t ~ ~
5 VE? | ooy S v’f/ S(t—7)PV - [i @ u+Vd © Vd|dr . (4.11)
0 L (R™)
By Remark 2.1, when 0 < 7 < %, we have
k+1 t/2 ~ ~
t2 ||VE S(t—71)PV - [u®u+ Vd® Vddr
0 L (R")
t/2 ~12 12
SN[ L i et
0 Jrr VE—T (14 =L )nth Loo(R7)
t/2 1 % -
< - ~112 2
~ </0 — T%nﬁ d7'> (HUHLp(o,%;Lq(Rn)) + Hvd”LP(Q%;Lq(Rn)))
< 0%(1). (4.12)
When % <71 <t, we have
IVES(t — 7)PV - [a ®@ U+ Vd @ Vd]|
1 ~ ~
< ——dy|||[VF (2 @ U+ Vd @ Vd)|| oo (rn
o e I i
k ~ ~
> (V¥ 1| oo (e [Vl oo () + [[VE 1 oo ey [|VIH | oo ()
< =0 , (4.13)
t—T
therefore we have
k+1 ¢ k " ~ ~ ~
tz VES(t — 7)PV - [ ® T 4 Vd ® Vd]dr
/2 Lo (R™)
¢ 1 2 2
S — P O R EI O 4.14
| A 00 (1.14)

Similarly to the process of (4.11)-(4.14), we get
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VAL oo ) S 62(E). (4.15)

Next, we give an estimate for ||t5V u? || Lo (0,;L7(Rn))- Due to Minkovski in-
equality, we have

L2
[t2 V¥u @ Lo 0,61 (Rm)) < 2(/ //2> IVES(t—7)PV - [ ®U+Vd®Vd]”L” ryd

211 + I, (4.16)

From Lemma 2.2 and Young inequality

12 L
I :t’é/ IVES(t — )PV - [@® @+ Vd © Val|| o gy d
0

t/2 1 .
<5 / — « (Ja2 + |vd?) dr
o lIvi=r (1+ )tk L (R")
1 1

v gy + IV g )dr
[, (n+1)g—2n (Rn)

Vier a4+ \/‘&)mkﬂ

S /
0
p72

t/2 1 —_
S n dT) u t n + vd n
(/ o dr) (P angeey + 1V gaey)

< 62(t). (4.17)

Similarly to (4.13), we have

t ~ ~
t/2

k
k2 i~ _ o~ -
St IV 1| oo oy | V12| oo () + [[VF ]| oo () |V | oo (e )
1=0
t
1
e dr <620, 4.18
v s 1
From (4.16)-(4.18), we have
k
|’t§vku(2)HLC’O(O,t;L”(R”)) S 0%(t). (4.19)
Similarly to (4.16)-(4.18), we also have
k
[£2 VAP foo 0,600 )y S 02(2). (4.20)

Now, we are going to estimate HTgvku(z)HLp(OJ;Lq(Rn)).

k
|72 VFu (2)||LQ(R”

</ //2> |V S(r—s)PV - [u ®U+Vd®Vd]||Lq(Rn . (4.21)

N\?r
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From Lemma 2.2 and Young inequality

7/2 ~ -
TS/ Hka(T—S)PV [a@ﬂ-FVd@Vd]HLq(Rn)dS
0

B /2 1 1 .y s
NEE e * ([ul” + [Vd[%) ds
0 m—_— (1 + L?Ls)n+k+1 L4 (R)
T/2 1 1 _
< U2 g mny + | VA|12 4 mny)ds
| == 7 Lt oy Pt + 190
T/2 g4n _ _
5/0 (1—s) 2 '(Hu(-,s)H%q(Rn)—i-HVd(-,s)H%q(Rn))ds. (4.22)

Similarly to (4.13), we have

ISIES

T

/ IVS(r — $)PV* - [d® 1 + Vd © V]| aggnds
/2

- k
k _~ ~
SIS S (- O O
T/2 -0

gtn

IV )V 8) g ) (7= ) ds

~ ~ _gq+n
/ /QZIISWW )T aq@n + 1872V 1A, 5) |7 aqny) - (7 — )7 20 ds. (4.23)

From (4.21)-(4.23) and Young inequality, we have

k
|72 VFu®@ ||LP(0,t;Lq(R"))

T/2 gin N B
: H/o (r=s)" 2 - ([a(, )l Loy + VAC, 5)l[Lo@n))ds

LP(0,t)
Z (15291, ) g + 52700 5) )7 — )5 s
T/2 2 LP(0,t)
S ||T_THL1 o0 (||l S)H%Q(R") + ||VC?(',S)H%q(Rn)HLp(o,t)
+Z 157291, 8) 1oy + 1572V 0 )0y | o))

a=n n
S tp ||E||Lgo(07t;]Rn) ||u”£00(07t;[/ﬂ(]Rn)) HUHLP(O,t;L‘I(R”))

q—n

1 ~ ~ ~
+tr HVd”LgO(O,t;Rn) HVd‘|ZOO(07t;Ln(Rn)) HVdHLP(O,t;L‘I(]R"))

k
1 2ol~ T 2ol~4 1/2ol~
+tr Z 2 Y uHLZO(O,t;]R”) s Y u”ﬁ%(o,t;m(mn)) IE 2V | £r (0,409 (R))
1=0
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k
1 ~ 4-n ~ ~
2 > (1529l L g e 152V fao gy 1872V o0,y
=0
(4.24)

where we used the fact that —q;—q” = % — 1. Recalling (4.19), (4.20) and £ = %’

we have
k
|’T§Vku(2)||LP(O,t;Lq(R")) S 04t). (4.25)
Similarly to (4.21)-(4.25), we get
||t§vk+1d(2)HLP(O,t;L‘I(R")) < 04(t). (4.26)
K
From (4.11)-(4.15) and (4.25)-(4.26), applying the summation ), we get
k=0

Il (u, d)HEEg,t] < CH02 (1) (1 + 6%(1)). (4.27)

Repeat the progress as in (3.26)-(3.30), we can choose a §y > 0 small enough,
such that for any t € [0, do], there holds

C-O(t)(1 4 6%(1)) < (4.28)

=~

then we finish the proof of Step 1.

Step 2 There exists a §; > 0 such that T is a contraction map on E[]g’él].

Let (@, d) and (u,d) be two pairs of functions in EL?’M, and we write u* =u—7u
and d* = d — d. Similarly to the proof in (3.33)-(3.37), we have

I(T1.(@, d) = T1.(@, d), To(@, d) = To(@, d))l| 5.0
< Gs0(®) (lld”[| ooy + 1 (", )| gio.n)- (4.29)

We choose a 01 > 0 small enough, such that for any ¢ € [0, d1], there holds

Cso(t) < Z (4.30)
Then we finish the proof of Step 2.

Taking § = min{do, 01}, we conclude that there exists a unique pair of solution
(u*,d*) € E[lg’é]. By the uniqueness of the solution, for (u,d), the local solution to
(1.1), we have (u,d) = (u*,d*) in the time interval [0, J].

We finish the proof of Proposition 4.1.

Remark 4.1 If we take the initial data |uo||pn®n) and [[Vdol[pnrn) small
enough, which implies the global existence, then after a slight modification of Propo-
sition 4.1, we can prove the results of Proposition 4.1 on ¢t € (0,+00). For this
situation, we can get the following decay estimates immediately:
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IV 0| oo gy + | VEVA|| pooqny < CE 2 (4.31)
for any ¢t > 0 and integer k > 0.
Proof of (4.5) By Proposition 4.1, it is sufficient to prove Theorem 1.2 on
[0,T] with T' < oo and 6 < T.
Denote
U(z,t) =u(z,t+ %),
D(z,t) =d(x,t + %)7
By the local existence in Theorem 1.1, (U, D) is the solution to (1.1) on [§/2, T] with
the initial data (Up, Do) = (u,d)|,_s. Due to the results of Lin-Lin-Wang [24], we
2
have

(z,t) € R x [O,T - g} (4.32)

(U(x,t), D(z,1)) € C= ( [0, T g} , ]R”). (4.33)
We can write (U, D) as

U= S(t)u(x, g) - /OtS(t — )PV [U®U + VD ® VD](, 7)dr,

; t (4.34)
D = (1), 5) +/ S(t — 7)([VDPD — U -V D)(, 7)dr.
0
Similarly to (4.16) by using Hoélder inequality and (4.25), we have
k
<(r- é) e U (4.35)
~ % (0,7—$;L"(R")) Ln+2(0,7—3;R) )
and
Eok+1 p
< <T i é) HkarIDHP (n+2) HkarlDHn-i-Q (4 36)
~ % (0,7—$;L"(R")) Ln+2(0,7—35:Rn) )
From (4.34), (4.33) and Proposition 4.1, for any integer j > 0, we have
IV Ull o 0,7 3:1m ey
t
< [Vou(z, 6/2)|| o gy + H / St—TPVH. [UeU+ VD VD]dT‘ .
0 n n
bt
S lluoll pn ey + Z/O (IV'U | pn gy + IV D[ po ey ) dr (4.37)

K
Applying the summation ), we get
k=0
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K

k+2m
DIV o 1 g5 m ey
k=0

K .t
S lluollpn ey + Z/o (IV*U || r gy + VD] o ey ) d (4.38)

Similarly to (4.37)-(4.38), we have

K

k
Z HV +1DHL°°(O,T7%;L”(R"))
k=0

K
SIVdo| prwny + Z/o (V¥ U oy + VD pr ey )dr. (4.39)

By adding (4.38) and (4.39), and using Gronwall inequality, we get

K
K k
kZO(HV Ullpoo,r— 30 (rny) + IV +1DHL°°(O,Tf%;L"(Rn))) < 0. (4.40)

By Proposition 2.1, we have

gHv’“u(x,§)HLn(Rn +|yvk(U®U+VD®VD)\\ L2 07—t

k
l
5 HUOHL"(R") + Z HV U||Ln+2 0,7— 5 :R™) + Hv +1D”Ln+2 (]T_é Rn))

=0
k 2n
Lrr| itz n
< C(kaTa 5) <||u0||L"(R”) + Z ||v U‘ L:j(O,T—g;L"(R" Hv U| L;ZOT s 8.Rm)
=0
+Z ”vl'i‘lDHZ;LjOT 5 Ln ]Rn ||vl+1D||Z;LO20T 5 Rn)) : (441)
From (4.41), recalling that (4.33) and (4.40), we have
K
S vk Ln2(07— 8;zn) < 0O (4.42)
k=0

From (4.35), (4.40) and (4.42), we have

K
S i2vE | Lr(07—8;La(n)) < OO (4.43)
k=0

Similarly, we can also get
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K
> ||tk/2Vk+1D||Lp(o’ng;Lq(Rn)) < 0. (4.44)
k=0
Combining Proposition 4.1 and the estimates (4.40), (4.42) and (4.44), we finish
the proof of (4.5).
For the complete proof of Theorem 1.2, we use the induction as the explanation
at the beginning of this Section.
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