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Abstract

In this paper, by using the Guo-Krasnoselskii’s fixed-point theorem, we
establish the existence and multiplicity of positive solutions for a fourth-order
nonlinear eigenvalue problem. The corresponding examples are also included
to demonstrate the results we obtained.
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1 Introduction

In the past decades, an increasing interest in the existence and multiplicity of
positive solutions for boundary value problems has been evolved by using some fixed-
point theorems, for example, by the Krasnoselskii’s fixed-point theorem, Ma [1] and
Li [2] respectively established the existence and multiplicity of positive solutions for
some fourth-order boundary value problems. Zhong [3] established the existence of
at least one positive solution for the following four-point boundary value problem

y (1) = f(ty(t),y"(t) =0, 0<t<1,
y(0) =y(1) =0,
ay”(§1) —by" (&) =0, (&) + dy" (&) = 0.

In 2015, Wu [4] obtained some new results on the existence of at least one positive
solution for the following fourth-order three-point nonlinear eigenvalue problem
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u®(t) = Ar(t) f(t,u(t), 0<t<1,
u(0) = u(l) =0,
av’(n) —bu" (n) =0, cu’(1)+du" (1) = 0.

Bai [5] obtained the existence of triple positive solutions via the Leggett-Williams
fixed-point theorem [6]. There are other meaningful investigated results on the exis-
tence of positive solutions for some types of nonlinear differential equations, one can
be referred to [1-4,7,8]. But to the best of our knowledge, there are not many results
on the existence of multiple positive solutions for fourth-order nonlinear eigenvalue
problems with multi-points boundary value condition.

Based on the fact, our purpose in this paper is to investigate the existence and
multiplicity of positive solutions for the following fourth-order three-point eigenvalue
problem

ul () = M) f(t,ult), u"(t), 0<t <1,
u(0) =u(1) =0, (1.1)
au”(&) —bu"(€) =0, cu’(1)+du'(1) =0,

where A is a positive parameter, 0< i <€< % <1, a,b,c,d are nonnegative constants sa-
tisfying ad+be+ac>0, b—a&>0, h(t)eC0, 1], feC([0, 1]X[0, +00)x(—00, 0], [0, +0)).

This paper is organized as follows. In Section 2, we introduce some preliminaries.
In Section 3, we state and prove our main results on the existence and multiplicity
of positive solutions for (1.1). At the same time, the corresponding examples are
also included to demonstrate the results we obtained.

2 Preliminaries

For convenience, we first state some definitions and preliminary results which we
need. Throughout this paper, we make the following assumptions:

(H1) f € C(]0,1] x [0,400) X (—00,0], [0, +00)) is continuous;

(H2) h(t) € C(]0,1]), h(t) <0 for all t € [0,&], h(t) > 0 for all t € [¢, 1], where
0< 3 <&<2<1;and h(t) # 0 for any subinterval of [0, 1].

Denote
— t — t
fo= limsup max M, foo = limsup max M, (2.1)
ul+ o]0+ tE[0,1] [u] + |v] lul+|v] oo tEL0.1] U] + [
t t
fo= liminf M foo = liminf M (2.2)
= Jul+ul—ot te[o,1] |u| 4+ v] T T jul+ul—ootel0,1] |ul + v

and
A:/;Gz(S,S)h(S)dS, B:min{g<i+?f)<g+d)ﬁi h(s)ds, %(Z—I—d) i%h(s)ds},

3¢ 1
it 1t+7
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where A = ad + be + ac(1 — &) > 0.

Our main results in this paper mainly depend on the following Guo-Krasnoselskii’s
fixed-point theorem.

Theorem 2.1° Let E be a Banach space, K C E be a cone in E. Assume
that Q1 and Qo are bounded open subsets of E with 0 € Q and Q1 C Qa, and
T:KnN(Q\Q) — K is a completely continuous operator such that either

1) |Tull > |Ju|, we KNI and ||Tul| < ||lull, we KNoQy; or

(ii) || Tul| < ||u|l, v € KNOQ and |Tul|| > ||u|l, ue€ K NIy
holds, then T has a fized point in K N (Q2\Q1).

Let C[0,1] be endowed with the maximum norm

= t
i e u(®)],
and C?[0, 1] be endowed with the norm
lullz = full + [lu"]| = max Ju(t)] max ju”(£)]-

Let G1(t,s) and Ga(t,s) be the Green’s functions of the following boundary value

problems
—u"=0, te(0,1),
u(0) =u(1) =0,

" =0, te(0,1),
av(§) = b'(§) =0, cv(l)+dv'(1) =0,
respectively. In particular,
(1—s)t, 0<t<s<l,
Gi(t,s) =
(I1—-1t)s, 0<s<t<I;

and

%(a(t—§)+b)(c(1—s)+d), 0<t<s<l, £<s<l,
Gg(t,s):

%(a(s—£)+b)(c(1—t)+d), 0<s<i<l, £<s<l.

It is easy to check that

0 < Gi(t,s) <Gi(s,s), 0<t<s<lI, (2.3)
Gi(t,) >% W(s,5), sel0,1], te Eﬂ (2.4)
0< Ga(t,s) < Gols,s), (t,s)e[0,1] % [€1], (2.5)
Golt, s) > iGQ( s), selel] te Lll + %ZJF i] (2.6)

Define a cone K in C?[0, 1] by
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K={uec®0.1]:u>0, u’ <0, min w(t)>Lull,  min [—u"(t)}zlnu”n}.
SR Ak 1
(2.7)
Define an integral operator T : K — C2[0,1] by
1 1
e = [ | [ Git.s)Gals DM f(rulr)  (r)ar|ds. (28)
0 13

Therefore,

(Tu)"( /thr)\h ) (ru(r), o (7)) dr <0, (2.9)

and .
[(Tw)"(t)] = / Ga(t, T)AR(7) f (7, u(T), u" (7))dT.
13

It is easy to check that

3¢ 3] (2.10)

1 1
lu(t)] + [u"(t)] > leullz, ueK, te [4 + g

Obviously, u(t) is a solution for the BVP (1.1) if and only if u(t) is a fixed point of
the operator T'.

Lemma 2.1 Assume that (H1) and (H2) hold. If b > af, then T : K — K is
completely continuous.

Proof Denote

(Tu)(t) = / / G ()Gl T)MR(T)  (r,u(r). (7)) | ds
/ G1(t, s) / (1 = $)AA(T) f(7,u(T),u" ())dT
+A/§~ (b —a(&—9))(c(l —7)+ d)An(T) f(T,u(T), UN(T))dT} ds
1
_ /O G (1, 5)(Qu)(s)ds, (2.11)

where

(Qu)(s) = /;(T = 8)A(7) f (7, u(7),u" (1))d7

1 ! "
+A/§ (b—a(§—9))(c(l —7)+dA(T)f(T,u(r),u" (7))dr. (2.12)

Next, for each ¢ € [0,1], we consider the following two cases:
Case 1 When t€0,¢], for any vwe€ K, from (2.12), (H1), (H2) and b> a&, we
have
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3
(QU)(t)Z/ (t = T)AR(T) f (7, u(T),u" (7)) d7

t

1 ! "
+A/§ (b—a(&—1t)(c(1 —71)+d)An(r)f(T,u(T),u"(7))dT > 0. (2.13)

Case 2 When t € [{, 1], for any v € K, from (2.12), (H1), (H2) and b > a€, we
have

t
(Qu)(?) =/ (7 = ON(7) f (7, u(T), u"(7))dT
13
1 ¢ "
+A/§ (b—a(&—1t)(c(l =7)+d)An(T) f(T,u(r),u" (7))dT
1 [t "
+A/t (b—a(§—1))(c(l = 1)+ d)AR(7) f(7,u(7),u"(7))dT
1 ! "
= A/£ (b+a(r =) (c(l —t) + A)AR(T) (7, u(T),u"(7))dT
—|—i/t (b+a(t —&))(c(1 —7) + dM(7) f(T,u(r),uv” (1))dr > 0. (2.14)
From (2.13) and (2.14), we get
(Qu)(t) >0 and (Tw)"(t) = —(Qu)(t) <0, te][0,1].

Moreover, for any v € K, from (2.13), (2.14), (H1), (H2), and b > a&, we have

Tul|| = Tu)(t
[Tl = mase [(Tu)(1)

~ max | /0 1 [ /5 ' Ga(t, 5)Gals, IAR(T) Fru(r), " (7)dr] ds|
< /01 {/; Gl(s,S)Gg(s,T))\h(T)f(T,u(T),u"(T))dT] ds,
and

1
|(Tu)"|| §/§ Go(7, T)AR(T) f (T, u(T),u" (7))dT.

On the other hand,

min, (Tu)(t) = min, /0 1 [ /g Gt $)Gals, TINR(T) Pl ur) (7)) ds

te[1,3 te[1,3

1 1
25 [ [ a6 0Gats s o) ') as 2 Gl
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in - (Qu)(t)

3, ¢

. ! "
= min +i]/§ Gao(t, T)Nh(T) f(T,u(T),u" (T))dT

1,3 3
telz+5

w
A =

te[1+35 345 te[3+

»|

1
- 411/5 Ga(r, T)AN(T) f (7, u(T), w" (7)) dT = iu(m”u.

Consequently T': K — K. Furthermore, it is not difficult to check that the operator
T is completely continuous by Arzela-Ascoli theorem. This completes the proof.

Lemma 2.2 Suppose that (H1) and (H2) hold. If b > a&, then for the operator
T: K — K, the following conclusions hold:

() If fo < 7)\%, r > 0 is small enough, then [|[Tu|2 < ||u|2 for any u € K with
lull2 = r;

(i) if fo > x5, r > 0 is small enough, then |Tullz > ||lullz for any v € K with
[ulls = 7;

(iii) if foo < %, R > 0 is sufficiently large, then | Tu||2 < ||lull2 for any u € K
with |Jull2 = R;

(iv) if foo > A%, R > 0 is sufficiently large, then | Tull2 > ||ull2 for any u € K
with |jull2 = R.

Proof We only prove (iii) and (iv), since the proofs of (i) and (ii) are similar to
those of (iii) and (iv) respectively.

(ili) If foo < =24, we obtain from (2.1) that there exists a number Ry > 0
satisfying |u| + [v] > Ry, such that f(t,u,v) < =2:(|u| + |[v]). Let Ry > Ry, then
max{f(t,u,v) : [u| + |v] < R} < =25 Ry. Choose a R > Ry satisfying |u| + [v] < R
such that f(t,u,v) < =2 R.

For any ¢ € [£,1], u € K, |lulls = R, we get f(t,u,v) < 2R = |jull2. By
(2.3), (2.5) and (2.8), we have

ITu] < /01 [/; G (5,5)Ga(s, INR(T) (. u(r), o () dr ] ds

6 1 1
< MAHqu/O [/E G (5. 5)Gals, P)R(r)dr] ds
6 1 1
< MA”qu/O [/ﬁ G1(s,5)Ga(r, T)h(7)dr |ds
6 3 1 1
= 7)“46HUH2/ Gao(7,7)h(T)dT = ?||u||2
3

By (2.5) and (2.9), we get
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1(Tw)”| </ Gia(s, ) M(s) £ (s, us), u” (s))ds

< 7)\A)\||u||2/ Ga(s,s)h(s)ds < f||u|]2

Therefore, | Tullz = [ Tull + [|(Tw)"|| < Fllullz + Full2 = [lull2.

(iv) If foo > A%’ we obtain from (2.2) that there exists a number Ry > 0, such
that f(t,u,v) > 5g(Ju| + |v|) for any ¢ € [0,1] and |u| + |v] > Ry. For any t €
[2+3%.3] uwe K, R> 4Ry, and |julls = R, we have [u(t)| + |u”(t)] > L|lull2 > Ro.
Thus, f(t,u(®), 0" () = 7 (ju(t)] + " ()]) = gllullz for t € [3 + %, 3], Thus, we
consider the following two cases:

Case 1 For 0 < s <t<1, we have

‘(Tu)”(%)’ _ /g 1G2<;,8)/\h(8) F(s,u(s), 1" (s))ds

.
1 1
>
> 55 [y Go(59) s ul
4 4
3
Al /1 38\ /c 1
> — I N I . > ‘
> pae(i+ ) (5 +4) Ju h00s - full >

‘(Tu)”(%)‘ _ /;Gg(l,s))\h(s)f(s,u(s),u”(s))ds

2/12 GQ(%,s))\h(s)f(s,u(s),u"(s))ds

it
3
> L [T g (1 ))\h ds - |
ENE Ji s P lg ) M) el
4 4
3
11 /c a [4
> —— (= — : >
> i (GHd)5 [ s > e
4 4
Therefore, || Tul|2 > |(Tw)”(3)| > |Jull2. The proof is completed.

3 Main Results
Theorem 3.1 Suppose (H1) and (H2) hold. Furthermore, f satisfies either
(i) fo < 7>\A, foo > )\B, for any \ € (Bfoo’mf ) or
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(i) fo > %, foo < %, for any \ € (Bifio’%)’
then the BVP (1.1) has at least one positive solution u = u(t).

Proof Let B = C?0,1], Q1 ={u€ E: |luls <7}, Qo ={ucE:|ul2< R},
where 0 < r < R. By Lemma 2.1, we know that the operator T : KN (Q2\Q1) — K
is completely continuous, then the condition (i) or (ii) of Lemma 2.2 is satisfied.
Applying Theorem 2.1, it follows that T has a fixed point ug € K N (Q2\Q1). Thus
ug is the solution for the BVP (1.1) and satisfies

ug > 0, ug <0, r<|ul2 <R.
For any ¢ € (0,1), take € € (0, 3), such that when ¢ € [¢,1 — ¢],
(I1—-s), t<s<l1,
Gl (t7 S) >
es, 0<s<t.
Therefore, G1(t,s) > es(1 — s) for any s € [0, 1].
By (2.8), we have

wlt) = a0 = [ [ 61,0065, 00).
> 5/01 [/; G1(s,8)Ga(s, T)\h(T) f (T, uo(T),ug(T))dT} ds

2> |[Tuol| = &[[uol| > 0.
That is ug(t) > 0. This completes the proof.
It
t,u,v
. f(tu0

= i a
lul+[o]=0t€(0,1] |u| + |v]

exist, then %:E = fo, foo = foo = foo-

Corollary 3.1 Suppose (H1) and (H2) hold. Suppose further that f satisfies
either

(i) fo =10, foo = 00 (superlinear); or (ii) fo =00, foo =0 (sublinear),
then the BVP (1.1) has at least one positive solution.

Example 3.1 Consider the following boundary value problem

u®(t) = Mu(t) f(t,u(t),u”(t)), te€(0,1),

f — hm f(t7 u? U)
T ol oo te[01] |ul + |

u(0) = u(l) =0, (3.1)
1 1
u'(5) —20"(3) =0, 2(1)+u"(1) =0,
1000 1
Xhere h(t) = t—%, f = : (Iugﬂrqlfi‘qj]f‘UI+|v|)a a= 17 b= 27 c= 2> d= ]-7 5 = %? then
fo=1, foo =1000 and A =6, A = %, B = min{ﬁ, T‘r’ﬂ} = 103ﬁ' Therefore, if
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% < A< %, then Theorem 3.1 (i) guarantees the existence of one positive
solution for the BVP (3.1).

In order to discuss the multiplicity of positive solutions for the BVP (1.1), we
further assume

(H3) f(t,u,v) >0, for any t € [0,1] and |u| + |v| > 0.

Theorem 3.2 Suppose (H1) and (H2) hold. If one of the following two condi-
tions holds:

(i) (H3) holds, fo, fso < % and there exists a positive constant Ry > 0 satisfying
r < Ry < R such that A\ > %, where r > 0 is small enough, R > 0 is large
enough and m(R) min{f(t,u,v) : & < |u|+ |v| < Rt € [1 + ?f, %

(i) fo, foo > )\B and there ezists a posztwe constant Ry > 0 satisfying r < Ry <
R such that A < %, where r > 0 is small enough, R > 0 is large enough and
M(R) = max{f(t,u,v) : |u| + |v]| < R,t € [{,1]},
then the BVP (1.1) has at least two positive solutions.

Proof (i) Let E = C2?[0,1], & = {u € E : |lulls < 7}, Qo = {u € E :
|lull2 < R}. By the condition (i) or (iii) of Lemma 2.2, we get ||Tul|2 < [|ull2 when
u € KN or u € KNONs. Choose Q3 = {u € E : ||ull2 < Rp} such that 1 C Q3,
Q3 C Q9. By (2.10), we know that £2 < |u(t)| + [u”(t)| < Ry for any t € [+ + %, 3]
and v € K N 0Q3. Thus, it follows the following two cases:

Case 1 For 0 < s <t<1, we have

Tl > ‘(Tu)"(%)‘ _ /; Gg(%,s))\h(s)f(s,u(s),u”(s))ds

3
1

W

5 X 1 1
> z L 1 _
_/411-%45 Ga (505) M(s) £ (5, u(s), " (5))ds > 1 +34§G2(2,s))\h(s)ds luls
3
A1l 3¢ ) )
> 5aei+ 7)) /Hf h(s)ds - ullz = Mm(Ro)B > Ro = ||ull2.

Case 2 For 0 <t < s <1, we have

|Tulls > ‘(Tu)”(%)’ _ /; GQ(%,s))\h(s)f(s,u(s),u”(s))ds

]

1
Ga (5. 5) Mls)ds - [ulls

|
>
DJ —_

> /}L-;-:’f Ga (%,S))\h(s)f(s,u(s),u"(s))ds>—

Ly

>11(+@“/3fwm Julls = Am(Ro)B > Ry = |lu]
= BA\U 2%_‘_%85“2_7”0 Z 19 = ||U||2-

Therefore, ||Tull2 > ||ull2, v € K N 0Q3. By Theorem 2.1, the BVP (1.1) has
two positive solutions u; € KN (Q3\ 1), us € KN (Q2\ Q3). Therefore
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r< HU1||2 < R() < ||U2H2 < R, U1, U2 ¢ 893 (32)

Together with Theorem 3.1, it follows that the BVP (1.1) has two distinct positive
solutions uw; and wus.

(ii) Let £ = C?[0,1], Q1 ={u € E: |jul2 <7}, Qo ={u € E: |lu|z < R}. By
the condition (ii) or (iv) of Lemma 2.2, we get ||Tull2 > ||ul|e when v € K N 9Oy
or u € K N 0. Choose Q3 = {u € E : ||lul]a < Ro} such that Q; C Q3, Q3 C Q.
For any ¢t € [{,1], u € K NOQNg, then |u(t)| + |u”(t)] < Ro. By combining (2.5) with
(2.8) and (2.9), we have

ITul = /01 [/; G (. 9)Gals, TIM(T) (7, u(r) (7)) dr] s
< /0 1 [ //S 1 G (s, 8)Ga(s, T)AR(T) f(T,u(T),u"(T))dT} ds
< AM(Ry) /O1 [/; (1~ $)Ga(r, )h(r)dr ] ds

1
< éAM(RO)/ Go(1,7)h(T)dT < ;Ro,
1(Tw)"| _/ G (7, T)AR(T) f (7, u(T), u"(7))dT

/Gszh N u(F), (7)) dr

< AM(RO)/S G (7, 7)h(r)dr < gRO.

Hence, we get || Tullz = ||Tul| + [[(Tw)"|| < Ro + SRy = Ry = [|ul|2.

Applying the Theorem 3.1 again, the operator T has two fixed points u; €
KN (Q3\Q1) and us € K N (Q2\Q3) satisfying (3.2), which are the two different
positive solutions for the BVP (1.1). The proof is completed.

Corollary 3.2 Suppose (H1)-(H3) hold. Suppose further that f and X satisfies
either

(i) fo=feo=0,0< A< Bm(l)’ or (ii) fo = foo = 00, )\27,4#(1)’
then BVP (1.1) has at least two positive solutions.

Example 3.2 Consider the following boundary value problem

u®(t) = Ah(t) f(t,u(t), " (t), te(0,1),
u(0) = u(1) =0, (3.3)

1 1
u//<§) _ 6u///<§) — 0’ U/”(l) — 0’
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1
where h(t) =t — %, f= (Iul-;(\)v\ﬂ + (|u|—6|—(\)v\)3, a=1,b=6,¢c=0,d=1,¢&= %, then

_ _ _ _19 p_ . ¢ 15 33y _ 3
we get fo =00, foo =00, A =1, A= 57, B=min{y551, 555} = 555- Moreover,

(ful+[o])2 | (Jul+]o)®

F="7 60 10 60 60

1 1 1

2 2 2 1
(e LN SR LA S

2
Let Ry = 1 such that |u| + |v| < 1, then M(Ry) = max f(t,u,v) = %. Hence, if
te(s,1]

0 <A< % = %, then Theorem 3.2 (ii) guarantees the existence of two
positive solutions for the BVP (3.3).
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