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Abstract

We present some conditions for the existence and uniqueness of almost
automorphic solutions of third order neutral delay-differential equations with
piecewise constant of the form

(@(t) + pa(t — 1)) = aox([t]) + arz([t — 1]) + f (1),

where [-] is the greatest integer function, p,ag and a; are nonzero constants,
and f(t) is almost automorphic.
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1 Introduction

In this paper we study certain functional differential equations of neutral delay

type with piecewise constant argument of the form
(@(t) +pa(t — 1))" = aox([t]) + arx([t — 1)) + f(?), (1)

here [-] is the greatest integer function, p, ag and a; are nonzero constants, and f(¢)

is almost automorphic.
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By a solution z(t) of (1) on R we mean a function continuous on R, satisfying
(1) for all t € R, t # n € Z, and such that the one sided third derivatives of
x(t) + px(t — 1) exist at n € Z.

The concept of almost automorphic functions is more general than that of almost
periodic functions, which were introduced by S. Bochner [1,2], for more details about
this topics we refer to [3,4,6-9] and references therein.

Differential equations with piecewise constant argument (EPCA), which were
firstly considered by Cooke and Wiener [11], and Shah and Wiener [12], describe the
hybrid of continuous and discrete dynamical systems, which combine the proper-
ties of both differential equations and difference equations and have applications in
certain biomedical models in the works of Busenberg and Cooke in [13]. Therefore,
there are many papers concerning the differential equations with piecewise constant
argument (see e.g. [14-20] and references therein). However, there are only a few
works on the almost automorphy of solutions of EPCAs. To the best of our knowl-
edge, only Minh et al [21] in 2006, Dimbour [22] in 2011 and Li [23] in 2013 studied
in this line. They give sufficient conditions for the almost automorphy of bounded
solutions of differential equation EPCAs.

Motivated by the above works, in this paper we investigate the existence of
almost automorphy solutions of equation (1). The paper is organized as follows. In
Section 2, some notation, preliminary definitions and lemmas are presented. The
man result and its proofs is put in Sections 3.

2 Preliminary Definitions and Lemmas

Throughout this paper, N, Z, R and C denote the sets of natural numbers,
integers, real and complex numbers, respectively. [°°(R) denotes the space of all
bounded (two-sided) sequences z : Z — R with sup-norm. We always denote by | - |
the Euclidean norm in R* or C*, and by BC(R, R) the space of bounded continuous
functions u : R — R.

Definition 2.1 A continuous function f : R — R is called almost automorphic
if for every sequence of real numbers (s/,),en, there exists a subsequence (sy,)nen
such that

g(t) = lim f(t+sp)
n—oo

is well defined for each ¢t € R and

f(t> = lim g(t - sn)

n—oo

for each ¢ € R. The collection of such functions is denoted by AA(R).
It is clear that the function g in Definition 2.1 is bounded and measurable.
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Remark 2.1 A classical example of an automorphic function given by [10] is

defined as follows 1
t) = sin , teR,
) 2 + cos V2t + cost

but f(¢) is not almost periodic as it is not uniformly continuous.

Some properties of the almost automorphic functions are listed below.

Proposition 2.1%4 Let f, f1, fo € AAR). Then the following statements
hold:

(i) afi + Bf2 € AA(R) for a, B € R.

(ii) f r = f( 7) € AA(R) for every fized T € R.

(i) f = f(—) € AA(R).

(iv) The range Ry of f is precompact, so f is bounded.

(v) If { fn} € AA(R) such that f, — f uniformly on R, then f € AA(R).

By (v) in Proposition 2.1, AA(R) is a Banach space equipped with the sup norm
If1l = sup|f(t)].

teR

Definition 2.2 A sequence x € [*°(R) is said to be almost automorphic if for
any sequence of integers {k/ }, there exists a subsequence {k,} such that

lim lim x L =
M—00 N—00 pthkn=km »

for any p € Z. Denote by AAS(R) the set of all such sequences.
This limit means that
= i,
is well defined for each p € Z and

T, = lim

for each p € Z.

It is obvious that AAS(R) is a closed subspace of [*°(R), and the range of an
almost automorphic sequence is precompact.

Proposition 2.2 {z(n)} = {(zn1, Zn2, - - Tnk)} € AAS(RF) (resp. AAS(CF))
if and only if {xn;} € AAS(R) (resp. AAS(C)), i=1,2,--- k.

Lemma 2.1 Let B be a bounded linear operator in R™ with or(B) (the part of
the spectrum of B on the unit circle of the complex plane) being countable, and let R™
not contain any subspace isomorphic to cy. Assume further that = {x,} € [*(R)
satisfies

Tni1 = Brp +yn, nEL,
where {y,} € AAS(R). Then z € AAS(R).
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3 Main Results

We first rewrite equation (1) to the following equivalent system

(x(t) + pa(t — 1)) = y(t), (2)
y'(t) ( ); 3)
Z(t) = aoz([t]) + arz([t — 1)) + f(1). (4)

Let (x(t),y(t), 2(t)) be a solution of (2)-(4) on R , forn <t <n+1, n € Z.
Using (4) we obtain

z(t) = z(n) + apx(n)(t —n) + arz(n — 1)(t —n) + / f(v)dv

From this with (3) we obtain

t rs
y() = y(n) + 2(n)(t —n) + %aox(n)(t Cn)? %alx(n Dt —n)? + // F(v)dvds.
This together with (2) we obtain
x(t) +pr(t—1) =z(n)+pr(n—1)+yn)(t—n)+ 21‘ (n)(t—n)?+ éaozr(n)(t —n)3
1 5 t rs ro

—I—éalx(n —1)(t—n)’ + /n/n g f(v)dvdods.

Since z(t) must be continuous at n + 1, using the above equations we get for n € Z,
1
r(n+1) = <l—p+ 3|) (n)—i—y(n)—i—az(n)—i- ( 3'> a(n —1) + fiV,

Dr(n) +y(n) + 2(n) + cra(n—1) + [, (5)

2! 2!
z(n+1) =apz(n) + z(n) + arz(n — 1) + f7(13),

yn+1) =

where
n+1l ps ro n+1l ps n+1
f= [ [ reavdoas 5@ = [0 fopeds, 10 = [ fe)a.
(6)
Next we express system (5) in terms of an equivalent system in R* given by
Upt1 = Avy + hy, (7)

where
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a 1 a
1—-p+ 21 = D+ —
3! 2! 3!
0 11 A
A= 21 o | (8)
a 0 1 aj
1 0 0 0

vn = (2(n), y(n), 2(n),e(n = )T, by = (F17 17 £, 00T
Lemma 3.1 If f € AA(R), then the sequences {f?&l)}nGZ e AAS(R), i =1,2,3.
Proof We typically consider { fr(Ll) }. Since f(t) is almost automorphic, for any
sequence {n} }, there exist a subsequence {n;} and a measurable function g(t) such
that

lim f(t+ nk) = g(t), kli_)ngog(t—nk) = f(t), teR.

k—o00
Consequently, it follows from the Lebesgue dominated convergence theorem that,
for each n € Z,

1 n+1l4ng rs o n+1l ps ro
fé_gnk = / / / f(v)dvdods = / / fv+ ng)dvdods
n-+ng n+ng Jn+ng n nJn
n+l ps po
— / // g(v)dvdods = g,
nn+1fnnkns o n+1 ps ro
Tn—ny, —/ / g(v)dvdads—/ // g(v — ng)dvdods
n—ng n—ng Jn—my n nJn
n+1l ps po
—>/ // f(v)dvdods = fiV,

as k — 00. So { fél)} € AAS(R). In a manner similar to the above proof, we know
that { f7g2)}, { fr(LB)} € AAS(R). This completes the proof of Lemma 3.1.

Lemma 3.2 Suppose that all eigenvalues of A are simple (denoted by A1, A2, A3,
A1) and |N\;| # 1,1 <i < 4. Then there exists a unique almost automorphic solution
vp : Z — C* of (7).

Proof By Lemma 3.1 we have that {h,} = {(fr(Ll), AR A 0)T} € AAS(RY).
It is clear that R* does not contain any subspace isomorphic to cg, and the bounded
linear operator A on R* has finite spectrum. So Lemma 2.1 implies that {v,} €
AA(RY).

From our hypotheses, there exists a 4 x 4 nonsingular matrix P with in general
complex entries such that PAP~! = A where A = diag(\1, A2, A3, \4). Define ©,, =
Pu,,; then (7) becomes

Up+1 = Aoy, + En, (9)

where h,, = Ph,,.
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Suppose ¥y, is another almost automorphic solution of (7) distinct from {v,},
then v, — ¥, solves the equation v,+1 = Av,, and Pv, — P, solves the equation
Up+1 = AD,. Moreover, Pv, — P9, would also be almost automorphic, but by
our condition on A, it follows that each component of %, must become unbounded
either as n — oo or as n — —oo, and that is impossible, since it must be almost
automorphic (bounded). This proves the lemma.

Lemma 3.3 For any solution v, = (x(n),y(n),z(n),z(n — 1))T, n € Z, of
(7) there exists a solution (z(t),y(t),z(t)), t € R, of (2)-(4) such that x(n) = cp,
y(n) =dy, z(n) =e,, n € Z.

Proof Define

1
w(t):cn—l—pcnl—i-d(t—n)—i- en(t n)2+

gcn Lt —n) /// f(v)dvdods, (10)

for t € [n,n+ 1), n € Z. It can easily be verified that w(t) is continuous on R. The
rest proof is similar to that of Lemma 2 in [19], we omit the details.

Lemma 3.4 Let {c,},{dn}, {en} € AAS(R), f € AA(R) and w(t) define as in
(10) fort € [n,n+ 1), n € Z, then w € AA(R).

Proof The proof is divided into the following two steps.

Step 1 For any {nj} C Z, there exist a subsequence {n;} of {n}}, three se-
quences {¢,}, {dn}, {€} and a function f : R — R such that

lim ¢pypn, =¢p, lim ¢pp, =cn, n€Z,
k—o0 k—oo

lim dy4pn, = dy, lim dn ng = dn, nNEZL,
k—oo

k—o0
lim epqpn, =€,, lime,—p, =e€,, n€EZ, (11)
k—oo k—o0

Qi f(t+ng) = (1), lim f(t—n) = f(t), teR.
Let

~ 1._ 1
W(t) = Cp + pen_1 + d (t—n)+—e (t —n)%+ gaocn(t—n)?’

1
+3'alcn 1(t —n)? /// f(v)dvdods (12)

for t € [n,n+ 1), n € Z. Noticing that f and f are bounded measurable, by (11)
and (12),
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lw(t +ng) — w(t)]
~ ~ ~ 1 ~
< lentng = Cnl + [Pllentng—1 = Gamt| + [dnsny, — dn|(t —n) + §‘€n+nk - 6n’(t_n)2

1 - 1 -
+§|a0‘|cn+nk —cnl(t - n)g + §‘achn+nk—1 — Cn—1|(t — n)3

t+ng rs o t ps pro
—i—‘ / / / f(r)dvdeds — /// f(v)dvdods
n+ngJn+ng Jn+ng nJnJn

~ ~ ~ 1 ~
< ‘CTH-TL/@ - Cn| + |p’|cn+nk—1 - Cn—1| + |dn—i-n;C - dn| + §|en+nk —€n
1 - 1 -
+§|a0‘|cn+nk —Cnl + §|al||cn+nk71 — Cn—1]

t rs ro _
+// |f(v+ng) — f(v)|dvdods
nJInJIn
—0 ask — oco.

Similarly, we can show that klim w(t —ng) = w(t) for each t € R.
— 00

Step 2 We consider the general case where {s}}rcz may not be an integer
sequence. Let nj = [s}] and ¢, = s —n) € [0,1) for each k. Then by Step 1,
there exist subsequences {tx},{si} and {ni} of {t}.},{s}} and {n}}, respectively,
such that t, = s, —ny, k € Z, kli)n;o ty =t €[0,1], (11) holds and for each ¢ € R,

lim wt+t+ng) =w(t+t), lm w(t+t—ng) =w(t+1), (13)
k—o0 k—o0
where w is given by (12). Let wy = w(- +t). Then it is sufficient to prove that

lim w(t+ sg) = wi(t), lm wy(t—sg)=w(t), foreachteR. (14)

k—o0 k—o0

Now there are two cases to be considered: ¢+t > [t +t] and ¢ +t = [t + ¢].
Assume that t + ¢ > [t +t]. Then [t + ] = [t + t;] for sufficiently large k. Noticing
the boundedness of f(t),{c,},{d,} and {e,}, for sufficiently large k, we obtain

lw(t + sg) — w(t + T+ ng)|
= |w(t + t, + ng) — w(t + T+ ny)|

_ 1 _
<l 1t = B+ yleqapn, 1+ te = [+ 8])7 = (47— [E+ )7
ap -
3yl in I+t = [+ 8])° = (E+E = [t +7])°

al — _
oy lrmn 1+t = [+ 8] = (T [+ )7

t4+tp+nyg s o t+t+ng s o
—f—‘/ / / f(v)dvdods— / / f(v)dvdods
[t+te]tne [t+te]+ned [t+te]+ng [t+E]+np [t+E+npd [t+E]+r
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_ 1 _ _ _
< Al e = 8+ Sy lequgn, | 128+t + 1 = 2[t +2]) (8 — 2)]
a _ _ _ _
+3—?|c[t+ﬂ+nk| (382 + 2+ ty T+ — 6t[t+ 1] — B[t + ) (¢ + ) + 3[t + 1)) (te — D)

a _ _ _ _
+—1|c[t+ﬂ+nk_1| (32 + 2+ tyf + T — 6t[t + 1] — B[t + 1) (¢ + 1) + 3[t + 1)) (tx — 7|

t+tr rs o
/ / / |f (v + ng)|dvdods
[t+8] J[t+1]

-0 ask— 0.
This together with (13) implies that klim w(t + si) = wi(t).
—00

Assume that t +t = [t + ], that ist +¢ € Z. If t +t > ¢t + ¢, (14) can be proved
by an argument similar to the above one, and we omit the details. If ¢ + ¢, <t + ¢,
[t +tx] =t 4+t — 1 for sufficiently large k and ¢ +t; — [t +tx] — 1 as k — oo. Notice

also that
1

700Cm—1 + 31

w(m) = ¢m-1 + pem—2 + dm—1 + =€m—1 + —a1Cm_2

21

+/ / / f(v)dvdods,
m—1Jm—1Jm—1

for any m € Z. Then for sufficiently large k,

[w(t + si) —w(t + 1+ ny)l
= |w(t + tx + ng) —w(t + €+ ng)|

- 1 -
< ldprzorgm, 1tk — 8+ glemflml!(tk —t+1)7 -1

a —
tylersiotn I =T+ 1)° = 1] + 5 ot Cmg ol =T+ 1) — 1]

t+te+ng s o
+‘ / / / f(v)dvdods
[t+tg]+ng J [t+tg]+ng J [+t +Hng

t+t+nk
/ / / v)dvdods
t+t— 1+nyg t+t— l—i—nk t+t— l—i—nk

< g1 |1t — )+ §|€t+¥—1+nk||(tkz —T+1)*—1|

3!

ap - al -
3y leioven, 1t =T+ 1% = 1+ Flergn, ll(te —T4+1)% — 1]

t+tr rs o
/ / / |f (v + ng)|dvdods
t+t—1 Jt+t—1

—0 ask — oo.
This together with (13) leads to klim w(t + s) = wi(t).
—00
Similarly, we can prove that klirn w1 (t—sg) = w(t) for each ¢t € R, and then (14)
— 00

is true.
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Theorem 1 If |p| # 1. Suppose that all eigenvalues of A are simple (denoted
by A1, A2, A3, A4) and |N| # 1, 1 < i < 4. Then equation (1) has a unique almost
automorphic solution x(t), which can, in fact be determined explicitly in terms of
w(t) as defined in the proof of Lemma 3.3.

Proof From Lemma 3.2, we know that system (7) has a unique bounded solution
{vnnez € PAAS(RY). Let (cp,dy,e,) be the first three components of v, now it
follows from Lemma 3.3 that (1) has a unique bounded solution z(¢) such that
z(n) = ¢, y(n) = dy, 2(n) = d,, n € Z, where y(n) and z(n) are defined in (2)-(4),
and for t € [n,n+1), n € Z, and for t € R,

1 1
w(t) = cp + pep—1 + dy(t — )+ e(t—n)2 gaocn(t n)?

1
+3‘alcn 1t—n /// f(v)dvdods. (15)

From Lemma 3.4, we have that w € AA(R). It is easy to get
[e.e]
Z w(t —n), | <1,
z(t) =91 '« (16)
Z n+1 w(t+n+1), |p| > 1.

Therefore z € AA(R) by Proposition 2.1.

The uniqueness of z(t) as an almost automorphic solution of (1) follows from
the uniqueness of the almost automorphic solution v, : Z — R* of (7) given by
Lemma 3.3, which determines the uniqueness of w(t), and therefore from (16) the
uniqueness of z(t). This completes the proof.
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