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Abstract

By employing the Schauder fixed-point theorem, we establish new suffi-
cient conditions for the controllability of impulsive functional boundary value
problems.
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1 Introduction

In practical control systems, impulses exist widely involving almost all fields such
as medicine, biology, economics, electronics and etc. And hence this kind of systems
has attracted considerable interest during the past decades. In general, as reported
in Lakshmikanthan, Bainov and Simeonov [1], impulsive systems combine continuous
evolution with instantaneous state jumps or resets. These systems provide a natural
framework for mathematical modeling of many real world evolutionary processes
where the states undergo abrupt changes at certain instants or at variable instants.

The concept of controllability plays an important role in control theory and
engineering, and the problem of controllability of boundary value problems repre-
sented by functional differential equations has been extensively studied (see Han
and Park [2], Akhmetov, Perestyuk and Tleubergenova [3], Akhmetov and Zafer [4]
and Balachandran, Dauer [5]). In Lando [6], a method was suggested for solving
problems of control over linear systems based on the normal solvability of boundary
value problems. Akhmetov and Zafer [4] developed the above ideas for impulsive
system
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alt) = AW(t) + Oty -+ 1(0) + ol 2. ), 4 0

Azxli—g, = Bix + Dyv; + J;i + pWi(z, v;, ), (1.1)
z(a) =a, z(B) =0,
and obtained the controllability of system (1.1) by contraction mapping principle.
For fixed real numbers o and 8 with a < 8 and fixed positive integers r and p,
denote by Li[a, 8] the set of all square integrable functions 7 : [, ] — R” and by

D"[1,p] the set of all finite sequences {&}, & € R", i = 1,--- ,p. We define a space
IT), = Ly x D" whose elements are denoted by {n,{} and let

8 P
(.63 w.)) = [ (it + Y (6w
a i=1

be an inner product in I}, where (-, -) is the Euclidean scalar product in R".
Set

PC(I,R") = {z : I — R", z(t) is continuous everywhere expect for a finite number
of points t at which (™), z(t") exist and z(t~) = z(t)}.
If x € PC([—7,T],R"™), then for each t € [0,T], we define z; € PC([—7,0],R") by
x4 (0) = z(t + 0) for —17 < 6 < 0.
In this paper, we investigate the controllability of the following impulsive func-
tional boundary value problems

% [x(t) — h(t,z¢)] = A(t)x(t) + C(t)u + f(t,x¢) + pg(t,xe,u), t#6;,

Ax(t) = Bix(t) + Divi + Ji + pWi(x, v, ), t=6;, (1.2)
.’L‘(t) = ¢(t)7 te [_Tv 0]7

xz(T) = b,

where p is a small positive parameter, both 7 and T are positive constants, x €
R", the symbol A(6) means z(0") — z(67) with z(0T) = lignox(t) and z(07) =
t—0+

tlignoa:(t), ¢ € Cr = PC([—1,0],R"), A(t) and C(t) are the known matrices of the
_> —

sizes (n xn) and (n x m), respectively, the elements of which belong to L1[0, T, both
B; and D; are constant matrices of size (n x n) with det(l; + B;) #0 (i =1,--- ,p),
{6;} (i =1,---,p) is a strictly increasing sequence of real numbers in (0,7) with
0<b1<br<---<b,<bp1=T,0b,J;,v; € R" are all constant vectors, J = {J;},
v=Av} (i =1,---,p). f:[0,T] xCr - R" g:[0,T] x C;r x R" — R",
hi]0,T) x Cr — R™, W; : R* x R" x R 5 R™ (i = 1,--- ,p), {f,J} € 1[0, T). Set
Go =10,01], Gx, = (0, Op41] (E=1,---,p).

Definition 1.1 The boundary value problem (1.2) is said to be controllable, if
for any ¢p€C’, beR", there exists a {u, v} €Il for which the boundary value problem
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(1.2) has a nontrivial solution.
We denote by X (¢) with X (0) = I, a fundamental matrix of system

z(t) = A(t)x, te€][0,T]
and define .
vt = [ QuQtwar+ 3 Rl
0 0<;<t
where
Q(t) = X' (1)C(t), P=X""(6:)D;.
Define a space
B={z:[-7,T] > R", 2 € PC([0,T],R"), z(6;),z(6; )
exist and z(6, ) = x(0k), xo € Cr, k=1,--- ,p}
with the norm
[z[s = llzoll~ + [,
and a space
B ={zeB,z=0¢cC;}

with the norm

]l = [lzoll- + ]| = [,
where [z =: sup [lz(t)], [lz]|=: sup [z(¢)[|, then both (B, |-||lz) and (B', || - |[&/)
tet—r,t] t€[0,T]

are Banach spaces.

Definition 1.2 z : [—7,T] — R" is said to be a mild solution of system (1.2),
if 2(t) has the following properties:

(i) o = ¢ € Cr;

(i) Ax(6;) = Bix(6;) + Div; + J; + uWi(2(60;), vs, p1);

(iii) the restriction of x(-) to the interval G (k = 0,1,--- ,p + 1) is continuous
and the following integral equation is verified:

£(t) = X (£) [6(0) — h(0,6)] + h(t, )
TX(1) /0 (QUs)u+ X7(8) (s, 2) + uX () (5, 20, w)ds

+X(t) D (P + XH0) i+ p X (0:)Wi((0), vi, 1)) 5
0<O;<t
(iv) z(T) = b.
Definition 1.3[7 A set M C R" is said to be quasi-equicontinuous in [—7, 7]
if for any £ > 0, there exists a constant § > 0 such that if y € M, 7,70 € [-7,1;] or
1,72 € Gk, k=1,2,--- ,p+1and |73 — 12| <4, then ||y(r1) — y(m)| <e.
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Lemma 1.18/(Schauder fixed-pint theorem) Let E be a Banach space and B C E
be a bounded, closed and convex set. If T : B — B is completely continuous, then
the operator T has a fized point x* € B, that is, Tx* = x*.

Lemma 1.2 The set M C R™ is relatively compact if

(a) M is uniformly bounded, that is, |x||m < B for each x € M and some
positive constant B;

(b) M is quasi-equicontinuous in [to, T).

2 Main Results

In this section, we investigate the controllability of the boundary value problem
(1.2). For convenience, we introduce the following hypotheses and notations.

(H;) There exist constants M; > 0 (i = 1,---,4), such that for ¢t € [0,7T], we
have

X < My, (| XTHON < Mo, ([ < My, (|97 < My;
(Hy) (i) for almost all t € [0,7], f : [0,T] x Cr — R : (t,¢) — f(t, ) is

continuous on ¢;
(ii) for any constant r > 0, there exists a function «,.(t), such that for ¢t € [0,7],
we have

sup || f(t,9)| < ar(t)

8]l <r

and
1 T
liminf/ a,(t)dt = 1; < 4o0;
0

r—+oo 1
(H3) (i) the function h : [0,T] x C» — R™ is Lipschitz continuous, that is, there
exists a positive constant ls, such that

1A (t1, 91) — hlta, @2)ll < la([ts — t2| + |61 — d2ll+);

(ii) there exists a positive constant I3, such that for (¢,¢) € [0,T] x C;, we have

1n(t, o)l < 13(1 + ll9ll-);

(Hy) (i) for almost all ¢ € [0, 7], the function g is continuous;
(ii) for any constant r > 0 and u € R™, there exists a function §,(t), such that
for ¢t € [0,T], we have

sup |[lg(t, ¢, u)|| < Br(t)
llll-<r

and

.1
lim inf —
r——4oco r

T
/ By(£)dt = Iy < +00;
0
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(Hs) (i) the functions W; (i = 1,--- ,p) are all continuous;
(i) for any constant r > 0, v; € ]Rm and p € R, there exist functions p;(r),
such that

sup ||[Wi(y,vi, p)|| < pi(r) (i =1,---,p)
lyll<r

and

Theorem 2.1 Assume that det(I+ B;) #0 (i = 1,--- ,p) and conditions (Hy)-
(Hs) hold, then system (1.2) is controllable provided that the following equation is
satisfied:

Iy My Mo(1+ MsMy) +13(1+ My Mo MsMy) + pMy May(14+ MsMy)(l4+15) < 1. (2.1)
Proof Assume that the input control {u,v} is as follows:

{u(t) =Q"(t)e+1(t), tel0,T],

2.2
:‘PiTc—f_i)\h izla"'7p) ( )

where ¢ € R" is a constant vector, {u,v} € IL' is orthogonal to all columns of
[QT, P, then the controllability problem of system (1.2) is equivalent to

(¢(t)a te [_7_7 0]7

X(t) [¢(02 - h(ov ¢>] + h<t7 xt)
-1 -1
s - 1O [ 1@+ X710 (s, + X7 g, )
FX(1) Y (Pi+ X0+ XN O)Wi(a(0), v ), € (0,T),
0<0;<t
b, t=T.
(2.3)
Substituting equation (2.2) into equation (2.3), we obtain that the vector ¢ as
c= (T)b = 6(0) + h(0,¢) — X (T)h(T, zr)]
/ X~ (s,xs) + png(s,zs,u))ds
ZX ) (Ji + pWi((6:), vi, p)) - (2.4)

Define an operator I' : B — B as
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o(t), te[-70]
X(®)[6(0) = h(0, @)] + h{t, 1)
(Tz)(t) = ¢ +X (1) /0 (Q(s)u+ X1(s)f(s,x) + uX1(s)g(s, 25, u)]ds (2.5)

+X () > (P X 10:) Tt X (0)Wix(6:),vi, 1), t€[0,T],
0<0;<t
where u is defined by equations (2.2) and (2.4).
Now we should prove that the operator I' defined in equation (2.5) has one

fixed point x € B, then system (1.2) has a mild solution x(¢,u,v) with respect to
{u,v} € I which implies that system (1.2) is controllable. Thus, the problem to
discuss the controllability of system (1.2) can be reduced into the existence of the
fixed point of the operator T'.

pene o), tel-r0
¢ {X ’ U (2.6)
19(0), te0.7),

then ¢ € B. Let R
a(t) =y(t) + o), te[-7T]
Then y € B and for ¢ € [0,7],

t ~ ~
+X (1) /0 [Qs)u+ XH(s) [ (5,45 + bs) + X1 (8)g(s,ys + s, u)] ds

FX (1) D (P + XN 0:) i + pX 0 Wiy(0:) + 6(6:), vi 1)),

0<o;<t
for t € [-7,T], z(t) = (Tx)(t).
Define an operator ® : B’ — B’ as

0, tel-70],
X(6)[ - (0,6) +W(0)u (T / X1(5) (5, ys + Bo)dls
WO T) X DT, yr + o) + / XY(s) (5,5 + Bs)ds

(By) () =4+ 3 X1 }+htyt+¢t> D[ 6B
0<9 <t
+ZX (6:) + 6(6;), vi, /X )9(5, s + bs, u)ds
0§<tx (y(0:) + 8(0:). v )|, t (0.7,

2.7)
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where k = X~1(T)b — ¢(0) + h(0, ¢) — ZX L(6:)J;

By simple computation, we know that the operator I' : B — B has a fixed point
if and only if the operator ® : B’ — B’ has a fixed point. So it turns out to prove
that ® : B" — B’ has a fixed point.

The proof is given in the following several steps.

Step 1 ®(B;) C B for some ¢ > 0, where B, = {y € B', [|y|[z- < q}. Otherwise,
for any positive constant ¢, there exists a y? € IB%fZ, such that ®(y?) ¢ ]B%;, that is,
|®(y?)|lpr > q. By the definition of the operator ®, we have

0 < (@)
T o~
< M [0, )]+ [ kI + Mo+ M) [ 15+ 3]s

p
+ M| WO (D) IW(T, yr + ér)l + M2 Y HJiH} + 31+ llye + ¢ill+)
i=1

T R P
A [ A TE IS S L ATCAERTCANENT)

[ oo+ Bllds + 3 1Wi100) + 300,101

=1

< M [I5(1 + |8]l-) + Mo Malk| + My 3 Il + 1a(1 + My M M) (1 + )
=1

T T p
+M1M2(1+M3M4)/ aq/(s)d8+uM1M2(l+M3M4)</ Bq/(s)ds—kz pi(q’)>,
0 0 i=1

where ¢ = ¢ + (1 + My)||¢||-. Dividing both sides of this by ¢ and considering
conditions (Hj)-(Hs), we obtain that

L1 My Ma(1+ MsMy) + 13(1 + My MaMsMy) + p(ly + I5) My Ma(1 + MsMy) > 1,

which contradicts equation (2.1). Hence for some positive constant ¢, ®(By,) C B}
Step 2 @ : B’ — B’ is continuous.
Let {y™, y} c B with ||y — y|lm — 0 for n — oo. Then there exists some
positive constant ¢, such that

ly™ e <a lylle < g

That is, {y™,y} C B,
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[@y™ —
=[x - w0r @) [ Xk + 5 - S+ B
)VI(T)X (D) (T, yy” + 6r) = W(Tyr + 61))
/ XHs) (F (5,987 + 0s) = f (5,95 + $s>)ds} + (Pt g™ +60) = h(t,yi+6))
+uX(t) { / X~ (5,5 + 6) — f(5,ys + s))ds
- ZX (60:) + 6(6:), vir 1) = Wily(0:) + 6(6:), vir )

+/0 X7 (5) (g5, + s, uls)) = g(s,ys + bs, u(s)))ds
£ 30 XN Wil (6) + 36, vi ) — Wily(03) + 560), 0 )|

0<0;<t

T ~ ~
< ((u+ 1) My My M3 My + My Mo) / £ (5,98 + @) — f(s,ys + 0s)||ds

B/

+M1M2M3M4Hh (T 93" + 6r) — h(T,yr + 67)||

+ sup Hhtyt +r) — h(t, ye + d)
te[0,T

+2MM1MZZ||Wi<y< (0:) + 6(60:), vi, 1) — Wiy(0:) + 6(6:), vi, )|
=1

T o~ o~
+MM1M2/0 905,55 + s, u(s)) — g(s, ys + bs, u(s))||ds.

In view of conditions (Hy)-(Hs) and Hyt(n) + ill» < ¢, we have

11t y<”> +d1) — fty+ D) < 2a4(t),
lg(t, o™ + Ge, ult)) — glt, ye + 1, ult))]| < 28,4(1),

and hence by dominated convergence theorem, we obtain that
n—oo

That is, ® : B’ — B’ is continuous.
Step 3 ®.(By,) is quasi-equicontinuous in [—7,T], where ®. : B’ — B’ is an
operator defined by
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0, tel-70],
T ~

X0 = h0.0)+ VO OE- 3O T) [ X6 st D)

—\I/(t)\l!‘l(T)X‘l(T)h(T yr + or) + /Ot_EX_l(s)f(s,ys + ¢s)ds

+ Z }+h(tyt+¢t)

(Poy)(t) = 0<;i<t—e L
) / X7H()f(s,ys + ds)ds
+ZX 0;)Wi(y(0 ) Vi, f / XU (5)g(5, o + By w)ds
=1
= Y XN eWily (6 +¢<ei>,vz,u>], e (0,11,
\  0<Oi<t—e

where 0 < € < t is an arbitrary positive constant.
For any t1,to € G (k=0,1,--- ,p) with £; > t,

[(@ey)(t1) — (‘Pey)(tz)HB'

= () = 0 0.6 + (X000~ X (1)) ¥ ()
(X (E)¥(t) - ) [ X s+ s
(X))~ X(12)0(02) ¥ (DX (DT, + )
Fexto)-xe) [ X s X [ X6 o s
+ (X (1) — X(t2)) O<9;2EX‘1(91-)J7; +X(t) t”gjmsx—l(e@-m
01,0+ 8) 2+ B) =X )8 D) [ X s B

(X (t2) W (t2) — X (t1)¥(t1)) ‘I’_l(T)/O - X7Y(s) f(s,ys + bs)ds
i (X (t2) U (L) — X (0)T(0) T HT) Y X (0)Wily(0:) + 6(6:), vi, 1)
=1

to—e R
(X (1) — X (1)) /0 X1 (5)g(5, s + Gor u(s))ds

t1—e ~
+MX(t1)/t_ X7H(s)g(s,ys + ¢s,uls))ds

(X (0) = X (1) Y XTHOIWily(6:) + 6(6:), vi, p)

0<0;<to—e
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X)X X OIWi(0) + 300, v

to—e<O;<t1—e

< [1X (t2) = X ) A(0, @)l + |1 X (£1) W (t1) — X (t2) ¥ () | [ € ™H(T)k|

99

I Ew0) - X O [ 5656+ 50|
)9 - Xealle- YD) XTI, yr + 1)
X () - X (¢ \|H/2 (55 + 6:)ds
t1—e

HIX (e ||1 | X @, dsH
Hx ) - x| Y X W > xens

0<0;<ta—e to—e<l;<t1—¢
Ity + Gn) — hlta, ye, + 61,) |

t1—¢

sl XN @I [ X6 s+ dsH
X (02)0(02) — X (1)) 9 )| / X ) g+ B
X (£2)W(t2) = X (42) W () |9 HHZX (6 + 3(6), vi, )|
+/‘HX t1) t2 HH/t2 ) (s ys+¢87 dSH

1l X (1 H\

[ x @t + b u(s))dsH

to—e

Tl X () = X DD X OIWiy6:) + 5600, v, )|

0<0;<tg—e

x| > XTI Wiy(6:) + (6., vi, )|

to—e<6;<t1—e¢

< 1+ 91X () — X ()] + CEE)¥(0) — X ()8 (e) [0k
HIX()P(0) - X )W) [ @)X ) / 0 s

HIX () P(1) = X ()@ () DIX D)+ llyr + orll)

X () = XX [ ay@ds+ XX [ a0
~Gull)

HIX () =X ) D IXTHO0) Tl + o[t — tal + |y, =yl + [ 1,
0<0;<ta—e

S
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X)) - X v e Ol [

X EEIT DN @) [ ag (s

X (12) (1) — X ()W) 2 () X HZHW +3(6:). 1)
Ful X )= XX O [ s s +ulx e HHX ol ::ms)ds
X () = X0 3 8HW(( )+ 8(0:), v )|

The right-hand side is independent of y € ]B%; and tends to zero as t;1 —ts — 0. Thus,
®.(B},) is quasi-equicontinuous. The quasi-equicontinuities for the cases to <t <0
and to < 0 < t1 are obvious.

Note that by using the same method as in Step 1, we can show that the operator
&, is uniformly bounded, which implies by Lemma 1.2 that QE(IBSZZ) is a relatively
compact set in B’ for any € € (0,¢). On the other side, we can easily prove that
[(®y)(t) — (Pey)(t)|lsr — 0 as € — 0+. By Lemma 1.1, the operator ® has a fixed
point § € B’. And hence the operator I' has a fixed point T = 7 + &5 € B. By
Definition 1.1, the boundary value problem (1.2) is controllable.

3 An Example

As an application, we consider the following impulsive functional boundary value

problems

jt[ (t) = hit,20)] = A@a(t) + C(tyu+ f(t,20) + pg(t e, w), ¢ 0

(t) ( )+Dvl+‘] +/*LW(J" Ula/'L)v tzel, (3]_)

ZE(t) = ¢(t)> te [_7-7 O]a

z(1) = b,
where

Alt —2t4 + 22 — 2t3 + 1
(t) = —2t° + 413 — 2 2f1 264 — 212 + ¢

1/1, 0 (1, 0
( >’ o5 1) 2=(5v)

( 1y z—l—l) . 0i=1/3, i=1,2, pu=1/360, u= (up,um)’.
For ¢ € Cr, s = 9] -,
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1
g(t,d,u) = cosuy + scost, sinug + ssint)T,

= E(
Wi(yuvi7/~l') = 10
f(t,0) = 3(130 (sm\/l + 52, cosV/1+ SQ)T, h(

By computation, we have

1—+¢2, t o 1—t3, —t
X(t)_<t4—t2—t, 1—t3>’ X (t)_<t+t2—t4, 1—¢2)°
1
9

26 _2
Qt)=X"'(t), Pi=X""(61)D; (2&, 8 >, Py=X""(62) Dy <81 9>

— (sinpvgy + s, cospvge 4+ 5) T,

—(sint, sins) ™.

\.00-
;%

~ 360

5
243 27 243 27
sup [X(O)] <2, sup [XI@)) <3, sup [@(B)]| <9.1, sup [T)] < 2.9
t€[0,1] t€[0,1] t€[0,1] t€[0,1]
V2 1
(t \/1 2, I =— h(t <1 I3=—
Hf ¢ ‘ = 360 +s 1 3607 H ( 7¢)H <l+s, 3 3607
\/5 V2 1+s 2
= e = -5 il < .:1721 = >
ot o)l < £+ Y25 =0 Wil < =12), 5=

where ||z|| = Z |z;| for x € R™ and [|A|| = max > Z la;j| for A € R™". We know
<j<

that condltlons (Hl) (Hs) and (2.1) are satisfied, then by Theorem 2.1, system (3.1)
is controllable.
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