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Abstract

We prove the existence of a weak solution for a generalized quantum MHD
equation in a 2-dimensional periodic box for large initial data. The existence
of a global weak solution is established through a three-level approximation,
energy estimates, and weak convergence for the adiabatic exponent v > 1.
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1 Introduction

The evolution of quantum MHD equations in = T is described by the following
system

on + div(nu) = 0, (1.1a)

O¢(nu) + div(nu @ u) + V(P(n) + Pe(n)) — 2div(u(n)D(u))
—V(A(n)divu) — %nV(cp’(n)Agp(n)) —(VxB)xB=0, (1.1b)
OB -V x (ux B)+ V(n(p)V x B) =0, (1.1c)
n(x,0) = no(x), nu(z,0) = mo, (1.1d)
B(z,0) = By(x), divBy =0, (1.1e)

where the functions n,u and B represent the mass density, the velocity field and
the magnetic field respectively. P(n) = n” stands for the pressure, P. is a singular
continuous function and called cold pressure. p(n) and A(n) denote the fluid viscosity
coefficient. n > 0 is the quantum plank constant, v} is the magnetic viscosity
coeflicient.
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Our analysis is based on the following physically grounded assumptions:
[A1] The viscosity coefficient is determined by the Newton’s rheological law

pu(n) = pon®, 0<a <1, An)=2ny(n)—u)), (1.2)

where u and A are respectively the shear and bulk constant viscosity coefficients,
and the dispersion term ¢ satisfies

o(n) = n“. (1.3)
[A2] The cold pressure P, obeys the following growth assumption:
lim P.(n) = +o0. (1.4)
n—0

More precisely, we assume

(1.5)

an™ v 7 n <1,
can) 1L, n>1,

where y7,v > 1, ¢1,c0 > 0.

[A3] The positive coefficient 1, is supposed to be a continuous function of the
density, bounded from above and taking large values for small and large densities.
More precisely, we assume that there exist B > 0, positive constants do, dy, d1,d}
large enough, 2 < a < o’ < 3 and b € [0, oo] such that

d/
C?, and for any s > B, di < u(s) < djs’. (1.6)
s

d
for any s < B, —2 < 1p(s) <
s

Define functions H(n) and &(n) as follows:

{nH’(n) — H(n) = P(n), nH.(n)— He.(n) = P(n), wn
ng'(n) = p'(n). '

The quantum fluid models have lots of applications, for instance, quantum semi-
conductor [6], weakly interacting Bose gases [12], superfluids [20]. More recently, dis-
sipative quantum fluid models have been proposed by Jiingel [16], the quantum ideal
magnetohydrodynamic model was derived by Hass [13]. To get the weak solution for
these quantum model, it is often to introduce the damping terms —rou — rin|ul>u
or the singular pressure term P.(n). These terms allow us to get the compactness
of the velocity field when dealing the degenerate viscosity case. In this paper, we
adopt the cold pressure form, in fact, the global existence of weak solutions can be
obtained by replacing the cold pressure by a drag pressure.

There is a large amount work on the global existence of weak solutions for the
compressible Navier-Stokes equation, in the constant viscosity coefficients case, one
of the main result is due to P.L. Lions [18], who proved the global existence of weak
solutions for the compressible Navier-Stokes system in the case of barotropic equa-
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tions of state. Later, this result was extended to the somehow optimal case v > n/2
in [7] using oscillation defect measures on density sequences associated with suitable
approximation solutions. Bresch-Desjardins [1] achieved some improvement in the
case of viscosity coefficients depending on the density p. Under some structure con-
straint on the viscosity coefficients, they discovered a new entropy inequality (called
BD entropy) which can yield global in time integrability properties on density gra-
dient. This new structure was used in the framework of capillary fluid [2]. Later on,
they founded that this BD entropy inequality also can be applied in the compressible
Navier-Stokes equation without capillarity [3]. By this new BD entropy inequality,
they succeeded in obtaining the global existence of weak solutions in the barotropic
fluids with some additional drag terms. However, there are some difficulties without
any additional drag term, as lack of estimates for the velocity. To deal with this
obstacle, Mellet-Vasseur [21] obtained a new logatithmic velocity estimate. Unfor-
tunately, they cannot construct smooth approximation solutions, only the stability
of solutions for barotropic compressible Navier-Stokes equations were proved. Li
and Xin [19] recently constructed a suitable approximate system which has smooth
solutions satisfying the energy inequality, the BD entropy inequality, and the Mellet-
Vasseur type estimate, therefore they completely solved an open problem. D. Bresch
and B. Desjardins [4] also used this new entropy to obtain the global existence of
weak solutions for the Navier-Stokes equations for viscous compressible and heat
conducting fluids when the viscosity coefficients depend on the density. However,
they have to add the cold pressure term into the usual pressure term.

In this paper we study the global existence of weak solutions for quantum MHD

model (1.1)-(1.7). For this system, when the generalized Bohm potential ¢’(n)Ap(n)
Ayn
vn
used the test function of the form ny to handle the convection term, thus the author

reduces to common form without the singular pressure term P.(n), Jingle [15]
proved the existence of such a particular weak solution. Gisxlon and Violet [11]
proved the existence of weak solutions for the quantum Navier-Stokes with singular
pressure, where the authors adopt some arguments to make use of the cold pressure
for compactness. There is little results about quantum MHD model. Therefore we
give some result for this quantum MHD model.

Now, we give the definition of a weak solution for (1.1)-(1.7).

Definition 1.1 We call (n, u, B) to be a weak solution for problem (1.1)-(1.7),
if the following conditions are satisfied:

(1) The density n is a non-negative function satisfying the internal identity

T
/ /(n@tgb +nu - Vo)dzdt + / no¢(0)dzx = 0, (1.8)
0JQ Q
for any test function ¢ € C*([0,T] x Q), ¢(T) = 0;
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(2) the momentum equation in (1.1b) holds in D'((0,7) x Q) (in the sense of
distributions), that means,

T
/ mo¢(0)dx + / / [nu - Od +n(u®@u) : Vo + Pdiveldadt

// n)Ap(n)Vno+ne' Ap(n )d1v¢]d:1:dt+2// (u)Veodazdt (1.9)

// n)divudivedzdt — I/b// (V x B) x B - ¢pdxdt,

for any test function ¢ € C>([0,7] x ), ¢(T) = 0.
(3) the magnetic field B is a non-negative function satisfying

T
/ Byp(0)dx = / / [B-0ip+ (ux B)-(Vx¢)— VB : Ve|dedt, (1.10)
Q 0JQ

for any test function ¢ € C*([0,T] x Q), #(T) = 0.
Remark 1.1 If y(n) =0, A(n) =0, a =1/2, B =10, P.(n) = 0, then the
quantum hydrodynamic equation (1.1) becomes
O + div(nu) = 0, (1.11a)
2 A
Oh(n) + div(nu ® u) + VP(n) — = v( V\HF> = 0. (1.11b)
If uin) =0, A(n) =0, «a =1, B =0, Pc(n) = 0, v = 0, then the quantum
hydrodynamic equation (1.1) becomes

On + div(nu) = 0, ) (1.12a)

O¢(nu) + div(nu @ u) + VP(n) — %nVAn =0. (1.12b)

Now, we are ready to formulate the main result of this paper.
Theorem 1.1(global existence for the quantum Euler model) Let Q = T? be a
periodic box. Assume T > 0. Let the initial data satisfy

|m|2 h? 2 2
(5o +H o)+ He(no)]+ 5| Vip(no) 2+ Bol* ) dz < C,
no

Vu(no)
NG

Then problem (1.1)-(1.7) posses at least one global weak solution n,u, B.

(1.13)
€ L*(9).

This paper is organized as follows. In Section 2, we establish the global existence
of solutions to the Faedo-Galerkin approximation for (1.1). In Section 3 we deduce
the B-D entropy energy estimates, which is a key part in the analysis process. In
Sections 4 and 5, we use the uniform estimates to recover the original system by
vanishing the artificial viscosity and artificial pressure respectively, therefore the
main theorem is proved by using the weak convergence method.
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2 Faedo-Galerkin Approximation

In this section, we prove the existence of solutions to approximate solutions for
quantum MHD equations by the Faedo-Galerkin method. Motivated by the work of
Feireisl, Novotny, and Petzeltovd [7], we proceed similarly as in Zatorska [22].

2.1 Local existence of solutions

Let T' > 0, and (e} ) be an orthonormal basis of L?(T2) which is also an orthogonal
basis of H!(T?). Introduce the finite-dimensional space Xy = span{ey,ea,--- ,en},
N € N. Let (ng,ug, Bo) € C®(T?) be some initial data satisfying ng > § > 0 for
x € T? for some 6 > 0, and let the velocity u € C°([0,T]; Xy) be given. We notice
that u can be written as

u(m, t) =Y N(te(z), (x,t) € T2 x [0, ), (2.1)
j=1
for some function \;(t), and the norm of u in C°([0,7]; X) can be formulated as
N
[ullcogo,mxy) = nax, ;)\j(t) :

As a consequence, u can be bounded in C°([0, T]; C*(T?)) for any k € N, and there
exists a constant C' > 0 depending on k such that
[ullcoo,rmer 2y < Cllullcoo,mye(r2y)- (2.2)
Therefore there exists a solution operator F' : CY([0,T]; Xn) — C°([0, T]; C3(T?))
such that n = F(u) is the classical solution for
ng +div(nu) = eAn, n(z,0)=ng in (0,T) x T2 (2.3)
The maximum principle provides the lower and upper bounds

t
inf (o) exp (- /0 v e rayds)

¢

< n(z,t) < sup ng(z)exp (/ ||diVU||Loo(Td)d3), for (x,t) € [0,T] x T?. (2.4)
reTd 0

Since the equation is linear with respect to n, the operator F' is Lipschitz continuous

in the following sense:
|1 F(v1) — F(v2)llcoomscrreyy < Cllvr — v2llcogo,ry:02(74)) - (2.5)

Since we assumed that ng(z) > d > 0, n(t,z) is strictly positive. In view of (2.1),
for [|v]|co(o,1);02(ray) < ¢, there exist constants n(c) and n(c) such that

0 < n(ce) <n(z,t) <n(ce). (2.6)
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Next, we wish to obtain the solvability of the magnetic field on the space Xy.
To this end, for given u above, we are looking for a unique function B satisfying

0B —V x (ux B)+ V((p)V x B) =0, (2.7a)
divB = 0, (2.7b)
B(z,0) = By(z), (2.7c)

which is a linear parabolic-type problem in B. Therefore, by the standard Faedo-
Galerkin methods, there exists a solution

B e L*([0,T]; HY(T%)) N L¥([0, T); LX(T*)) (2.8)

for (2.7). Further, there exists a continuous solution operator G : C°([0,T]; Xn) —
L2([0, T]; HY(T?)) 0 L>([0, T]; L*(T?)) by G(v) = B.

Now, for all test function ¢y € C([0,T]; Xn) satisfying ¢(-,T) = 0, we wish to
solve the momentum equation on the space Xy. To this end, for given n = F(u),
B = G(u), we are looking for a function u € C°([0,T]; Xy) such that

—/ nouoy (-, 0)dz
Q

T T
:// [nu-wt—l—(nu@)u):Vw+P(n)divw]dxdt—)\// AT (nu) : A% (nap)dadt
Td 0JT4d

// n)Vny + ng' (n)Ap(n)divy|dedt

Td

- / A¥(div(na)) : AT ndadt — 2 / /T ) (u) - Vopdodt

8/ - (Vn-V)u wdxdt//Td n)divu - divepdzdt

—i—,ub/o Td(V x B) x B -dzxdt, (2.9)

we will apply Banach’s fixed point theorem to prove the local-in-time existence of
solutions for the above equation. The regularization yields the H' regularity of u
which is needed to conclude the global existence of solutions.

To solve (2.9), we follow from [6] and consider a family of linear operators, given
a function p € L'(T9) with p > p >0,

Mlp]: XNy — X§, (M[n]v,u)z/ nv-udz, v,u€ Xy,
Td

where the symbol X3 stands for the dual space of Xy. It is easy to see that the
operator M is invertible provided n is strictly positive on 7%, and
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1M~ )l pixg xa) <270
where L(X7,, Xy) is the set of bounded linear mappings from Xy, to X . Moreover,
the identity

M) = M~ no] = M~ no) (M [na] — Mna]) M~ na]
can be used to get

M~ ] — M_l[”Z]HL(X;V,XN) < C(N,n)|n1 — nallp2(pay,
for any n1,no such that

infn; >ng >0, infne > ng>0.
Td Td

So, M~! is Lipschitz continuous in the sense of (2.8).
Now the integral equation (2.9) can be rephrased as an ordinary differential
equation on the finite-dimensional space X
d
3 Mn@)u(®)]) = Nlv,u,n, B],
where n = F(u), B = G(u) and
(Nv,u,n,B])

g 2
- /0 /Td {[nNu ®u: Vi + P(nn) + Pe(ny)]divy — %(gp’(nN)Az/;(nN)van

T
+nNg0/Ag0(nN)divw)}da:dt+)\// ny VAT (nyu)pdedt
0 JT1d
T T
—|—)\// nNASdiV(nNz/))-AS+1nNdxdt—2// p(ny)D(u) - Vipdzdt  (2.10)
0 JT1d 0 JT1d

T T
—// A(ny)divay - diw/)dxdt—i—l/b/ / (VXBN)X By - dxdt, ¢ € Xy.
0JTd 0 J71d

The operator N[v,u,n, B], defined for every t € [0,7] as an operator from Xy to
X} is continuous in time. Then the existence of a unique solution for (2.9) can be
obtained by using standard theory for systems of ordinary equations. In other words,
for given u, there exists a unique solution u € C*([0,T]; Xy ) for (2.7). Integrating
(2.9) over (0,t) yields the following nonlinear equation:

u= M"F(u)(t) (M[no]uo + /OtN(u,u(s),nN,BN)ds) (2.11)

in Xy. Because the operators F,G,M~! is Lipschitz continuous, this equation
can be solved by evoking the fixed-pointed theorem of Banach on a short time
interval [0,7"], where T' < T, in the space C°([0,7"]; Xn). In fact, we have even
u € C°([0,7"]; Xn). Thus, there exists a unique local-in-time solution (ny,u, By)
0 (2.2), (2.7) and (2.4).
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2.2 Global existence of solutions

In order to prove that the solution (ny,uy, By) constructed above exists on the
whole time interval [0, 77, it is sufficient to show that ux is bounded in Xy on [0,7”]
by employing the energy estimate.

Lemma 2.1 Let T' < T, and ny € C*([0,T"]; C3(T?)), uy € C*([0,T"]; Xn)
and By € L*([0,T']; HY(T9)) N L>([0,T"]; L*(T?%)) be a local-in-time solution to
(2.2), (2.7), and (2.4) with n = ny, u=wuy, B = By. Then

d
E(nN,uN,BN)+2/ ,u(nN)|VuN\2daz+/ Mny)|divuy|*dz
dt Td Td

1
+g/ (P’(n)+Pg(n))\vn\2dx+yb/ IV BN\2dx+)\/ A (nyun) 2dz
Td T Td Td

2
+)\5/ |As+1nN|2dx+6/ h—gp’(nN)Ago(nN)AnNdx:O, (2.12)
Td Td 2
where
1 5 h? 9
E(nn,un,Bn) =5 [ nnlun|"dz+ | [H(nn)+He(nn)ldz+— [ [Ve(un)|["dz
2 Td Td 2 Td
1 2 1 i 25+1 2
+ | By |“dx + VT ny|*de, (2.13)
2 Td 2 Td 2

Proof First we multipy (2.3) by H'(ny) — |ug’|2 - %cp’(nN)Aga(nN), integrate
it over 7%, and integrate by parts, then we obtain
1 h?
0= /d <8tH(nN)—§\uN]26tnN+?8t]Vgp(nN)\2—nN(H”(nN)—FHé’(nN))VnN CUN
T

2
+nyun - Vuny - uy — ?go'(nN)Agp(nN)div(nNuN) + 5H"(nN)|VnN|2

h2
—eVny - Vuy -uy + 55<p'(nN)Acp(nN)AnN>dx. (2.14)
Next, multipying the magnetic field equation (2.7) by By we deduce that
1 d
VX@NXBM-&Mx:/Bm%x+%/|VXBm%£ (2.15)
Td 2 Td dt Td

Then using the test function v = uy, n = ny, B = By = G(uy) in (2.9) and
integrating by parts leads to

1
O—/ <]uN]28tnN—|—EnNE)t|uN\2—nNuN Quy : Vuny+(P'(ny)+Pi(ny))Vny - uy
Td

A
+—|V2S+1n|2>dx — 2/ div(pu(ny)D(un))undz
2 Td
2

h
— [ V(A(ny)divuy) - uyde — / ny V(o' AY(ny))uydz
Td 2 Td
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_yb/ (quN)xBN-BNdx—i—/\/ A (nyvuy)[2dz+de [ ATy 2dz. (2.16)
Td Td Td

Adding above three equations gives (2.12), since nyH"” = p/(ny). Thus the proof
of Lemma 2.1 is finished.

From Lemma 2.1 we have the following estimates:

e the density estimates

HnNHLoo (0,75L7F () + HnNHLoo 0,707 (Q)) + ||v90(nN)HL°°(OTL 2(Q))

Vel i

e the velocity estimates

[vrNuN | o 0,2 0)) + VRN D(un) | 220,7502(9)
+H\/XASV(nNUN)HL2(07T;L2(Q)) < C. (218)

By a interpolation inequality we can get the density p is bounded from below by

< C, (2.17)

L2 0,T;L2(Q))

a positive constant

o™ Ml zoe 0,1y <) < o™ Lo 0,1:822)
< C(]' + HvspHLoo((O,T);LQ(Q)))s(l + Hp71||Loo((0yT);L2(Q)))4
<CW), (2.19)

where we require v~ >4 and 2s 4+ 1 > 3.

Combing with (2.15) we deduce the uniform bound for u, thus we get a global
approximating solution.

The summarizing estimates (2.17),(2.18) are uniform with the dimension N,
thus we can extract the weakly convergent subsequences and pass the limit passage
N — oo in the Galerkin approximation.

3 Passage to the Limit with N

This section is devoted to the limit passage N — oo. Using estimates from the
previous subsection we can extract weakly subsequences, whose limits satisfy the
approximate system.

3.1 Strong convergence of the density and passage to the limit in
the continuity equation
From (2.17),(2.18) we deduce that
uy — v weakly in L?(0,T; W2+12(Q)) (3.1)

and
ny —n weakly in L?(0, T; W*+22(Q)) (3.2)
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at least for a suitable subsequence. In addition the r.h.s. of the linear parabolic
problem
on + div(nu) —eAn =0,
p(0,2) = p}(2)

is uniformly bounded in L2(0,T;W?2%2(€))) and the initial condition is sufficient-
ly smooth, thus, applying the LP — L? theory to this problem we conclude that
{0:pn1}5° is uniformly bounded in L2(0,T; W?252(€)). Hence, the standard com-
pact embedding implies py — p a.e. in (0,7") x 2 and therefore passage to the limit

(3.3)

in the approximate continuity equation is straightforward.

3.2 Passage to the limit in the momentum equation

Having the strong convergence of the density, we start to identify the limit for
N — o0 in the nonlinear terms of the momentum equation.

The convective term. First, one observes that

pyuy — pu weakly® in L°°(0,7; L?(Q))
due to the uniform estimates (2.18) and the strong convergence of the density. Next,
o0
one can show that for any ¢ € () Xy the family of functions fQ pnunyodz is
=1

n=
bounded and equi-continuous in C(0,7"), thus via the Arzela-Ascoli theorem and

density of smooth functions in L?(Q) we get that
pyuy = pu in C([0,TT; L3e0,(€2))- (3.4)

weak

Finally, by the compact embedding L?(Q2) ¢ W~12(Q) and the weak convergence
of uy we verify that

pNUN @ Uy — pu®u weakly in L2((0,T) x Q). (3.5)

The capillarity term. We write it in the form

T T
/ / pnV ATy - pdadt = / / Asdiv(pnd) AT pydadt.
0.JQ )
Due to (2.18) and the boundedness of the time derivative of py, we infer that
pn — p strongly in L(0,T; W?t12(Q)), (3.6)

thus T T
/ / Asdiv(pn o) AST pydadt — / / Asdiv(pp) AST pdzdt,
0.J/Q 0JQ

for any ¢ € C°°((0,T) x Q).
The momentum term. We write it in the form

T T
—)\//pNAQSH(pNuN)-¢dxdt:—A//ASV(pNuN):ASV(qub)dxdt,
0JQ 0JQ
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so the convergence established in (3.1) and (3.6) are sufficient to pass to the limit
here.

Strong convergence of the density enables us to perform in the momentum equa-
tion (2.9) satisfied for any function ¢ € C*([0,7T]; (Xx)) such that ¢(T) = 0 and by
the density argument we can take all such test functions from C([0, T]; W25+1(()).

4 Derivation of the B-D Estimate

At this level we are left with only two parameters of approximation: ¢ and A.
From the so-far obtained a-priori estimates only the ones following from (2.17) and
(2.18) were independent of these parameters. Now we will have get more enough
estimates for density and velocity from the B-D entropy energy inequality, we will
prove the following lemma.

Lemma 4.1(Bresch-Desjardins type estimate) The following identity holds:

4
dt Td

h2
—i—/ 20(n)|A(u)|*dz + / ¢’ (n)|Ap(n)>dz + I/b/ |V x B*dx
Td 2 Td Td

[Vn|®
n

1 2 hz 2 1 2
(5rhu+ Vo) + H(n) + He(n) + [ Vep(n)2 + 3| BI* ) da

w2 [ )P ) + P

= —2)\/ APV (nu) : AV pu(n)de — 5/ div(nu)¢’(n) Andx
Q Q

dz + 2)\/ ASTInASp(n)de
Q

n)2
—I—E/Q WAndx —€ /Q(Vn -V)u - Vo(n)dz

—I-E/ nVo(n) - V(¢'(n)An)dz —|—/ (V x B) x B-V¢(n)dex, (4.1)
Q Td

in D'(0,T), where Vp(n) = QV"T(").
Proof The basic idea of the proof is to find the explicit form of the terms:
d
dt Jo
The first term can be evaluated by means of the main energy inequality, that is

d 1 9 K2 ) 1 , A it
14 a5 H H,. — Z|B i s+
dt Jra <2n|u| +[H(n) + He(n)] + 92 [Vip(u)|® + 2‘ I© + Q‘V n| )d:c

1
+2/ p(n)| V|2 dz + / A(n)|divu|?dz + 6/ —(P'(n) + P.(n))|Vn|*dz
Td Td Td T

<%n\u!2 +nu-Vé(n) + %n\v¢(n)\2) dz. (4.2)

—H/b/ |V x B\2dx—i—/\/ |ASV(nu)\2dx+/\e/ |A T n|2da
Td Td Td

2
+e /Td %gp'(n)Ag@(n)Andx =0. (4.3)
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To get a relevant expression for third term in (4.2), we multiply the approximate

continuity equation by w and we obtain the following sequence of equalities

n 2 n 2 n 2
d/1n|V¢(n)\2dx:/Q (n@t‘vgb( )IF _ Vo)l div(nu)+amAn)dx

dt)o2 2 2 2
n)|? n)|?
:/Q<pv¢(n)-V(¢'(n)8tn)—Wdiv(nu)+s|v¢;)|An) dz.

2
(4.4)

Using the approximate continuity equation, we get
/ nVo(n) - V(¢'(n)0n)dx
Q
= / enVa(n) - V(¢ (n)An)dx — / pVu : Vo(p) ® Vo(n)dx
Q Q

—/Qanb(n) - V(¢ (n)ndiva)dz — / nu® Vo(n) : Vip(n)dz. (4.5)

0
Integrating by parts the two last terms from the r.h.s.

/an¢(n) V(¢ (n)0n)dx
= / enVe(n) - V(¢ (n)An)dz — / nVu: Ve(n) @ Vo(n)dr
Q Q
29 2 .
+/Qn|V(;5(n)| dlvudx—l-/Qn ¢’ (n)A¢p(n)divude

2di : n))- n))dz. .
+/S2]V¢(n)| dw(nu)dx—i—/ﬂnu V(Vo(n)) - V(ep(n))d (4.6)

Combining the three previous equalities we finally obtain
d

1 2
a o §n|V¢(n)\ dz

= / enVo(n) - V(¢ (n)An)dz — / nVu: Ve(n) @ Vo(n)de
Q

Q
—i—/ﬂn\v¢(n)\2divudx+/Qn2q§'(n)A¢(n)divudm+/QEWAndm. (4.7)

In the above series of equalities, each one holds ponitwisely with respect to time due
to the regularity of n and V¢. This is not the case of the middle integrant of (4.2),
for which one should really think of weak in time formulation. Denote

V=w>»T2Q), and v=nu, h=Ve¢. (4.8)

We know that v € L2(0,T; V) and its weak derivative with respect to time variable
v/ € L?(0,T;V*) where V* denotes the dual space to V. Moreover, h € L2(0,T;V),
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r' € L*(0,T; W?~12(Q)). Now, let v,, and h,, denote the standard mollifications
in time of v and h respectively. By the properties of mollifiers we know that

Vi, Vi, € C(0,T;V),  hy, hl, € C(0,T;V) (4.9)
and

Vim = v L*(0,T;V), hym—h L*0,T;V),
v, =o' L*0,T;V*), hl, —h L*0,T;V*). (4.10)

For these regularized sequences we may write

d d
= v, hpdr = —
at Jo ¥ T =g

Vm, hm)V = (V;na hm)V + (Vmu hlm)Vv for any w € D(OaT)

(4.11)
Using the Riesz representation theorem we verify that v/, € C°°(0,7;V) uniquely
determines the functional ®,, € V* such that (v},,¥)y =(®y , V)= v = [V}, - pdz,
for any ¢ € V; for the second term from the r.h.s. of (4.11) we can simply replace

V = L*(Q) and thus we obtain

T T T
—/ (Vm,hm)vw/dt:/ (v;ﬂ,hm)v*ﬁvwdtvL/ (vm,h’m)Lz(Q)wdt, for any v €D(0,T).
0 0 0
(4.12)
Observe that both integrands from the r.h.s. are uniformly bounded in L'(0,T),
thus, using (4.10), we let m — oo to obtain

d
Y hdz = (v/,h)y + (v,h')y, for any ¢ € D(0,T). (4.13)
Q

Coming with the original notation, this means that the operation

(i/ﬂnu -Vo(n)dz = (0y(nu), Vo)y- v + /Q nu - 9,Vodzx (4.14)

is well defined and is nothing but equality between two scalar distributions. By the
fact that 0; V¢ exists a.e. in (0,7") x £ we may use approximation to write

= i 24/ — iv(nu)¢'(n)Andx .
/Qnu-atV(ﬁ(n)dx—/Q(dlv(nu)) ¢'(n)dx €/Qd (nu)¢’'(n)Andz, (4.15)

whence the first term on the r.h.s. of (4.14) may be evaluated by testing the ap-
proximate momentum equation by Vn
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(0 (nu), Vo (n))ve v
=— / (2u(n) + A(n))A¢(n)divudz + 2/ Vu: Vo(n) ® Vu(n)dz
Q Q

—2/QV<Z>(n) - Vu(n)divude — /QV<Z>(n) - VPdx
)\/QASHM(n)ASdiV(anb(n))dx - )\/QASV(nu) : AV (nVo(n))dx
—/ Vo(n) - div(nu ® u)dz — 8/ (Vn-V)u-Veo(n)dx

Q Q

_ / & (0| A (n) 2 + / (V x B) x B- ¢(n)dz. (4.16)
Q

Td
Recalling the form of ¢(n) it can be deduced that

% Q(nu : V¢(n)+%nlv¢(n)!2)dx+ QVqﬁ(n) - VPdz+\ /Q 1 () Ap(n) A% p(n)da

:—/ Vo(n) - div(nu ® u)dx—{—/(div(nu))2¢’(n)dx—2)\/ A*V (nu) : AV u(n)dx
Q Q Q
: ) [Vo(n)[?
—& /Q div(nu)¢'(n)Andx + a/ﬂ TAndx —€ /Q(Vn -V)u - Vé(n)dz

+ Vo -qu'nAnda:— "(n)|A n2dx+ V X B)xB -V¢(n)dx.
6/71 (n) ( ( ) ) /‘P( )| ‘P( )| /d( X )>< ( )
(4.17)

The first two terms from the r.h.s. of (4.17) can be transformed
/ ((div(nu))?¢'(n) — Vo(n) - div(nu ® u))dz
Q

= / (7”L2gb,(n)(divu)2 +ng¢ - Vndivu — ng Vn(u - Vu))dz

Q

gy — a1\ 2
:2/ u(n)@iuj(‘)juidx:2/ ,u(n)|D(u)|2d:1;—2/ p(n) (M) dz, (4.18)
Q Q Q

thus, the assertion of Lemma 4.1 follows by adding (4.3) to (4.17). The proof is
finished.

The main problem is to control the last term on the right hand side of (4.1),
other terms can be easier to be controlled. For this obstacle, we estimate as follows

BZ
2’/ (VxB)xB-W(n)’</ de—l—s/ Vu(n) x BP2de.  (4.19)
Td n Td EN Td

The first term of the right hand side will sent to the left hand side of equation and
will we compensated with the term related to the resistivity thanks to the profiles
condition introduced in (1.6).
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The dimension hypothesis appearing at this point, in a 2-dimensional space,
insures W1 C L? and this will be the main tool to deal with the second term. We
have

I9(n) x Bl3a(zay < CIIVa(n) x Bli3pis
< O A1) 22y | B2ty + 7510 22y | VB 2
HIVan) % Bl . (4.20)

But, from (2.12), we already know that || B||;2 and ||[Vu(n)|| 12 are uniformly bound-
ed by Ag, since

IVa(n) % Bl2agray < OO+ [ Au(m)a + |V x BJ32). (4.21)

So we get, summing (4.20) and (4.21) and taking into account all these quantities,
for ¢ small enough, we are considering here some coefficients ¢ < 1/6 and such
that ' — Ce still higher that a constant, say §. It also appears the necessary
conditions on the constants dg and dj, to be high enough because we need to have
n(n) — e *n=2 — Ce > 0. To conclude, we apply a Gronwall’s lemma, we will get

B-D entropy energy estimates.

5 Estimates Independent of ¢, \, Passage to the Limit
e, A—0

In this section we first present the new uniform bounds arising from the estimate
of B-D entropy, performed in this section, and then we let the last two approximation
parameters to 0. Note that the limit passage A — 0, € — 0 could be done in a single
step.

We complete the set uniform bounds by

VA w2 0.0y %9) + IVE(ne )20y x0)
/ / /
n \/M (ne ) (P'(ne,y) + Pc(ng,x))vn < (5.1)
e ) 5
L2((0,T) %)
moreover
[Ap(ne )l L2(0,m)x0) < C- (5.2)

The uniform estimates for the velocity vector field are

VAV (pue ) 2oy <) + ||/ /’L(ns,)\)VA(uE,)\)HL2((07T)><Q) <, (5.3)

and the constants from the r.h.s are independent of € and A.
We now present several additional estimates of n. 5 and u. ) based on imbedding
of Sobolev spaces and simple interpolation inequalities.
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5.1 Further estimates of n
Lemma 5.1

n;/l\/Q is uni formly bounded in L°°(0,T; LY (Q)) N L*(0,T; HL (), (5.4)

loc

nex 18 uni formly bounded in L>(0,T; LY (Q)), for any p < 4oc. (5.5)

loc

Proof On the one hand, from (2.10) we know that H.(n, ) is uniformly bounded
in L*°(0, T; L'(£2)) which implies that n_,’* is bounded in L*(0,T;L*). On the
other hand, there exist functions ((n) = n for n < 1, {(n) = 0 for n > 1 such
that V¢(n)~'/2 is bounded in L?(0,T; L*(Q)). Then, noting that v~ > 1 > a, we
conclude that Vn;/l\/2 is also bounded in L2(0,T; L*(Q)).

Since Vt)(n. ) is bounded in L>(0,T; L?(€2)), and H (n. ) is uniformly bounded
in L>(0,T; L*(9)), we can use Sobolev embedding of H*($2) in LP(£2) for all p < 400
in the two dimension. The proof is completed.

5.2 Estimate of the velocity vector field
Lemma 5.2

1
ue s uniformly bounded in L7 (0, T Wli’ch (Q), @ > g and qo > §5 (5.6)

Proof We use the Holder inequality to write

IVt Al Lo (o752 () < 1+ 11¢(nen) ™ 2 [ p2s 0,700 () 102 A Vtte w2207 x 2
(5.7)
where j = w, qil = %—F 2%, q% = %—F 6%. Therefore, the Korn inequality
together with the Sobolev imbedding implies the lemma.
5.3 Magnetic field

Thanks to estimates (2.10) and conditions on 71 that
B,y is uniformly bounded in L>(0,T; L*(Q)) N L*(0, T; H'(Q)). (5.8)

By interpolation, we can also deduce the following result.
Lemma 5.3 Let 8 be any parameter in (0,1) and p < +oo. Then

2

B. ) is uniformly bounded in L%(O,T; LGt (Q)). (5.9)

5.4 Passage to the limit with ¢ -0 and A — 0

With the B-D estimate at hand, especially with the bound on A5+1n€7>\ in
L2((0,T) x ), which is now uniform with respect to &, we may perform the limit
passage similarly as in previous step. Indeed, the uniform estimates allow us to
extract subsequences, such that

z—:ASVuE)UEVnE,)\,eASHnEQ\ — 0 strongly in L*((0,T) x ), (5.10)
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therefore
eVne \Vu. x — 0 strongly in Ll((O, T) x Q). (5.11)

5.5 For n.,
We know from (5.5) that n.  converges weakly to n in L>(0,T; L} (£2)), for all
q < +o0o. To prove strong convergence on the density, we shall use the transport

equation satisfying p(n):
1
O(p(n)) + div(p(n)u) + iA(n)divu =0.

Prove that 9;(¢u(n)) is bounded in L2(0,T; H=°9(2)) for any compactly supported
¢, we then conclude that

nex —n in C([0,T]; L .()), for any ¢ < +oo0. (5.12)

loc

From another point, to conclude a compactness for n;i/ *in C(]0,T7; Ll (Q)), for
all ¢ < 400, we must, in addition to (5.4), look at dy(n~'/2) and try to show a
boundedness in a space L"(0,T; H~°°) with » > 1. From the transport equation we
find

A (n~1?) — gnfl/Qdivu + div(n™"%u) = 0,

from which we can insure that d;(n~"/2) is bounded in L%/3(0, T} Wb (©)). Then,
from (5.4), we can deduce that

n;}\/z —n~ 2 in LP(0,T; L% (Q)), for any p < 400, ¢ < 6,

loc

in L2(0,T; L} (), for any q < +oo,

loc

(5.13)

5.6 For n.  u.

We know that n. yu. \ converges weakly to nu in L*°(0, T’; Lf;Q () as the prod-
uct of n  bounded in L*°(0,T; Lj>°(2)) and ,/fiz xue » bounded in L (0, T'; L*(2)).
To have compactness on Ne AU ), WE USe the momentum equation to assure that
(0, T; H=79(Q)) for p > 1 and o large enough. To

more precise on what is different in our system we shall forget the new term in the

Or(ne Aue ») is bounded in L7
momentum equation related to the magnetic field, namely VB x B. Using (5.8),
we know that V x B is bounded in L?(0,T; L?(f2)), that is why we must have bet-
ter than L2(0,T; L%(Q)) for B and it is time to use Lemma 5.3. Indeed, for any
0 < a < 1 we get the expected boundedness of B in LP(0,T; LP(Q2)) with p > 2 so
that (V x B) x B is bounded in B in L(0,7T; L9(2)) with ¢ > 1. Thus, we get

Ne \Ue x — nu in LP(0, T VVl;clq(Q)), for any p < 400, ¢ < 6. (5.14)

(5.14) together with Lemma 5.2 implies the strong convergence of [, ne|ue A to
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fB nlu|?, for all subset B in €. Moreover, since , /Tie xue  converges weakly to /nu
in L>°(0,T; L2 (£2)), we insure that

loc
Veatex — Vnu in L2(0,T; L2 (). (5.15)

5.7 For the magnetic field B.

We already know that the sequence B. ) weakly converges to the limit B in
L>(0,T; L2(Q)) N L2(0,T; H'(22)). Now deal with 9;B in order to insure a strong
convergence statement. Equation (1.1c) leads to bound ux B and (§,)V x B. For the
first one, from Lemmas 5.2 and 5.3, we get u x B is bounded in L (0,T; L”) with
p > 1 what is enough comfortable. For the second, we write &V x B = /&,/&V x B.
We know that the term /&, V x B is bounded in L?(0,T; L?(2)). From conditions
(1.6) and the bounds (37) or (38), v/& is bounded in L?(0,T; L*(2)). This is just
enough to conclude that B; is bounded in L'(0,T; W~1(Q)). Then we get

B.y — B in LP(0,T;L*(Q)), for any p < +oo. (5.16)

6 Convergences

The limit mass conservation equation holds because of the strong convergence
of n. ) in (5.12) and the strong convergence of ,/n xue  in (5.15).

In the momentum equation, the strong convergence of n. zu. x in (5.14) and
Ve aUg ) I (5.15) allows to pass to the limit in the sense of distributions in the
first two terms. As for the pressure term, we use the strong convergence of n.  in
(5.12) and the boundness of n. ) in (5.5). The viscous flux terms can be handled
similar to [4]. Pass to the limit in the quantum term, we need to split several term
which is similar to [15]. The strong convergence of B, , in (5.16) and the boundness
of B, ) in (5.8) are ensure to pass the limit in the magnetic term in the momentum
equation.

In the magnetic field equation, the difficult is the last term V x (4(pe x) Bz x X
B. ), it can be written as the product \/vp(p: 1)V Be , weakly convergence in
L2(0,T; L} () and \/vp(pe,») strongly convergence in L?(0,T; LE ().

The proof is complete.
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