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Abstract

In this paper, we define Sumudu transform with convergence conditions in
bicomplex space. Also, we derive some of its basic properties and its inverse.
Applications of bicomplex Sumudu transform are illustrated to find the solution
of differential equation of bicomplex-valued functions and find the solution for
Cartesian transverse electric magnetic (TEM) waves in homogeneous space.
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1 Introduction

In literature, various integral transforms have been widely used in physics and

engineering mathematics. In the sequence of these integral transforms, Watugala [26]
defined Sumudu transform and applied it to find the solution of ordinary differential

equations in control engineering problems.
Over the set of functions

[£]

A= {f(t): there exists an M, 7; > 0, [f(t)| < Me™, if t € (—1)7[0,00), j = 1,

the Sumudu transform is defined by the formula
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Sumudu transform has scale and unit preserving properties. In [11], Belgacem et
al. discussed fundamental properties of Sumudu transform and showed that Sumudu
transform is a theoretical dual of Laplace transform. Also, it is used to solve an inte-
gral production-depreciation problem. In [10], Belgacem and Karaballi generalized
Sumudu differentiations, integrations and convolution theorems existing in the pre-
vious literatures. Also they generalized Sumudu shifting theorems and introduced
recurrence formulas of the transform.

In [27], Zhang developed an algorithm based on Sumudu transform which can be
implemented in computer algebra systems like Maple and used to solve differential
equations. In [17], Hussian and Belgacem obtained the solution of Maxwell’s differ-
ential equations for transient excitation functions propagating in a lossy conducting
medium by using Sumudu transform in time domain.

In [9], Belgacem found the electric field solutions of Maxwell’s equations, per-
taining to transient electromagnetic planner, (TEMP), waves propagating in lossy
media, through Sumudu transform. In [13], Eltayeb et al. discussed the Sumudu
transform on a space of distributions. In [19,20], Kilicman and Gadain produced
some properties and relationship between double Laplace and double Sumudu trans-
form and also, used the double Sumudu transform to solve wave equation in one
dimension having singularity at initial conditions.

In [18], Kilicman et al. discussed the existence of double Sumudu transform
with convergence conditions and applied it to find the solution of linear ordinary
differential equations with constant coefficients. In [6], Al-Omari and Belgacem in-
vestigated certain class of quaternions and Sumudu transform. Motivated by the
work of Al-Omari et al., we make efforts to extend the Sumudu transform to bicom-
plex variable.

2 Bicomplex Number

In 1892, Segre Corrado [25] defined bicomplex numbers as
Cy = {£: & =x0 +i121 + 272 + jw3| 20, 71, ¥2, 73 € Co},

or
Co={£: & =21+ 22| 21,20 € Cr },

where 41 and ¢3 are imaginary units such that z% = z% = —1, 199 = 1211 = J, j2 =1
and Cp, C7 and C5 are sets of real numbers, complex numbers and bicomplex num-
bers, respectively. The set of bicomplex numbers is a commutative ring with unit
and zero divisors. Hence, contrary to quaternions, bicomplex numbers are commu-
tative with some non-invertible elements situated on the null cone.
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In 1928 and 1932, Futagawa Michiji originated the concept of holomorphic func-
tions of a bicomplex variable in many papers [14,15]. In 1934, Dragoni [12] gave
some basic results in the theory of bicomplex holomorphic functions while Price [22]
and Ronn [24] developed the bicomplex algebra and function theory.

In recent developments, authors have done efforts to extend Polygamma function
[16], inverse Laplace transform, it’s convolution theorem [2], Stieltjes transform [1],
Tauberian Theorem of Laplace-Stieltjes transform [3], Bochner Theorem of Fourier-
Stieltjes transform [4] and Mellin transform and its application [5] in the bicomplex
variable from their complex counterpart. In their procedure, the idempotent repre-
sentation of bicomplex numbers plays a vital role.

Idempotent Representation: Every bicomplex number can be uniquely expressed
as a complex combination of e; and eo, that is,

€= (21 +i222) = (21 —i122)e1 + (21 + i122)e2,

where e; = %, €9 = %; e1 +ex =1 and ejeg = ege; = 0.

This representation of a bicomplex number is known as Idempotent Represen-
tation of £. The coefficients (21 — i122) and (21 + i122) are called the Idempotent
Components of the bicomplex number { = z1 +1i229 and {ey, e2} is called Idempotent
Basis.

With the help of idempotent representation, we define projection mappings P :

CQ — A1 - Cl, P2 : CQ — A2 - Cl as follows:

Pl(Zl + iQZQ) = Pl[(zl — ilzg)el + (21 + i122)€2] = (21 — ilzg) € A,
PQ(Zl + i222) = PQ[(Zl — ilzg)el + (Z1 + ilzg)eg] = (21 + 1122) € Ao,

for any z1 + 020 € Cs.

In the following theorem, Price discussed the convergence of bicomplex function
with respect to it’s idempotent complex component functions. This theorem is useful
in proving our results.

Theorem 2.1%2 F(¢) = F,,(€))e1 + F.,(£9)ey is convergent in domain D C Cs
if and only if F.,(&1) and Fe,(&2) under projection mappings Py : D — Dy C Cy and
Py, : D — Dy C Cy are convergent in domains D1 and Do, respectively.

In this article, we obtain bicomplex Sumudu transform, its inverse and some
of their properties. In Section 3, we derive the bicomplex Sumudu transform with
convergence conditions by using the bicomplex Laplace transform. In Section 4, we
discuss some basic properties of bicomplex Sumudu transform. In Section 5, we
derive the inversion theorem for bicomplex Sumudu transform. In Section 6, we
find applications of bicomplex Sumudu transform in solving differential equation of
bicomplex-valued function and last section presents the conclusion of the paper.
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3 Bicomplex Sumudu Transform

Let f(t) be bicomplex-valued piecewise continuous function of exponential order
K. Then bicomplex Laplace transform (Kumar and Kumar [21]) of f(¢) is

Ll = [ s, e D, 3)
0
where
D = {{ = s1e1 + s2e2 € Ca : Re(s1) > K and Re(s2) > K} (4)
or, equivalently
D ={¢ € Cy:Re(§) > K + [Im;(§)[}, (5)

Im; (&) denotes the imaginary part w.r.t. j. In (3) if we replace & by % and multiply
the integral obtained by %, we get

1 11y B s
sL[rsg] = g [ Hrma=sireng = fo. cen. @®
where S[-] denotes the Sumudu transform of f and

1

Q= {f = s1€1 + s9ey € Oy : Re(
S1

) > K, Re<512) > K and € ¢ 02}7 (7)
or equivalently,

1
3

where Oy = {21 +1220 € Ca : 27 + 25 = 0}.
Further, we show that || f(€)]|| < co. Now, for & = sje; + saez, s1 = z1 +i1y1 and
S9 = X2 + i1y2, We obtain

f L[
Hf(g)H - Hf/@ e ¢ f(t)dtH
< ”;,/0 e €[ IIF ()] dt,  [€#0ie. € & O]

Q:{fngzRe( >>K+’Imj<2>‘and§¢02}, (8)

1 R S
< / He (s1e1+sze2) HMetht
1€l Jo

= AT oA e Beear
0

N|—=

2 2
because of [[s1e1 + s2e2| = (%) , which is the bicomplex norm defined by

Rochon and Shapiro [23, p.85].
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HfM“ A iﬂe‘it\? +o P betar

2xq 2z9

1
o
2+y1 +e 2+y§ ) 2etht

foﬁH

oo x) +
< [/ e 11“1 etht—k/ e w5+v3 etht}
= Vel s 0

M /OO ~(ghe =Rt /OO (27K
= zy+uy dt + zytv3 dt
wmm{oe o )

M Lo,
R aip K S oK)

by Minkowski’s inequality (|x|? + |y\2)% < |z| + |y|, for any z,y € Cp. Then the
_m{ily% > K that is Re(i) > K and
+ > > K that is Re(X ) > K. Therefore, f(£) is analytic and convergent in the
strlp (2, defined by (8).
Thus, we can summarize the above discussion to define the bicomplex Sumudu

requirement H 16 H < o0 is satisfied only if

transform as follows:
Definition 3.1 Let f(¢) be bicomplex-valued piecewise continuous function of
exponential order K. Then the bicomplex Sumudu transform of f(¢) is defined as

(il =3 [ e trwar=fio). cen (9)
where ) is defined as
:{fngzRe(2> >K+‘1mj(2)] andgggoz}. (10)

4 Properties of Bicomplex Sumudu Transform

In this section, we discuss some properties of bicomplex Sumudu transform that
is linearity property and change of scale property as follows:

Theorem 4.1(Linearity Property) Let f(¢) = S[f(t);¢] and §(€) = S[g(t); €]
be bicomplex Sumudu transforms of bicomplex-valued functions f(t) and g(t) of ex-
ponential orders K1 and Ko, respectively. Then

Slerf(t) + cag(t)] = c1 f(€) + c2g(E), €€, (11)

where ) is defined in (10) and K = max{K;, Ka}.
Proof By applying the definition of bicomplex Sumudu transform, we get
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Slerf(t) + cag () g/ et er £(t) + cag(t)]dlt

_a [ 2 t
_5_0 e ELf(t dt+£/0efg(t)dt
= c1f(§) + c29(§).

Theorem 4.2(Change of Scale Property) Let f(&) = S[f(t); €] be the bicomplex
Sumudu transform of bicomplex-valued function f(t), then

Slf(at);€] = f(ag), a>0,£€Q, (12)
where Q is defined in (10).
Proof By applying the definition of bicomplex Sumudu transform, we get

1 o0 _14
:E e & f(at)dt, [put at =]

ST

= f(a&).

Theorem 4.3 Let f(&) = S[f(t);€] be the bicomplex Sumudu transform of
bicomplez-valued function f(t), then

(i) S[f'(1):€ = £[f(&) = F(O)], €€,
(it) S[F"(1):€] = &[f(&) = £(0) = &£ (0)], €€,

(i) SIOe€) = & [7(6) - £0) - T 190, e

where Q is defined in (10).
Proof (i) By applying the definition of bicomplex Sumudu transform, we get

rng =g [ et
(&/ elﬁﬁﬁkﬁ(tém€?hmd>

Integrating by parts, we get

S8 = (= A0+ hils))er+ (= L0+ fals) e

- 816141“5262 [fi(s1)er + fa(s2)e2 — fi(0)er — f2(0)es]
GO )

§
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(ii) If we replace f’(t) = g(t), using (13) then
[3(6) — 9(0)] = 2[
= [f(&) = f(0) = &£ (0)].

(F(8) = £(0) = (0)]

A

(iii) By (13) the result (iii) is true for n = 1. Now, assume the result is true for
n = m, that is

m—1
S ()€l = ;n [ A ] (14)
k=1
Now, for n = m + 1, using (14),
SUF D e):E] = [SL 03] - 1)

= gmﬂl [f‘(«s) — F0) =) &k <0>] -
k=1

Hence, by the principle of mathematical induction, the result is true for all n € N.
Theorem 4.4 Let f(¢) = S[f(t);€] be the bicomplexr Sumudu transform of
bicomplez-valued function f(t), then

SItf )€ = € 3 F© + 7€), €, (15)

where Q is defined in (10).
Proof Since

ds dg/ g

B <d81 /Oo m’illelfl( )dt)el + <dd2 /OO 31262f2( )dt)@’

using Leibniz rule for integration for complex functions, we get

881 S1 682 S92

/ —e 17ffl /Ooo(jge_slfl(f)dﬂel

+<A ;e2uxyﬁ—4m%6%h@&%z

2

( Mé?le1ﬁ(ﬁ0q+(0wg91e2ﬁ()>@
(
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= (%S[tfl(t)isl] — LS[A):s ])61 + ( S[t fo(t): 52] — is[h(t);sﬂ)@
81 51 -
= (8161-1-18262)28[t(f1(t)61 + fQ(t)GQ);slel + s3]
1

8161 + S2€9

S[tf(t); €l =

S[(fr(t)er + fa(t)ez); sier + saea]
1

gS[f(t);ﬁ]-

52
Therefore, q
SIEF(1:6) = £ 7O + £7(0).

Theorem 4.5 Let f(&) = S[f(t);€] be the bicomplex Sumudu transform of
bicomplez-valued function f(t), then

S[[ faue] =ere. eca (16)

where Q is defined in (10).
Proof From the definition of bicomplex Sumudu transform, we have

/ Flu)dus€] = / /Ot F(u)dudt.

By changing the order of integration, we get

s[ | Fupduse] = i/ " ftadu et / e E f(u)du = €F(6).

Theorem 4.6 Let f(t) be the bicomplex-valued function of period T > 0, then

/ “Ef()dt
sl(eye = £ e, (17)
1—e ¢
where Q is defined in (10).
Proof By the definition, we have
1 [ _t 1o [Ty
t;fz/ e £f(t)dt == / e ¢ f(t)dt. 18
(t);¢] £/, (t) ST;] . (t) (18)

Taking ¢ = 7 4+ nT in the n'" integral, (18) becomes
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4.1 Convolution

The way of combining two signals is known as convolution. It is such a widespread
and useful formula that it has its own shorthand notation, *. For any two signals x
and y, there will be another signal z obtained by convolving = with y as

() =z xy = /0 x(s)y(t — s)ds.

We derive here the convolution theorem for bicomplex Sumudu transform as follows:

Theorem 4.7 Let f(¢) = S[f(t);€] and g(&) = S[g(t);€] be the bicomplex
Sumudu transforms of bicomplez-valued function f(t) and g(t) of exponential orders
K1 and Ko respectively, then

S[(f+9)(t):€] = &f(&)g(€), €€, (19)

where K = max{K, K2} and Q is defined in (10).
Proof

S[(f*g)(t 5/ eTE(fx)(t) g/ /f )g(t — w)dudt.

Changing the order of integration, by putting t — u = z, we get

S[(f = 9)(t) 5/ flu du/ e Eg(t —u)dt
¢ [t [ et = ¢©ae),

5 Inverse Bicomplex Sumudu Transform

In this section, we discuss the inversion theorem for Sumudu transform in bi-
complex space as follows:

Theorem 5.1 Let f(&) be the bicomplex Sumudu transform of bicomplez-valued
function f(t) of exponential order K, analytic in §Q, then

£(t) = / eEEf(6)dE = 3 Res [ef€F(€)]. (20)

211
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where I' = (Fl, Fg) is piecewise continuous differentiable closed contour in Bicomplex
space and Q) is defined in (10).

Proof Since we know that bicomplex Laplace transform [21] of bicomplex-valued
function f(t) is

Llrrg] =#(5) = [ et cen

which deduces

2 F@ _ 2 /0 )
then 1 _
F(3) =¢ito. (21)

Using (21), inverse bicomplex Laplace transform [8, Definition 3.1] of (21) is

P = o [ etr(g)ae = o [ efef(epe.
T

N 2mi1 Jr 13 27y

Hence the result (20) holds.

6 Applications

In this section, we find the solution of an application of differential equation
of bicomplex-valued functions. Also, we find the solution for Cartesian transverse
electric magnetic (TEM) waves in homogeneous space using bicomplex Sumudu
transform.

(a) Consider the general differential equation of order n of bicomplex-valued
function y(t)

d"y d"ly

an@+an71w+---+aoy=f(t) (22)

with initial conditions y(0),%'(0),-- -, 1(0) being given and finite, ag, a1, , an
being bicomplex constants and f(¢) being bicomplex-valued function. Taking the
bicomplex Sumudu transform of (22), we get

n—2
: [-<s>—y<0>—§j EyP )|+ - +aog(§)=F(€),
k=1

n—1
an@[mf)—y(m—z kM (0)
k=1

1
gn—l

+an—1

which deduces

n—1
an[y@—y(m—z k™ (0) +etagt" = £ f(6).
k=1

n—2
+an-1€ [ﬂ(&)—y(O)—Zﬁky(’“) (0)
k=1
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Therefore,

y(O) [an + an—lf + an_2§2 + -+ algn—l]
Ay + an—1£ + an_2§2 4+ o4 aoé‘n
y/(O)ﬁ[an t an_1€ + an_oE2 + - + a2£n_2]
" 2
an + an71§ + CLn,Qg + o4 aogn
y ™D (0)an e
Ap + ap 1€+ an_2E2 + - + ap€™

n §"f(€)
an +an—1§ + an—2£2 + -+ apf” '

y(&) =

(23)

Taking the inverse bicomplex Sumudu transform of (23), we get the solution of
differential equation (22) as

1 t
vt = 5o [ efenerac, (24)

where I = (Fl, Fg) is piecewise continuous differentiable closed contour in Bicomplex
space, and  and y(&) are defined in (10) and (23), respectively.
In particular, consider a differential equation

d
d—gz+y=eat, a€ C (25)

with the initial condition y(0) = 0, where y(t) is a bicomplex-valued function.
Taking the bicomplex Sumudu transform of (25), we get
(&) —y(0) -
S G

n=0

K

y(f)—wnzz:oaf,

g =1 -+ - +-) ) agn.
n=0

Taking the inverse bicomplex Sumudu transform and using Theorem 4.7, we get

¢ 1
y(t) = / e e du =
0

at _ —t
_l—i-a(e ),

which is the required solution of the given differential equation (25).
(b) To apply this purely mathematical concept in Electromagnetic, Maxwell’s
equations (in a source-free domain) are first written in a form involving the wave
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number k£ and the medium intrinsic impedance 7, rather than the medium permit-
tivity and permeability Bicomplex Maxwell’s equation is described in Anastassiu
H.T. et al. [7], that is

V x E = —ijknH, (26)
k

V xH=i"F, (27)
"

for the time convention €. Vector fields E and H are electric and magnetic fields,
respectively. The bicomplex vector field F is defined:

= \;ﬁE +i2/nH (28)

with the implication that each directional component of F is a scalar bicomplex
function, combining the corresponding field directional components. Multiplying
(27) with iy and adding the result to (26), after some manipulation, the bicomplex
Maxwell’s equation is derived, that is

Assuming a TEM to be z wave, that is, a vanishing z-component, and after intro-
ducing Qy = i2Fy, (29) is reduced to the following system of bicomplex differential

equations
dQ, .
Y = kFx7
dz 11 (30)
dFy .
dz = Zleyv (31)
0F, O0F,
—_— — =0. 32
oz dy (32)
Differentiating (30) and (31) and using respectively (31) and (30) therein, we get
d’F,
C +kF, =0, 33
dz2 + ( )
d?Q
dz2y +k2Q, = 0. (34)
For the solution, taking the bicomplex Sumudu transform of (33), we get
1. .- _
? [Fx(f) - Fx(o) - fF:J/c(O)] + k2Fx(§) =0,

which implies

] Fi(0) + F(0
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Taking the inverse bicomplex Sumudu transform of (35), we get

0) + £F7(0)

1
F, = g E, -
()= gop. [ eler@e = oo [ otem 2800
: : ()+§F’() , : Fo(0) + £F7(0)
=1 _ 1 ATt AT Tal0) TS
o (5 )5 IS (e+ )5 212+ 1
_ RE(0) + 01 Fp(0) ke, KER(0) — i1 F5(0)
- 3 ¢ K3 ¢
= Re™1h* 4 Kelthz, (36)
Similarly,
Fy(2) = —i2Qy(2) = —iz[Le "** 4 Selth=] (37)
Therefore,
1 . . . ,
F=—E-+ iQ\/ﬁH = [Re—ukz + Ke“kz]i o Z-2 [Le—zlkz + Se“kz}g), (38)

Vi

where £ and ¢ are the fundamental position unit vectors in the direction of X-axis
and Y-axis respectively and

kF,(0) + i1 F(0) K, (0) — iy F1(0)

R = 3 =Ry +i2Ry, K= 3 = K1 + i K>,
kQ,(0) +i1Q’ (0 kQ,(0) —i1Q. (0
L= o )k;le( ) =Ly +igle, S= Al )k;le( ) = 51+ 1255.

Equation (32) implies that L, R, S and K are bicomplex constants. Since (38)
satisfies bicomplex Maxwell’s equation (29)

L=—-—R and S=K.

Hence (38) becomes

1 . . . ;
F= 7E +igy/mH = [Re’“kz + Ke“kz}iﬂ —ig| — Re~ k= 4 Kellkz]g- (39)
n

Extracting the bi-real and bi-imaginary parts of the solutions (39) yields the electric
and magnetic fields components

E = /i[Rie™"" + K1) + /i — Roe 1% 4 Kpe1h#], (40)
H- L R2€7“k2 +K2e11kz Ao [_ Rlefukz +K1e11kz g, 41

where Ry, Ry, K1 and K are arbitrary complex constants, and (40) and (41) is the
solution of Maxwell’s equations (26) and (27).
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7 Conclusion

Bicomplex numbers play a vital role in providing large class of frequency domain.
In this paper, we derive bicomplex Sumudu transform with convergence conditions
with its some basic properties which are useful in finding the solution of differen-
tial equations involving bicomplex-valued functions. Bicomplex analysis has great
advantage that it separates the electric and magnetic fields as complex components.
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