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THE SEMI-NORMS ON THE SCHWARTZ SPACE*!
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Abstract

Let S(R?) be the class of all infinitely differential functions which, as well as
their derivatives, are rapidly decreasing on R?. Here we define a kind of semi-
norms which is equivalent to the usual family of semi-norms on the Schwartz
space S(R?).
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1 Introduction

In the recent years, the Schwartz space as well as their application are concerned
in many publication ([1-5]). In this paper, we first give the usual family of semi-
norms on the Schwartz space S(R?). A new family of semi-norms is defined, which
is based on the operators we constructed.

Using the new family of semi-norms, we can consider the method to discuss the
Schwartz space in terms of the sequential theory.

Let I_Q|r denote the set of all two-tuple of non-negative integers. For a € I_%, let

lo| = a1 + ao. (1.1)
For a multi-index a and = € R?, let olad
«

*=agMrd?, D= ———. 1.2

T :L‘l 1‘2 ’ 8:6?161';2 ( )

The Schwartz space S(R?) is defined to be the class of all infinitely differentiable
complex-valued functions ¢ on R? such that

lim [z*DPy| =0, (1.3)

|x|—o00

for all multi-indices o and 3. The space S(R?) is closed for the differential operators
and multiplication by polynomials.
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2 Some Definitions

In this section, we introduce some definitions. Let R? be the 2-dimensional
Euclidean space.

Definition 2.1 A semi-norm on a vector space V is a map p : V. — [0, 00)
satisfying

(i) p(u+v) < p(u) + p(v) for u,v € V;

(i) p(au) = |a|p(u) for a € C(or R).
A family of semi-norms {pq}aea is said to be separate points if

(iii) pa(u) =0 for all @ € A implies u = 0,
where o = (a1, a2) are two-tuple of non-negative integers ([1]).

Definition 2.2 Let f € S(R?) and || - ||a,5,00 be defined by

918l
= ||lz*D”? :H R P S H
il = 127D e = |af'a32 oo ]
o oy HB1+p2) f (2 1)
= Ssup Ssup ‘l’ Lo " ——F——F%- ‘ :
eRmeR| T2 Dz 9z

Then {|| - ||a,6700}a,ﬂeli is the usual family of semi-norms on S(R?).

Definition 2.3 Let V be a vector space and u € V. Let {pa}aca and {dp}pep
be two families of semi-norms on a vector space V where A and B are some index
sets. The families of semi-norms are equivalent if and only if they satisfy:

(i) For each a € A, there exist by,be € B and C > 0, such that

pa(u) < C(dp, (u) + dp, (u));
(ii) for each b € B, there exist aj,a2 € A and C’ > 0 such that
db(u) < C/(pal (u) + Pasy (u))

Definition 2.4 A family of semi-norms {ps}aca on a vector space V is called
directed if for a, 5 € A and u € V, there exist v € A and C > 0 such that

palu) + pa(u) < Cp, (u). (2.2)
Definition 2.5 Let f € S(R?) and || - ||o,5.2 be define by

oz = Dl = ( [ 1D o)

Then {|| - Ha,ﬁﬂ}a,ﬁeﬁ is the usual family of semi-norms on S(R?).

Definition 2.6 Holder inequality: Let E be a measurable set of Lebesgue, z(t)
and y(t) be measurable functions in E. Then p and ¢ are positive numbers such
that %4— % =1, then
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/|x Pl < /\x irat)” /\y yth

Minkowski inequality: Let F is a measurable set of Lebesgue, z(t) and y(t) be
measurable functions in £, and p > 1, then

/ar FynlPdr)” /\x ]pdt /|y \pdt

3 The Semi-norms on S(R?)

In this section, we discuss the relations of some semi-norms on S(R?).
In the following lemmas, we prove the family of semi-norms {|| - ||a7/37oo}a75613 is

equivalent to the family of semi-norms {|| - ”aﬂﬂ}a,ﬁeli on S(R?).
Nlovs,

Theorem 3.1 The families of the semi-norms {|

on S(R?) are equivalent.
Proof Let f € S(R?), then

252 = [ 12D o)

=4MHQWm+m%memx

o 2
<[y etgaliowla tawepisof

Note that
(14 [z[*)2* D f(x)| < 2D f(x)| + |x[*|z* D f (z)]

< sup z*DP f(z)| + | (2] + 23)z* D" f ()]
rER

< Ifllayg00 + |25 2252 D f ()] + |25 25272 DP f ()]
< HfHOc,/B,oo + Hf”a-i-26175700 + ”fHOz-i-2e2ﬁ7OO7
where e; = (1,0), eo = (0,1). We get
Hf”a,,@,Q < C(HfHa,ﬂ,oo + HfHa+261,ﬂ,OO + HfHa+262,B,OO>v (3'1)
where C' = ||1/(1 + |z|?)]].
On the other hand, we know
D’Bf / Df8+61f( (xl,tl))dtl,

where the symbol x(z1, 1) means the replacement of x; by t¢1, that is

9lBl+2
Dﬂf / / D5+€f dt / / o 1""183;/32""1 f(tl, t2>dt1dt2.
1
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Then

D f(x) r—]/ / Flryae] < /D5+ef()|dt
/RQ (1 + [t>)DPTef(t) ’dt

By the Holder inequality, we have

1+ [t]?

/RJIJ:W(1+|7S|2)DB+€f(t)’dt< (/R 1+|t|2‘ dt) / (L [t2)DPef(t )det)é
o I
Hence
D11 < |5, 10+ D2 @)

Using the Minkowski inequality, we obtain

Il = 10 flloe = sup (D12 < ||

= CH(1+t?+tz)Dﬁ+ellzSC(IIf

Tl 10+ DS @)l

0.6+e2t [ fll2er pre2+fll2er,p4e2). (3.2)

Next, consider the relationship between {|| - Ha,ﬁ,oo}a,ﬁeli and {|| - Haﬁ,g}aﬁeli
where o # (0,0):
If @ = (a1,0) with oy # 0,

1
DA f = / (qt®= 1 DPf 4 x*DPYe2 £ ((2q, t1))dty;
if o = (0, a2) with ag # 0,
o
D f = / (o~ DP f + x*DP¥e2 f) (2 (9, o)) dto;
if a = (a1, a9) with a; # 0, ag # 0,
1
a*DPf = / (at* 1D f +t*DPFe fdty
o
= / [/ (paga®~1~2 DA f 4 qp@—erpPrezy

Fagz® 2 DAY f 4 g pFrerte f)dp, |t

T )
= / / (OCIQQ.Ta_el_eZDﬁf + gz D,B-l-ezf
o o

+agz@e2 DT f 4 g DPretes )ty dt,.
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Then
T1 X9
’waDﬁf’ = ‘ / / (alagxa_el_”Dﬁf + gz 1 phter f
—o0 J —o0

tagr®T2 DALy phterte £)qy dty
1 €T 1 2

S/ / |a1a2ta_61_€2Dﬂf|dt1dt2 +/ / |a1ta_elD6+e2f|dt1dt2
—o0 J —00 —o0 J —00

1 To 1 xr2
+ / / gt DPFeL f|dty diy + / / [txDATertez £t dty
—00 —00 —00 —oQ

= a1ap 1L+ ) =2 DP flla + | (1 + [t*)ee= D2 £

el

1+ ¢)2ll2
(1 [t gt 2 DIFerte £l

By Definition 2.5 and the above inequality, we have

2
1
2D% 11 < sl | | [ haer-casi + 3 I haer-easaes 02
j=1

2
+ Z (”f”rx—erl Btery,2 T Z |’f|’a_er1+2ej7/8+€r272)

{r1}eMa 1 j=1
2
1 fllagrerress + 3 1 larees grerress]
j=1
Then
1 £1la,5,00 = sup [z* D f|
2
< |:Hf”04*617627572 + Z Hf‘|06*€1*e2+23j7572
j=1
2
+ Z (|’fHOz—er1 Bery,2 T Z ||f”a_er1+25j,,3+er272)
{ri}eMau,1 j=1
2
1 llagrerress + 2 I Flarvze, srertese] (3.3)
j=1
where o 1
=[moz- | |,

(3.1), (3.2) and (3.3) imply {|| - Hoc,ﬁ,oo}a,ﬁeli and {|| - ||a75,2}a7ﬁ€11 are equivalent.
We complete the proof.

In the following, we define some operators on S(R?). And using the operators,

we give a family of semi-norms which is equivalent to the usual family of semi-norms
on S(R?). Let
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Then for f,g € S(R?), using (1.3), we get

1 0
+ _ . L .
A tae= [ [ 75 (0 50) 1] ot
1 too g of
— [ . fgdws — a2 qp.
e vz D08 | R ey
_ 1 . L 99 .
= 75 J et on+ g5 [ rgtan

[ o el -

—00 J
Thus
(A7 f,9)2 = (f,Aj9)2, j =12,
where (-, -)2 is the L?-inner product.
For each j with 1 < 7 < 2, set

k k—
Nj=AfA; and Nj=N;(N;Y, k=12,

where N JQ is the identity operator. Now, we can get the conclusion that the Schwartz
space S(R?) is closed for the differential operators and multiplication by polynomials,
and is also closed for the differential operators N]]-c (j=1,2,k=0,1,---). It is easy
to show that for f,g € S(R?),

(N f.9)2 = (f,Njg)2, k=01,
For a multi-index 8 = (B1,82) € I2, we define an operator (N + 1)? by
(N + 1) = (N + 1)P1(Ng + 1)
Then for f,g € S(R?),
(W +1)7f.9)), = (£ (N +1)%),.
Here we define a family of semi-norms on S(R?). Let
1£lls = (N +1)Pflla for f e S(R?).

Then {|| - Hﬁ}ﬁeli is a directed family of semi-norms on S(R?).

Next we prove the families of semi-norms {|| - Hﬁ}ﬁeli and {|| - Haﬁﬂ}a,ﬁeli are
equivalent on S(R?).

Theorem 3.2 The directed family of semi-norms {|| - ||5}ﬁ€13_ is equivalent to

{1 llap2}agerz on S(R2).
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Proof For f € S(R?),

£ = 1N+ DPFI5 = (N + DPF (N +1)7 1),
where 8 = (1, 82) € I3. By the induction, we prove

IFIE = 1N+ DA (N + D2 FI5 = D CoprllflF g2, (3.4)
B+3"<28

where 23 = (261,2052), Cﬁ’vﬁ” >0, |- HB’,ﬁ",Q is given in Definition 2.5,

HfHB',ﬁ”,Q = [L2 |J;'B/_D5”f‘2dl':| 2
(1) It 8= (O)O)a then ﬁ, = (an)a B” = (0,0) and

1flls = 1Ifll2 =l flloo.z-
That is, (3.4) holds for 8 = (0,0).
(i) If B =e¢; (j =1,2), that is 8 = (1,0) or § = (0,1), then we have such cases:
,3’ = 26]', ,3” = (O O)' ﬁ/ = €y, ,3// = (0,0); ﬁ/ = €y, B” = €4,
B'=1(0,0), p”=(0,0); B =(0,0), 3" =e;; B =(0,0), 8" =2e;.
Here we consider the case f =e; = (1,0). For g = (1,0),

IFI1E = I(Ny + DFIIE = (N1 +1)f, (N1 +1)f),

;[(%fﬂﬁf)+2($1f,901f)2+2<$1§f 669{1)
H 0t (550, +(§j§’§%)]
[Ilfvlfllz+2Hw1f||2+2H:v1 w2+ |54

”fH2e1,02 + ||f||e1,02 + [ fller,er,2 + inHg,o,z + §||f”g,e1,2 + §‘|f”3,2e1,2’

where 0 in || - ||2¢,,0.2 is (0,0).

By the similar calculation, we can show the equality in (3.4) holds for § = ey =
(0,1).

Assume equality (3.4) holds for 8 = (81, 32) € I2, that is

IF113 = (N + 1) f, (N +1)°f)

L ;9P
= 2 Cop (”CB B fﬁ” 27— : )
g a<ap O0xy' 0xy? Oz ' 0xy®

= Y Coplflly g (3.5)
B'+p"<2B
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where (1, 82 € N.
We discuss the case §+¢e; (j = 1,2). We consider the case j = 1, that is § +e;.

By Nl = ATAl and (A—li_fhg) = (f?Alg)7
10 = N2+ DV + D £I3 = (V1 + DN + 1D F, (N1 + (N + 1)),
= (M(N + )P £, Ny (N +1)°f), + (N1 (N + 1)Pf, (N + 1)°f),
H((N+D)P NN +1)P ), + (N+ 1P £, (N +1)°f),
= (Ni(N+1)Pf, Niy(N + 1)), + 2(A1(N + 1)P £, Ay(N + 1)° f),
+((N+ D7, (N+1)Pf),. (3.6)
By the assertion (3.5), the third term of (3.6) becomes

(N4 1P f N+ D20), = [N+ D2l = S Corprllf1I3 g0
B'+p"<28

Because of

(g ¥+ VPE W +1P7) = [ GOV 1P s

- [ [+vir-a =177
[ (DT (V15 s
= [ [+ 025 T 4 (Y + 1 (3 + 1)

= (N 1PL N+ 170), = (01N + 1S 5 (N + 1)) ) (37)

27
and the assertion (3.5), the second term (A1 (N+1)P f, A1 (N+1)? f) of (3.6) becomes
(AL + DS, A (N +1)7F)
d 0
((ml + 71)(N +1)7f, (:cl + 871)(N - 1)5f)

(N + D7 LN+ 15), + (01 (N + 1P, (N + 1))
0

+<%(N + 1) f,z2(N + 1)f> + (;;(NJF 1)°f, 8?:1(]\[ + 1)%)}
= [(ml(N+ DPfoi(N+1)Pf) = (N+1)7f, (N +1)°f)
Hom W+ 17 (V1)

= Y [Corver oI e 502+Cop ool F 13 50 2+ C ey I 1B g ey 2] - (38)
B'+p"<2p
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By the similar calculation, we get

(NN + 1P, Ni(N +1)7f),
2 2 2
= > (Coroer sl flFrse 572 + Corvensr | | 3rrer,pr2 + Corprll F3 g
B a7<28
2 2
+Cs vl F 3 prsero + Cor prse | F G griae 2)-

Hence for g + e,

17 = D, Coprlfligma
B'+B"<2(B+e1)

Thus equality (3.4) holds. We can conclude that, there exist a C, > 0 such that

Colfllage <Ufle < Y Ifllase-

a+B<2r

That is, the family of semi-norms {|| - ”r}reli is equivalent to {|| - Ha,fg,Q}QﬂHi on
S(R?). The proof is completed.

By Theorems 3.1 and 3.2, we obtain

Theorem 3.3 The directed family of semi-norms {|| - HB}BEIf_ is equivalent to

{- Ha,ﬂ,oo}a,/ieli on S(R?).
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