Ann. of Appl. Math.
34:3(2018), 221-243

SEMICLASSICAL LIMIT TO THE GENERALIZED
NONLINEAR SCHRODINGER EQUATION*

Boling Guo

(Institute of Applied Physics and Computational Math., China Academy of
Engineering Physics, Beijing 100088, PR China)
Guoquan Qin?
(Graduate School of China Academy of Engineering Physics, Beijing 100088, PR China)

Abstract

In this paper, we investigate the semiclassical limit of the generalized
nonlinear Schrodinger equation for initial data with Sobolev regularity. Al-
so, we will analyze the structure of the fluid dynamical system with quan-
tum effect corresponding to the semiclassical limit of the generalized nonlinear
Schrodinger equation.

Keywords quantum hydrodynamics; dispersive limit; compressible Euler
equation

2000 Mathematics Subject Classification 35Q40;35Q53;35Q55;76Y07

1 Introduction

Hydrodynamics equations with quantum effect describe the hydrodynamical
properties and states of some important physical phenomena such as semiconductor,
superconductor and superflow. This kind of equations have theoretical significance
and practical value. From the semiclassical limit of the nonlinear Schrodinger (NLS)
equation with Plank constant h, we can derive various hydrodynamics equations with
quantum effect when h — 0.

It is well known that the quantum hydrodynamics equations (QHD) can be
derived based on the moment method, which is analogous to the derivation of the
compressible Euler equation from the Boltzmann equation by taking the zeroth,
first and second order velocity moments of the quantum Boltzmann equation and
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resulting in a hydrodynamical model which then has to be closed in an approximate
way, that is, a reasonable macroscopic approximation for the quantum heat flow
tensor has to be derived by using additional (quantum) physical properties of the
particle ensembles. Moreover, in the case of high electric fields, small mean-free-path
asymptotics have been used to derive QHD-models.

When the time and distance scales are large enough relative to the Plank constant
h, the system will approximately obey the laws of classical, Newtonian mechanics.
That is, quantum mechanics becomes Newtonian mechanics as h — 0. The asymp-
totics of quantum variables as h — 0 are known as semiclassical expressing this
limiting behavior.

In the semiclassical limit or WKB limit and when V, and 0; scale like € as ¢ — 0
(e is the scaled Planck constant), the quantum-mechanical pressure becomes negligi-
ble. The isentropic compressible Euler equation can be formally recovered from the
nonlinear Schrodinger equation in this limit. This fact was proven rigorously by Jin,
Levermore and McLaughlin [5,6] for the one-dimensional integrable case using the
inverse scattering technique and by Grenier [3] for higher dimensions in situations
where no vortices are involved.

Very similar model equations have been used for quite a while in other areas of
theoretical and computational physics, for instance, in superfluidity [11,12] and in
superconductivity [2].

2 Semiclassical Limit to the Nonlinear Schrodinger
Equation in Short Time Range

In this section, we consider the following nonlinear Schrédinger (NLS) equation
with rapidly oscillating data

2
O + o Dot (b = 0, 21)
- Q0
(0, 2) = a®(z, h) exp (ZSh(:U)), (2.2)

where f € C®(R*,R), S°(z) € H*(RY) for s large enough. And a is a function,
polynomial in A with coefficients of Sobolev regularity in x. h is the Plank constant
and 1y, is the wave function.

We will study the semiclassical limit of equation (2.1)-(2.2) and determine the
limiting dynamics of any function of the field ¢, as h — 0.

Remark 2.1 When f(z) = x, equation (2.1) appears in the phenomenological
description of superfluidity of an almost ideal Bose gas [10]. In this case, the squared
modulus of the wave function 11 is interpreted as the particle number density in the
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condensate state, while the gradient of the phase is proportional to the superfluid
velocity u = Vargy. Moreover, the nonlinear Schrodinger equation is very helpful
for the mathematical analysis of the isentropic irrotational QHD-system [4-6, 15].

Employing the WKB method, we will look for the solution to (2.1)-(2.2) having
the following form

Yp(x,t) = a(x,t,h)exp (is(;’t)), (2.3)

where
a(z,t, h) Za] z,t)h (2.4)

and a;(x,t) satisfies certain equations so that we could solve (2.1) locally in time.
Let

v=V,5+ 2ZLIO(ELVma —aVga),
p= |a|2v
then (2.1) is transformed to
Oip+ V- (pv) =0, (2.5)

o 0+ V(4 1)) = v (i), (2.6
t U x .

\/>
The above equation is a perturbation of the following isentropic compressible Euler
equation

Bip+ V- (pv) =0, (2.7)
Kl

B v+ Vy (7+f( )):o. (2.8)

If f/ >0, then equation (2.7)-(2.8) admits a local smooth solution in [0,T*] for T*
sufficiently small. In fact, we have the following theorems.

Theorem 2.1 Suppose f € C°(RT,R), f/ > 0. s > %4— 2. Let S%z) €
H*(RY) and a®(x,h) be uniformly bounded in H®(R?) with respect to x. Then
there exists a constant T > 0 such that equation (2.1)-(2.2) admits a solution
Uy, = ap(x,t) exp(iSy(xz,t)/h), where ap and Sy, are bounded in L*°([0,T]; H®).

Theorem 2.2 Under the assumption of Theorem 2.1, assume further a®(x,h)

s(Rd
E) 0 45 h = 0 and equation (2.7)-(2.8) with initial data (p(0,x),v(0,z)) =
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(|a®(2)|?, V:S%(x)) admits a solution (p,v) € L*>([0,T), H**2?). Then, equation
(2.1) admits a formal solution ¥y (z,t) = ap(x,t) exp(iSy(z,t)/h) on [0,T] satisfying
the initial condition (2.2) for h small enough, where ay, and Sy, are uniformly bounded
in L>°([0,T], H®) with respect to h.

Theorem 2.3 Under the assumption of Theorem 2.2, if a®(x, h) admits the
following expansion

a’(x, h) =

M=

a?(x)hj + thN(m, h), (2.9)
=0

where N € N, s —2N — 2 —d/2 > 0 and rn satisfy
}ILiL%HTNHHS(Rd) =0. (210)
Then for interval [0,T] given in Theorem 2.2, one has as h — 0

iSh(x,t

ap(x,t) exp ( )> = iaj(ac,t)hj exp (Zsh(}f’t)) +hNrn(z,t),  (2.11)
j=0

where S and a; are determined by the WKB method and
L {75 ] oo po,7, mre-2v-2-a/2 ey = 0. (2.12)

Proof of Theorem 2.1 Suppose

Yp(z,t) = ap(x,t) exp <15’h(hx,t)> (2.13)

Substituting (2.13) into (2.1) yields

h? ih 1
—ih&tah+8t5hah—?Axah—ihvxsh : vxah_%ahAzSh‘i‘iah ’szh‘2+ahf(|ah|2) =0,

which can be rewritten as

9Si + SV.5 2 =

i Sh + 2Wa: wl” + f(lan|?) =0,
th 1
oray, — gAacah + V.S - Veap + §ahAmSh =0.
Setting wy, = V.S, we have
Aywn, + wp - Vawp + f/(|an]?) Valan|* = 0,
1 ih

Orap, + wy, - Veap + §ahvxwh = EAxah.

Let a5, = a,l1 + ia,%. One obtains
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1 h

atah —+ Zwi({)]a}z + iaflz Z ajwi - _§A$ai27,7

7j=1 j=1

d 1, h

Oway, + th@a% + §a% Z djwi = §A$a}w

j=1 j=1
Owoh, + f'(laj* + |ah *) (20} 0;a), + 247 0ia7) + ) w)dje), = 0,

j=1

where wfl is the i-th component of wy,. We can rewritten the above equation as

d
8tuh + Z Az(uh)&uh = hL(uh), (2.14)
i=1
where
a,ll —%Aza%
a%l %Axal
w}L 0
un = w2 | L(up) = 0 ,
w,cf 0
d .
Zlfz‘wﬁ 0 t&a;  16al
i
d .
0 Y&w aal o)
1=

d .
2610 f' 28105 [ Y Giwj, 0
=1

d .
20, f" 26aif" 0 Y &),
i=1

The matrix A(up, &) can be symmetrized for f/ > 0 by

10 0 .. 0
01 0 .. O
s=|00 %f .. 0
00 0 --- 411f/

Let up, = (a},a?,wp) be a solution of (2.14). The classical energy estimate
(S0%up,, 0%up) leads to

Bt(Saﬁuh, aﬁuh) = (87558?11,]1, 8§uh) + 2(88t8§uh, aﬁuh)
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with S symmetry.
For the first term, we have

(0050 up, OFup) < 10¢S| < |0 up| |72
Since
|0eS|Lee < C(|un|ree)|Opun|Loe,
employing the Sobolev embedding and the equation (2.14) yield
|Ocunlzee < C([[unlls)llunlls,
where s > § —1—2 upl|2 = > [|0%un| |32

la|<s
For the second term, one easily obtains

d
(S(‘)t(‘)?uh,(‘)?uh) = h(SL(aguh),é)guh) — (Sagl (Z Al(uh)c‘?@uh> ,8§‘uh> . (2.15)
=1

Using integration by parts leads to
h(SL(aau o« __ﬁ a1 a, 2 o, 2 o
x h)7 xuh) 9 (az ahAxax ap, 9, ahAxax ah) =0

The second term on the right hand side of (2.15) can be written as

d
(50;; <Z Ai(uh)aiuh> ,aguh>
=1

d
- (5 > A (up)0;0%un, a;;uh)

i=1

d d
+ (S (82‘ (Z A’(uh)(’?zuh) — ZA’(uh)@@guh> ,8wauh> .
i=1 =1

Invoking the symmetry of SA%(uy) yields

d
(s > A (up) 20 up, aguh)

=1

d ‘ d
— Y (Oi(SA (up)) O un, Dgun) — > (SA (un) 05 un, Oup),
i=1 1=1

therefore, one finds
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< Clun|peo)|05 un| |72 |Vaun | Lo

d
‘ (S > A (up)0:0%un, aguh>

i=1

< C(Junlre=)1105unl |72 |un]ls.
By the commutator estimates, there holds

d d
(s (a;; (Z Ai(uh)@-uh> -y Ai(uh)&-a‘;uh> ,aguh>

i=1 =1

< C(|lunlls)|lunlI3-

Consequently, we find
0 Y (SOun, dgun) < C([[unl[s)|lunl3,

laf<s

where s > g + 2. We thus complete the proof by use of the Gronwall inequality.
Proof of Theorem 2.2 Assume there exists a solution (p,v) € L*°([0,7],
H*+2(RY)) of (2.7)-(2.8) on [0, 7] with s > 4 + 2 and the initial condition

= [lim ap|?, v =V,5°.
p=Ilimapl”, v=V,
We will prove there exists a solution of (2.14) in a interval [0,7") with 7" independent

of h for h small enough and the solution is uniformly bounded in L*(]0,T]; H?®).
The formal limit of equation (2.14) is

d
Oyu + Z A (u)dju = 0, (2.16)
i=1

where u = (a1, az,w) admits a solution in the maximal interval [0,7"] with 7" > T.
Set vy, = up, — u, then we find

d d
Oron, + > AN(u+vy)0on + Y (A'(u+ vy) — A'(w))dyu = hL(vy) + hL(u).

i=1 i=1

d .
The matrix > A*(u+wvp)E; is symmetrizable and we can do similar energy estimates.

i=1
d
The term > A%(u + vj,)0;v5 can be handled by
i=1
d . .
<S (35“ <Z A'(u+vp) = Al(“)) 5z‘u> 75:?%) < C(llvnlls, [ulls)lvnl[-
1=1

Note that
(RSL(97vn) + hSL(97w), Oy vp) = (RL(97u), 05 vn) < hl|ullat2||vnlla;
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SO

O Y (S9gvn, 8gvn) < Clllonlls, llulls2)Jvnl |2 + Rllullss2llonlls,

|a|<s
where s > %l + 2. ||vp(t = 0)||s = 0, h — 0. Therefore
[lvnlls < C(R), te[0,T],

where C'(h) — 0 and h — 0. We thus complete the proof of Theorem 2.2.

Proof of Theorem 2.3 We prove the theorem in four steps.

1. Zero order approximation

From Theorem 2.2, we know that aj, and wy, are uniformly bounded in L ([0, T7;
H*(R%)). Therefore, d;a;, and Ojw; are bounded in L*°([0,7T]; H*~2(R%)). We
can extract subsequences of aj and wj converging to af, and wy, respectively in
L>([0,T); H2(R%)) and the limits are the unique solution of

Oy + wo - Vot + f'(lag|*) Virlag|* = 0,
1
dragy + wp - Vgag + §a6wa6 =0
tisfyi f = lim a®(h), wf = V.S°.
satisfying ap = lim a (h), wp

2. First order approximation
Let v, = up, — u, we can prove the following energy estimates

onllgs—2 < hC([[ull Lo o,r,m5)),  for any ¢ <T.

Set ¥, = vp/h. Then ¥y, is bounded in L>([0,T], H*~2) and v, is bounded in
L>([0,T), H*~%). If necessary, we can extract subsequences of v, converging strongly
to u} in L*°([0,T], H*~*). Taking the limit equation of ¥, one finds that u} satisfies
the linear equation:

d d
Opuh + Y Al(ug) iy + Y (VA (up)ul) dsufy = L(ug),
i=1 i=1
and the initial condition
0) — uf
! — 1 uh( 0 .
“ hli% h

The solution to this problem is unique. In fact, there exists a subsequence of vy,
converge to uj.

3. Higher order approximation

Assume the N-th approximation to be
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N

up = Zu;»hj + o(h),

J=0

where the function u} € L>([0,T), H*=% (R%)). Set uj, = JZV: u;-hj, vp = Up —
N , =
> u;h, one finds
§=0
d d
Oron + Y A¥(ii, +va)vp — Y (A'(Tn) — A¥ (i, + v4)) 05t = hL(vy) + N By,
i=1 i=1
where BYY is a function of @, and bounded with respect to h in L*([0, T, H°) for
o = 5—2N —2. Assume the initial data h =¥ "1}, (0) is bounded in H*. Similar to the
energy estimates in the former cases, one can obtain the boundedness of h=N~1y,
in L>([0,T7, H?).
Let 0, = v /hV T, then we obtain v, — Uy, 1, h = 0. u)y ., can be obtained by
solving the following equation

d
Op(Tn + W) + > A, + BN wy )0y (1 + KN lwy) — hL(HR) = 0.
i=1
4. WKB expansion
We have expanded the formal solution aj, and Sy, to any order. To return to the
WKB expansion one can write the following two formal series

Zaj 2, )b ex (@g z,t) ) (Zakhk> exp (iésghk> .

For instance, S = S), ap = ape’1, a1 = ¢*1(a} + iSha}). We thus complete the
proof of Theorem 2.3.

3 Semiclassical Limit to the Derivative Schrodinger

equation
Now, let us consider the following derivative Schrodinger equation (GDNLS)
‘ h? .
ihpe + =P + iR (f([[)¥)s = 0, (3.1)
i
¥ (@,0) = fi (@) = A exp (+S0(a) ). (3.2)

where f € C®(RT,R), Sy € H*(R) for s large enough, A? is a polynomial in h with
coefficients of Sobolev regularity in . We consider the limit of (3.1)-(3.2) when
h — 0, for —oo < & < +00 and 0 < ¢t < T with T being finite.
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When f(z) = x in equation (3.1), the resulting equation is used to describe the
nonlinear propagation of magnetosonic wave trains parallel to the magnetic field in
a hot or collisionless ideal plasma with dispersion due to Hall currents [7,13].

Suppose ¥(z,t) = A(z,t)exp (£5(z,t)), where A and S are real-valued functions
representing the amplitude and the classical action, respectively. Substituting this
to (3.1) leads to

DA+ S(ASy +24,5,) + (J(4)A)z = 0 (33)
Lo N hj Ave
S + 2(Sgg) + f(A%)S, = 5 A (3.4)
Introducing the new variables p = A% = 1|2, u = S, we have
9p + 0z (pu+ Q(p)) =0, (3.5)
h2a (0%/p
fuu -, + 0.1 (o) = 5 (). (3.
where
1
Qp) =20f(p) = 52(p),  ¥'(p) = 2f(p). (3.7)

Thus, equation (3.5)-(3.6) can be regarded as a perturbation to the following com-
pressible Euler equation

Op + O (pu + Q(p)) =0, (3.8)
Opu + Oy (%uQ + f(p)u) = 0. (3.9)

Multiplying (3.6) by p and using (3.5) lead to

h2
o+ Oy (u(u + f) + uP'dyp) = ?895(,083 log p), (3.10)

where 1 = pu is the momentum and P’(p) = 2pf'(p) = p®”(p). From (3.5), using
P(p) = p®'(p) — ®(p), one finds

&' (Oip + u0, P) + p®' dpu + &' Q' p, = 0, (3.11)
or
0 ® + 0, (Pu) + POyu+ 7'py = 0, (3.12)

where

w = 7(p) = ¥ (0)Q(0) = 2 (0) 20" (p) + £(p)) = (i)[2pf2(p)]-
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Thus, there holds

m(p) = 2pf*(p)- (3.13)
Adding (3.10) and (3.12) leads to
h2
(1 + @) + 0u((p + P)u) + Ou(pf + Pu) + Opm = Zax(pai log p).
As in [1], we denote by M = u + ®(p) the noncanonical momentum. Using Q(p) =
2pf(p) — 3®(p), equation (3.5)-(3.6) can be written as

Bup+ 0u(M +Q — @) =0, (3.14)
2
OM +0, [ (M + P~ -+ pf) + - (of ~ )] = “L0.(p03 o5 ), (315)

and this can be rewritten as the local conservation laws of p, M, ®
3
Bip + O (M + pd — 5<1>> =0, (3.16)

0 M + 0, []\j(M +p@' - g@’ - gé + %(p@’ - @))}

+0, [ (p®' — @)(%p@l—(ﬁ)] - };zax(paglogp). (3.17)

Collecting the above arguments, we obtain the following theorem.

Theorem 3.1 Equation (3.1) is equivalent to the dispersive perturbation of the
quasilinear hyperbolic equation (3.14)-(3.15) or (3.16)-(3.17). The density p and the
noncanonical momentum M are the conserved quantities of the GDNLS equation. In
particular, when f(p) = +p7, ®(p) = +57 p7+1 and M = ,u:l: -p7TL, (3.16)-(3.17)
is equivalent to

2y — 1
Op + Oy (M + %pﬁl) —0, (3.18)

h2
—0u(p03logp). (3.19)

HM + 0y [p (Mig 1p7+1) +L(7_1)p27+1} =

7+1 (v +1)?
In addition, we will prove the following theorem.
Theorem 3.2 Let x be the complex conjugate. The GDNLS equation admits
the following conserved quantities

+oo
/ pdz = const. = Cy, (3.20)
o
/ udz = const. = Co, (3.21)
-
Mdzx = const. = Cs, (3.22)

— 00
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where the fluid dynamical variables p,u, M can be represented by the wave function

Y as

p=[]* = |A]%, (3.23)
~ o dhyr iy ih A*

=t = (@7 - E) S, + 2 (log o ) (3.24)
B = it () = 2 — 67) + 2((f). (3.25)

Proof Obviously, the theorem can be deduced directly by (3.14)-(3.15). Here,
we will derive it from (3.1) and thus we can better understand the relation between
the classical mechanics and the quantum mechanics.

Note that we have the following equality

O 00) o [ )] + FW0) 260 ()] - () = 0. (3.26)

Because the third term in (3.26) only depends on * = |+)|?, we can integrate it
with respect to z to obtain

d +oo +oo 9
e pdx = T ||“dx = 0. (3.27)

This proves (3.20).
Multiplying (3.1) by ¥} and v, respectively, and then adding together, one finds

s — U7v) + - (™) (007 f () D)W — )] = 0. (328)

Also, one easily deduces
h 0 0
9t — B03) + g o (o — Bats) + i[5 — 92)] = 0. (3.29)

Subtracting (3.28) from (3.29), we obtain

~ ~ | ~~ h‘2 * *
8t,u + 8z(fﬂ) + 2f Pz = ?836[(1[21/1 )xoc - 4¢x¢:p] (330)
Next, note that the following equality
- 1o .\ d%\/p
8tu+(9$(§u +fu) - —a ( > ) (3.31)
is equivalent to (3.5)-(3.6) with

R 1 h?_ (9%/p
'z — )] = —&E . 3.32
T 0ol )en = 4] = (ﬁ) (3.32)
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Integrating (3.31) yields
d [T _
X . udx = 0.
Multiplying (3.28) by ®’(p) leads to
0@ + @011+ @' (f + pf )pr = 0.

Adding (3.30) and (3.34) and using

8x((I)/ﬁ) = (I)//pz/j + (I)I/j:v = 2f/px/j + @lﬁz7
we obtain
h? 32\/ﬁ
~ N~ / ! _ z
O+ ) + Opl(f + ¥V + @S + 8 pa = 50 (ZF).

which leads to

d [T~ d [T _
i) Mda::dt/oo (n+ ®(p))dz = 0.

This complete the proof.
For the GDNLS equation

) h )
W + S +i(f (0" )" =0
with the initial condition

¥ (2,0) = v(2) = Ao(x)exp(50()).

233

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

where the amplitude Ag(z) is nonnegative, the phase Sy(x) is real-valued and smooth

and is independent of A. One can take

P"(0,2) = [Ao(2)[*,  M"(0,2) = |Ao(2)[*8zSo () + ®(| Ao (2)[?)-

(3.40)

We can prove that 1" is a dispersive perturbation with O(h?) error as h — 0 to

the following deformed Euler equation

3
dp + az<M+p<1>’ . 7<1>) —0,

2
3 3

M
0, M +0, [— (M+pq>'—fq>’—f
P 2 2

(3.41)

q>+%(p<1>’—<1>))]+ax [;(pqﬂ—@)(;pqﬂ—@)} —0

(3.42)
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with the initial condition
p(0,2) = [Ao(2)?,  M(0,2) = |Ao(2)*xS0(x) + (| Ao (2) ). (3.43)
Consider
flp)==+p, ®(p)=+p*. M=p+p’ (3.44)

Then (3.18)-(3.19) can be transformed to

Oip + O, (M + %;ﬂ) —0, (3.45)
M + 0, [AZQ + pM} - h;ax(pag log p). (3.46)
From
oo ou (v )] =0 (3.47)
- [BtM + a%(]‘Z2 + pM)] hjfa (092 1og p), (3.48)
we have

M? M2M  M? M? h2 M

£ ) T pe = o 0u(p3R log p). 4

8t(2p> 8<2p P 2) 2p’0 5 p@(p@x og p) (3.49)
On the other hand

ontonn) + 0. (B2 & o) - ”’f xp} = o ption ). (3.50)

(55 + (P )+ o+ (5t o)

8 p 2
h2 2 h2 2
— _Zfa 2(p0; log p) = ~p0s(p0; log p). (3.51)

Consequently, one obtains the energy equation

O E"+0, [p <Ei+ iSpMﬂJtha [ <pox—@)j:1pi—pm —0 (3.52)

2 2 8 P P 2
with
M? 1 h?p2  M? 3 h? p?
El =" +_-pM = — 4 “pM +p3 + — 2, 3.53
=5, Far +8p oy ForMAr+57) (3.53)

Assume f(p) = p, then the Euler equation derived by the semiclassical limit is
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L9\ _
Oup -+ 0, (M + 5P ) =0, (3.54)
M2
O M + 0, (7 + pM) —0 (3.55)
with initial data
p(0,z) = A%(z), M(0,z) = A*(2)S, + Al (z). (3.56)

Energy equation (3.52) is then

M? oM M?M  p*M  5M?
8t(2— + T) 896(%? + 5 ) —0. (3.57)
One can rewritten (3.54)-(3.55) as
Vi+BV,=0, V=(p, M) (3.58)
with
p 1
B=| M? 2M . 3.59
——+tM —+p (3:59)
p p
The eigenvalues of B are the roots of
M M?
A2—2(p+—)A+p2+M+—2:0 (3.60)
P p
or
M
)\:)\i:p—i—?ivM, M >0, (3.61)
the corresponding right and left eigenvector are respectively
M t M t
ri:<1,?i\/M), li:<—?iM,1). (3.62)

The Riemann invariants is

Ry = ﬁi N (3.63)

The eigenvalues Ay, A_ can be represented by the Riemann invariants as
3 3

1 1
2 2 2 2
_° - - “R?. .64
At 4R+ + 4R_, A 4RJr + 4R_ (3.64)
The equation can be rewritten by the Riemann invariants as
3 1
O R, + (11%2+ + ZR%)aj,,m —0, (3.65)
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1 2 3 2 _
QR+ <ZR+ + ZR_)&TR_ —0 (3.66)
with initial data
Ru(z) = /S, + A(2)2 + A(2). (3.67)

Theorem 3.3 The blowup time t, can be estimated as

ty = min{t.,r,b, t_7b}

with
tep < inf {t: Ge(two) = 0}, Qe = {wo: 0Ra(w0) < 0},
where
Gi=1+ 3 axRi(a;Q = /Ot Ry(r, wi(T))\/R%r(T, 24 (7)) — R:(7,24(7))dT
z

2 JRL@) -

and x4 (t) satisfying

d:ci

1 1
dt = §R3:(ta J,':t) + Z[R?&-(tamﬂ:> + Rz—(tvxﬂ:) - 1}7 xi(O) = Z.

Proof The break-time t; can be estimated by Laxs recipe [8,14].
From (3.65), we obtain

3 1

Ry = oy + (TR + B2 )0.Ry =0, (3.68)

where “’” indicates the differentiation along the characteristic direction, then
dz () 32 1o
u - Atz (t) = (ZR+ + ZR—)(th-F(t))'

Similarly,

: Lo 3.9

J A <ZR+ + ZR,)aggR_ —0, (3.69)
where “” indicates the differentiation is along the characteristic direction, then

dxdtm (e () = (B4 SR (e (1),

Differentiating (3.68) with respect to x and setting Z; = 0, R4, we obtain

3 1 3, 3
07, = (izim + 5Z+R,azR,) + (ZRi + 1R?_)axz+ —0.  (3.70)
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(3.69) leads to

1
R =8R_+ (ZRi + ZRZ_)(‘?IR_. (3.71)
Therefore
2R’
Substituting (3.72) into (3.70) yields
R_R 3
zZ\+ R2 el Z, + 5R+Zi = 0. (3.73)
Let h = h(R+, R_) satisfy i/ = To—1 }}; and h = §log . Multiplying
+
ho_ 1
(3.73) by " = TR and defining

O R 3 3

h x4 —h / 2 2

=e'Z; = , kr=-R =_—-Ry\/R: — R2, 3.74
q+ =€ 244 %r_ 2 +7 5 +€ ot + ( )

one can derive the standard Raccati equation

¢y + kgt = 0. (3.75)
The solution to (3.75) is
a4 0
q+(x,t T k7 q: = q1(0,2(0)), 3.76
@)= Ty O = ar0.#0) (3.76)
where
¢ 3
K (t) :/ ky(r,xzq(7))dr = 2/ Ry(r,xq (7 \/R2 (1,24 (7)) — R% (1,2, (7))dr.
0 0

The integration is along the characteristic of A\ and the sign of gy K (t) impact its
singularity essentially. If the initial data satisfies 0, R4 (0,2(0)) = 0, R4 (x(0)) < 0,
namely, qo < 0, then ¢4 (x,t) will tend to infinity in finite time, which implies that
g+ (x,t) certainly will blowup and 1+ oK (t) = 0. Therefore, the blowup time ¢, can
be estimated as follows.

Let t, p satisfy

tep < inf {t: G (tz0) =0}, Q= {wo: 0Ry (o) <0}
o

Go=14°2 /R (OB (7,24 (7)) = B (.24 (7)) dr.
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The particle trajectory z = x4 (t) satisfies

day(t 1 1
O LRk () + L () + R e (0), 2.(0) =
Similarly, to estimate ¢_ j, we consider the characteristic of A_. When f(p) = —p,
we have
2
_PY
Bup + 0 (M 2 ) —0, (3.77)
M2
M + 0, (7 - pM) —0, (3.78)

and the energy equation is

M?  pM M? M p?M 5
o5 -Er)vo (= - 2M?) =0, 3.79
(3.77), (3.78) can be write as a matrix form as follows
Vi+ BV, =0, V=(p,M), (3.80)
where
_ —p 1
B = 2 .81
I (351
p p
of which the eigenvalues are the roots of
M M?
A2—2<——p))\+p2+T—M:0, (3.82)
P P
that is,
M
)\:)\i:?—pi\/—M, M <0, (3.83)

then the corresponding eigenvector are

i = (1,%1@)2 Iy = (— Aji\/W, 1)t. (3.84)

Ry = /—;\4 TP (3.85)

The two eigenvalues XJF, A_ can be represented by the Riemann invariants as

The Riemann invariants are

3~ 1~y ~ ~
Ay =—RL— B2, A =R IR (3.86)
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The equation can be written as

O Ry — (Zéi + ié%)axm —0, (3.87)
aR_ — Géi + %Fz?_)axfz_ —0, (3.88)

with the initial data
Ri(z) = /=S, + A(2)2 F A(a). (3.89)

This completes the proof.
Similarly, we can derive the estimate of the blowup time .
Theorem 3.4 The blowup time t, can be estimated as

%Vb = min{?+,b) ?—,b}a

where
by = lgé {t: Gi(t,zo) =0}, Qu = {wg:,Re(xo) <0},
and
Gy = —§ 8x§i(x) 'R T, 24 (T R2 (1,74(7)) — R2 (7,74 (7))dT
G =1 wE,ﬁ(%)_ﬁ_(m)/o Ra(r, 7 (MR (7, 2(7)) — (7, 2. (r))dr,

with T4 (t) satisfying

dz4

Loy o Ly
at _§R:2t(t, Ty)— Z[Ri(tafﬁi) +R2(t,71)], Tx(0) =

4 Semiclassical Limit to the Generalized NLS:
Subsonic, Supersonic, Transonic
Consider the generalized NLS

2
1€y + %EQ% + o]2¢ + iae%(|¢|2¢) =0, a,e>0. (4.1)
Setting
0
pela,t) = o, O, uela,t) = dm{ log(gclx,1) }. (4.2)

oe(x,0) = Ap(x) exp (iS’oe(x)>’ (4.3)
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one obtains

8,0E 0 3 B
5+ g (pete+ 302) =0,
O 0 1 40F[p]
ot 87 (* Pe + Ol/k”e) = 56 or (44)
where
1 9% 1 9pe2
Flod = 2p. 02 <2p5 3:1:) ’ (4.5)
When € = 0, the MNLS is
dp 0 3 B
3 * g (ut 500°) =0,
ou 0
a 67 (* —p+ ozpu) =0. (4.6)

Suppose a # 0, and equation (4.6) is of mixed type. If @ > 0, the equation is
of hyperbolic; if @ < 0, the equation is of elliptic. When Q(x) changes sign, the
domain is of transonic. Here,

Q=ac’p+aou—1, (4.7)
where we define the sonic
1
c(z,t) = — —ap(z,t). (4.8)
«

We consider the inverse scattering method to MNLS.
To do so, we first consider the initial condition of (4.6),

pe(x,0) = Ag(x)?,  uc(z,0) = up(z) = Sh(x). (4.9)

Assume po(z) and ug(z) are real-valued Schwartz functions for z € R and po(z) # 0.
In addition, suppose ug(x) — ug for x — +oo. Then

So(z) = Sp(0) + /x uo(y)dy = So(z) = uxrx + S+ +0o(1), = — Foo,
ooo 0
S =500+ [ o) —widdy. 5o =$0) = [ fuoa) — -y

—0o0

In particular, choose ug(x) and Sp(z) as

Ap(z) = vsech(z), So(z) = So(0) + dz + plog(cosh(z)), (4.10)
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where Sp(0), 6 and p are real-valued parameters and v # 0. Therefore,
po(x) = v¥sech?(z), wup(z) =0+ ptanh(z). (4.11)

Without loss of generality, let v = 1, Sp(0) = 0.
When v = 1, @ in the definition of (4.7) becomes (¢ # 0):

Q(z) = a’sech?(z) + ad + aptanh(z) — 1 = —a’*T? + auT + o + ad — 1,
T = tanh(x). (4.12)
In the transonic domain, @Q(x) will necessarily change sign. From (4.12), it is easy

to see that Q(x) is a quadratic equation of T'(z) and has two roots. For simplicity,
suppose T has only one root for 7' € (—1,1). For this, assume

alpl > 1= apl, (4.13)
p? > 4(1 — ad) (4.14)

and
1> 0. (4.15)

According to inequalities (4.13)-(4.15), (4.12) has a unique solution in (—1,1),
T=T,=2B—\/4B2 — 44 + 1. (4.16)

Consequently, when t = 0, x < z. , @ < 0 and the domain is of elliptic, & > 0, and
the domain is of hyperbolic, > z, = arctanh(T,). Next we present our main result.

Theorem 4.1 Let ¢c(x,t) be a solution of Cauchy problem to the MNLS
equation (4.1) with the initial data (4.3), where Ag(x) and So(x) are given by (4.10).
Then there exists a smooth curve x = x.(t), t > 0, x.(0) = x., such that for allt > 0
and x < x.(t), there holds

be(z,1) = A(, 1) exp (éS(a:,t)) +0(e), €0, ¢>0. (4.17)

Proof We use Riemann-Hilbert method to solve this problem. Assume the
unknown matrix M (k;x,t) admits a discontinuous matrix in the complex plane,

M(=k;z,t) =i M (k;x,t)i" %%, M(—k*;z,t)" = on M (k;z,t)oq. (4.18)

For instance, Im(k?) = 0, My (k; z,t) represent M with the boundary data from
+Im(k?) < 0.

+k% > 0, (4.19)
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where
0 1 0 —i 1 0
o= (1 0)’ 72 = (2 0 ) 78 = (0 —1> (4:20)
are the Pauli spin matrices.
b”3—(“b 0 ) beC (4.21)
a - 0 afb ) a, ) .
2 1 4 1\2
02) = 0(wt) =~ (== g)o = 5= 1) b
where (k) = —r(—k) is the reflection coefficient, and
lim M (k;z,t) = 1. (4.22)
k—oo

Then the solution to the MNLS equation can be derived from M (k;x,t)

de(x,t) = lim QkM

= ) 4.2
k—oo v Mgz(k;aj,t) ( 3)

We thus complete the proof.

Remark 4.1 Here, the error term holds uniformly in any compact subset of
(x,t). A(z,t) and S(z,t) are smooth real-valued functions, independent of e and
satisfy A(x,0) = Ag(z) and S(z,0) = Sp(x). When = < z.(t), there holds @ < 0.
And when Q — 0, we have z — x.(t), v < z(t). At last, when z < z.(t) and t > 0,

plx,t) = A(z,t)?,  u(z,t) = gi(:c,t) (4.24)

satisfy the MNLS equation (4.6).
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