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Abstract
Let (£,)52, be a Markov chain with the state space X = {1,2,---,b},
(gn(x,y))22; be functions defined on X x X, and

My +bn

an,,bn(w):bi > gr(&e-1,&).

n k=my,+1

In this paper the limit properties of F),,, 5, (w) and the generalized relative en-

n

tropy density fim,, b, (W) = —(1/by) log p(&m,, m.,+b,) are discussed, and some

theorems on a.s. convergence for (£,)52 ; and the generalized Shannon-McMillan

(AEP) theorem on finite nonhomogeneous Markov chains are obtained.
Keywords AEP; nonhomogeneous Markov chains; limit theorem; gener-

alized relative entropy density
2000 Mathematics Subject Classification 60F15; 94A37

1 Introduction

Throughout this paper, let the random variables (&,)72, be defined on a fixed
probability space (€2, F, P) taking on values in a finite set X = {1,2,--- ,b}. Given
two integers, we denote by &, 5, the random vector of (&, - ,&,) and by zy, , =
(Tm, - -+, xp) a realization of &, ,,. Suppose the joint distribution of &, , is

P(&mn=Tmn) =p(@mn) >0, z;€X, m<i<n.

In what follows we shall assume that (m,,)°, is a fixed sequence of positive integers,

o0
(bn)22 is a sequence of integers satisfying: For every € > 0, > exp(—eb,) < oc.

n=0
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Let

1

where log is the natural logarithm. The defined quantity of f,, p,(w) is referred
to as generalized relative entropy density of (£,)52, (see Wang and Yang [13]). If
(€n)22 is a nonhomogeneous Markov chain with the state space X = {1,2,---,b},
the initial distribution

(p(l), e ,p(b)), p(l) >0, 1ed, (1'2)

and the transition matrices

P, = (pn(j|i))b><ba pn(]h) >0, ,jeEX, n>1, (1'3)
then
p($mn7mn+bn) = P(gmn7mn+bn = ':L'mnvmn"l‘bn) = pmn (mmn) H pk’(xk’|xk_1)7
k=mn-+1
n k=mn+1

where pp,, (Tm,,) = P(&m, = Tm,,), Pn(j]i) = P(§n = jlén—1 = 1).

The statement of convergence of the relative entropy density fo,(w) to a constant
limit called the entropy rate of the process is known as the ergodic theorem of
information theory or asymptotic equipartition property (AEP). Shannon [11] first
showed that for the stationary ergodic Markov chain fj ,,(w) converges in probability
to a constant. McMillan [7] and Breiman [2] proved, respectively, that if (&,)5°, is
stationary and ergodic, then fp,(w) converges in L, and almost everywhere to a
constant. Since then, numerous extension have been made in many directions, such
as weakening the hypothesis on the reference measure, state space, index set and
required properties of the process. For example, in Feinstein [5], Chung [4], Moy [8],
Kiefer [6], Perez [9] and Barron [1].

In the paper of Mark Schwartz [10], it is shown that if (m,,)5; and (b,)72, are
two sequences of positive integers, and a measure-preserving ergodic transformation

Mp+bn

7, the moving averages T),(f) = b;! Y.  f(7%) converge a.s.. Motivated by the
k=mn+1

work of Schwartz, in this paper we first establish a class of limit theorems for finite

nonhomogeneous Markov chains, then give an extend Shannon-McMillan (AEP)
theorem. The conditions of our main theorems are slightly weaker than those of
[13].
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Theorem 1 Let the Markov chain (£,)02, and P=(p(j|i))pxs and (71,72, -+ , 7p)
be as in Theorem 7. Let fp,, p,(w) be the generalized relative entropy density of

(&n)nzo defined by (1.4). If

1 . o
lim— > [pe(ili) — p(jli)]T =0, for anyi,j€ X, (1.5)
n by
k=my,+1

then

b b
limn fyn,, 5, (w) = —ZZ mip(jli) log p(jli) a (1.6)

Remark 1 Let m, = 0,b, = n in ( 1), fon(w) become the classical entropy
density, then Theorem 9 in [12] is a special case of Theorem 1. In particular, if

lim p,(j|i) = p(jli), for anyi,j € X,
n—oo

then equation (1.6) also holds.

The rest of this paper is organized as follows: In Section 2, we prove some limit
theorem for the delayed sum of the functions of two variables of finite nonhomoge-
neous Markov chains. In Section 3, we get some other limits for Markov chains and
some limit theorems for the generalized relative entropy density, and finally, we give
an extension of AEP theorem to the case of finite nonhomogeneous Markov chains.
In the proof of our main results, the analytical technique put forward by Wang and
Yang [13] is applied.

2 Preliminaries

Let (£,)52 be a Markov chain with the initial distribution (1.2) and the tran-
sition matrices (1.3), (gn(-,-))5>; be a sequence of real functions defined on X x X,

and
Mp+bn

P @) =5 > 961,60, (2.1)

" k=mn+1
For each i € X, let §;(-) be the Kronecker delta function, that is,

. 1, if j =i
0i(7) = {o, if j £ i.
It is clear that F),, p,(w) can be rewritten as

Frppa(w) =+ Y ZZQk (4, 7)6i(Ek—1)05(Ek)- (2.2)

"= mn+1 =1 j=1
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Lemma 1 If ((,)52, is a sequence of positive random variables with sup E¢, <
n>0
¢, for some constant ¢ > 0, then

lim sup b;l log ¢, <0 a.s.
n
Proof By Markov inequality, for every ¢ > 0, we have

P [bl log ¢, > E:| = P (¢ > exp(bpe)] < c¢-exp(—bpe).

n

Hence
(o) 1 o0
;P {bnloggn > 5] < c;exp(—b €) < 00

By the Borel- Cantelli lemma, taking a union over positive rational values of €, with
probability 1, log (n < 0. The proof is completed.

The proof here is adapted from the proof of Theorem 2.1 in Wang and Yang
[13].

Theorem 2 Let (§,)52 be a Markov chain defined by (1.2) and (1.3), Fy,, b, (w)
be defined by (2.1), and (by,)52; be as in Lemma 1. If there exists a constant o > 0
satisfying that

ba(i j) =limsup— > g7(i, ))pi(ili) exp(olgr(i, )I) < o0, for any i,j € X,
" " k=mn+1
(2.3)
then
Mp~+bn
lim | Fn, b, (@) = 5= > ng &1, 7) P (7 |€k— 1)] =0 as, (2.4)
" k= mn+1 =1
that is
1 Mp+bn b
hénak ZH [gk’ k-1, &k) Z (&k—1, )i (51 €k 1)] =0 as. (2.5)
=Mn j=1

Proof Let A\ # 0 be a constant. Define, for any i,j € X,

Ay b, (A, w) = exp [A > 5¢(§k1)5j(§k)9k(i7j)]
k=mn+1
Mp+bn

1 8i(€k—1)
H [1 + (exp(Agr(i, 7)) — 1)pk(‘7|2)} .

k=mn,+1
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Note that
EAp,, b, (A w)

_ Z . Z exp (A[éi(xmn)5j(a:mn+1)gmn+1(i,j) 4+ ..

Ty €EX Tonp+bp EX

My +bp 61'(9%,1) My +bp
H [ .1. } p(Tm,,) H p(zk|Tr—1)
b ir L1 (€xp(Agk (4, 7)) — 1)pr(717) et
Mmn~+bn
= > o > plam) T exp (Ai(wr-1)65(xi)gr (i, 7))
Ty €EX Tmp+bp EX k=mn,+1

. pr(2k|TE—1)
[1+ (exp(Agk(i,7)) — Dpr (4 )] i(Tp—1)

By Lemma 1, we have i log A, b, (A, w) < 0 a.s., that is there exists a set A;;(N),
such that P(A;;(\)) =1 and
1

limnsup W log A, b (A, w) <0, w e Agj(N). (2.7)

From equation (2.6), we have
Mp+bn

1
by o8 Amnan ) = Zﬂa (&k-1)0;(&k)9n (i, 5)

5 Y il&k-1)log[l+ (exp(Ag (i, 7)) = Dpr(G10)]. (2.8)
nk:mn—i—l

Equations (2.7) and (2.8) yield

hmsup{ Z 0i(Er—1)05 (k) gr (4, 7)
" k=mn+1
mn+bn

> 5i(§k1)10%[1+(6Xp()\9k(i7j))—1)Pk(ﬂi)]} <0, we Aj;(A). (2.9)

n k=my,+1
(a) Putting A > 0, and dividing both sides of equation (2.9) by A, we have

My+bn
hmsup { Z i (Er—1)0j (&) gr (4, 5)

k=my,+1
mp—+bn
> 6i(€k_1)10g[1+(exp(>\gk(i,j))—1)pk(jli)]} <0, we A;(A). (2.10)
k=mn—+1

1
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From equation (2.10) and the property of superior limit

limsup(an, — b,) <0 implies limsup(a, — ¢,) < limsup(b, — ¢y),

n n n

and the facts log(14+z) <z (z > —1) and 0 < e® — 1 — z < z2el?l, we obtain

thllp* Z 6i(Ek—1)9; (&) gr (i, 7) Z 6i(&k—1) gk (i, )i (417)
k=mn,-+1 k=mn,-+1
1 Mp+bn o
Stimsup - Y 8i6hr) (logll+ @) — D (G10)] - 9u(i,eel1)}
k=my,+1
Mp+bn
<hmsup Z i (&) i (GGl [9: D) — 1 — Agp (4, 5)]
o= mn+1
mp+bn
<Nimswp - Y gl i)p(lNE, w0 e Ay (2.11)
" n k=mn+1
Choose \; € (0,«0), I = 1,2,---, such that A\; — 0 as [ — oo, and denote AZ(-;) =

() A;ij(A\;). Then for all [ > 1, we have by equations (2.11) and (2.3)
=1

Mp+bn mMp+bn
hmsup [ > 6i&-1)8(E)ar(in ) — D Sil&k-1)gr(i, pr(ili )]
k=mn,+1 k=mn,+1
< Mlimsup - > g2 el explalos(i, )
" " k=mp+1
= Nbali,j), we A (2.12)
Since A\; — 0 as | — oo, we have by equation (2.12) that
Mn~+bn Mn~+bn 1
hmsup[ ST Gi&)0i(E) g G D> i(E-1)gr(i, pr(il) | <0, we Al
k=my,+1 k=my,+1

(2.13)
(b) Putting A < 0, an argument similar to the one used in (a) shows that there
exists a set AZ(?.) with P(AZ(-JQ.)) =1, and

mn—i-bn mn+bn
hmlnf— Z 0i(&k—1)0;(&k) gr (i, j)— Z 0i(&k—1)gr (i, 7)pr (7 )]ZO, weAz(-JQ.).
k=mn+1 k=mn+1

(2.14)

Putting A;; = A(l) n AP ), by equations (2.13) and (2.14), we have
J i
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1 Mp+bn o
b[ > i(&—1)gr (i )65 () —pk(J|Z)]] =0, wedy. (2.15)
k=mpn+1
b
Putting A = () Ajj, by equations (2.13), (2.15) and (2.2), we have
ij=1
Mn+bn Mp~+bn b
lim PN (TENIEY ng(fkhj)]?k(j\fkl)]
k=mn+1 k=mn+1j=1
| mntbe [ b b b b
= lim .~ > [ZZ(%(&k—l) (&k)gn (4, 7) ZZ (&r—1)9 (4, 1)pr(jli )]
"™ k=mn+1 Li=1 j=1 i=1 j=1
=Y D lim Y 6i(G-1)gr(i, D;(E) — pr(ilD] =0, we A. (2.16)

=1 j=1 k=my,+1

Since P(A) = 1, equation (2.5) follows from equation (2.16) immediately. The proof
is complete.

3 Some Limit Properties for Nonhomogeneous Markov
Chains

Theorem 3 Let (£,)22, be Markov chain with the initial distribution (1.2)

and the transition matrices (1.3), and fp,, p,(w) be the generalized relative entropy
density defined as (1.4). Then

mn+bn, b
hén{fmmbn( +i > D pulilér-1) log pr(iléi- 1)} —0 as.  (3.1)

" k= mn+1 j=1

Proof Putting gx(i,5) = —logpr(j|i) in Theorem 1, we get

Frpn @) = 7= D ge(@1.6) = =5 Y logpr(&lée-), (3.2)
" k=mp+1 " k=mpt1
noticing that
pr(71i) exp(|gw (i, 5)I) = pr(i]i) exp(—log pi(jli)) = 1. (3.3)

By equations (3.2), (3.3), (1.4) and Theorem 1, equation (3.1) follows. The proof
is completed.

Lemma 2 Let (n,)22, be a sequence of random variables taking value in X,
g(+) and (g(-)n)72, be functions defined on X, and Sy, +1m,+b, (4, w), @ € X, be the
number of 1 in the segment of Ny, 41, , Nm,+b,, that s,
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Smn+1 m7L+b’lL Z w Z 5 nk (34)
k=mn+1
if
lim b— Z lge(i) —g(i)| =0, foranyieX (3.5)
k=mn+1
and the following limits exists
1
lim — b Srtin+1,mntbn (i, w) =m a.s., forany i€ X, (3.6)
then
1 b—k Z—Hgk M) ng a.s.. (3.7)

Proof Applying the triangle inequality |a —b| <|a —¢|+ |c — b, we have by

equation (3.4) that

1 Mp+bn
L5 gt ng
k=mn,+1
Mp+bn mnp+bn
LS S-S Y amu
"= mn+1 i=1 = mn+11=1
LS S i Zw
" = mn—‘rlz 1
1 Mn~+bn Mp+bn
S > 25 () gr(4) — g(@)] — D Silmk) — mllg(d)]
k= mn+1z 1 =1 " = mn+1
Mp+bn b 1
i=1 k=mn+1 i=1 "
By equation (3.5), we get
m o= > lgk(i) —g()| =0 (3.9)
=1 k=mn-+1
By equation (3.6), we get
1
D5 Smat b, (w) = 7l l9(0) = 0 as.. (3.10)
i=1 "
Then equation (3.7) follows immediately from equations (3.9) and (3.10). The proof

is completed.
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Theorem 4 Let the Markov chain (£,)5%q, (9n(z,9))5:, and Fp,, b, (w) be as
in Theorem 2, and g(x) be a function defined on X, and Sy, m,+b,—1(1,w), i € X,

be the number of i in the segment &y, , Emy4+n—1, that is,
Mp~+bn—1
Spmntbn1(0) = 8i(&). (3.11)
k=mn

Assume that:
(a) There exists an o > 0 such that equation (2.3) holds for all i,j € X;

(b)
lim

> 1D o pelili)gr(i,4) — g(i)| =0, for any i € X; (3.12)

k=mn+11| j=1

1
br,
(c) the followmg limits exist
hran b Smmmn_,_bn_l(i,w) =m a.s., foranyiec X, (3.13)
then

hm Fony o (W Z mig(i) a.s.. (3.14)

Proof Put ny =&, (k>1) in Lemma 1 and
b
i)=Y ok(ili)gr(i, ), k>1, (3.15)

We have by equations (3.12) and (3.13) that,

1 Mmp+b, b b
b— Z Zpk (719) gk (Ek—1,7 ng(i) a.s.. (3.16)
k=mp+1 j=1 i=1

By (a) and Theorem 1, equation (2.4) holds. Then equation (3.14) follows from
equations (3.15) and (3.16). The proof is completed.
Theorem 5 Let (£,)0%,9(x) and Sy, m,+b,—1(%, w) be defined as in Theorem
4 and fp, p,(w) be defined by (1.4). If
(a)
My +bp b

1 - - . .
lim = > Do pelili)logpr(ili) — g(i)| =0,  for anyie X;  (3.17)
k=mn+1 j 1

(b) the equality (3.13) holds for alli € X. Then

hm () ng a.s.. (3.18)
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Proof Putting ny = &x—1 (k> 1) and
b
gk(i) =Y pr(jli) log pi(jli), k> 1 (3.19)
j=1

in Lemma 1, we have by equations (3.13) and (3.16) that

1
m o~ > Zpk (41€k—1) log Pk (71€k-1) ng as.. (3.20)

k=m,+1 j=1

By Theorem 2, equation (3.1) holds. It is straightforward to show that equation
(3.18) follows from equations (3.20) and (3.1). The proof is completed

Theorem 6 Let the Markov chain (&,)5% and Sy, mn+b,—1(i,w) be defined as
in Theorem 4. Then

1 My +bn,
liznb[Smmmn%nl(i,w)— > pk(i\gkl)] =0 a.s. (3.21)
n k=mn+1
Proof Putting gx(z,y) = di(y) (k > 1) in Theorem 1, by equation (2.5) we have
My +bn b
> {gk &1, k) Z (&k—1,7)Pr (51— 1)}
k=mn+1 j=1
My +bn b
-5 faieo - Lo}
k=mp+1 j=1
Mp~+bn
k=my,+1

By equation (3.22) and Theorem 2, equation (3.21) follows. The proof is completed.

Theorem 7 Let (§,)5%, be a Markov chain defined as in Theorem 4, P =
((p(i|7))bxp be an ergodic transition matriz, and (7y, 7o, - ,mp) be the stationary
distribution determined by P. For real number, denote

at =max{a,0}, a  =max{—a,0}.

(a) For fizred j € X, if

Mn+bn
1 0 - .
lm o S G - PGl =0, foremyic X, (323)
k=mn+1

Then 1
lim sup FSmn7mn+bn_1(j’w) <7 a.s. (3.24)
n

n
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(b) For fized j € X, if

Mn+bn

.1 s g ,
im0 [pk(ili) —p(j[D]” =0, for any i€ X, (3.25)
n k=mn+1
then
. 1 .
lim sup b—Smmanrbn,l(j,w) > T a.s.. (3.26)

(c) For fized j € X, if

Mp+bp

.1 0 - .
lim .= > Ikl —p(ilD)] =0,  for any i€ X, (3.27)
n k=mn,+1
then 1
lim b—Smmmn+bn_1(j,w) =T a.s. (3.28)

Proof We have by equation (3.21) that

1 . Tt .
i o= | Sy 01 (@) = Y pr(il€e-1) | =0 as., forany j € X, (3.29)
n k=mn,+1

It is simple to show that, for the fixed j € X,

Myp+bn b
> plil€—1) =Y Smpmntba—1(i,w)p(jli), forany jeXx.  (3.30)
k=mn-+1 i=1

Applying the properties of superior and inferior limits, we have by equations (3.24)
and (3.30) that

b
hm Sup bi Smnymn'i‘bn_l(j? (.U) - Z Smnymn+bn_1(i? w)p(J|7’)]
n " i=1
<limsup o= > [pr(il6e-1) = p(il&-1)] as., forany j€ X, (3.31)
n n k=mn+1

n n

b
NN | , . y
lim inf [Smn,mn+bn_1(J, W) = D Smpamtb—1 (i w)p(ylz)]

i=1
| . . .
>timinf = > [pe(il€k-1) — p(lér-1)] as., forany j€ X, (3.32)
nk:mn+1

Obviously,
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b

Pr(1k-1) —P(31&r—1) <[Pk (i1k-1) — (i 1&—0)TT <Y ok (ili) —p(li) T, (3.33)

=1
Pr(i1&r—1) —p(il€r—1) =~ [Pr(i1&r—1) —P(jlEr—1) Z[pw\ ()]~ (3.34)

(a) Suppose equation (3.23) holds, we have by equations (3.33) and (3.34) that

b
. 1 , . 0 .
lim sup — Smn,mn+bn—1(J7W)_Z Srnmn+bn—1(6,w)p(j3]7)| <0 a.s., for any j € X.

no bn i=1
(3.35)
Multiplying both sides of equation (3.35) by p(k|j), and adding the obtained in-
equalities for j € X', we have
T b b b
0> limnsup Z Smn,mn+bn—1 J,w)p(k|j) Z Z Smn,mn+bn—1 J,w)p (J|1)P(k’.7)]

Lj=1 j=11=1

M b
n .
Lj=1

b
+Smn,mn+bn—1(ja W) Z Smn,mn-i-bn—l(iv w)p(2) (k’Z)]

=1

b
2 lim sup [Smnymn+bn_1(k;’ w) - Z Smn,mn‘f‘bn—l(i’ w)p(Q) (k|l)]

i=1
b
— lim sup [Smn,mn%n_l(k‘,w) - ZSmmanrbn_l(j,w)p(k:U)] a.s., (3.36)
n =

where p)(k|j) (I is a positive integer) denotes the I-step transition probability de-
termined by the transition matrix P. By equation (3.35), we obtain

n

llmsup [Smn7mn+bn_1 k w Zsmn7mn+bn_1(]’ ) (k|j)] S 0 a.s.. (337)
7=1
By equations (3.36) and (3.37), we obtain

limsup —
n bn

AT (%) Zsmn,mﬁbn 1 (i, w)p(kli )] <0 as.. (3.38)
=1

By induction we have for all [ > 1,

b
. 1 ‘ .
hmsup[Smn,mn+bn_1<k,w>—§ Smn,mmn_l(y,w)p“’(km] <0 a.s. (3.39)

b
n n i=1
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It follows that

b
. 1 . .
0 > limsup o [Smmanrbn_l(k,w) — by + E Sy 451 (5 w) (. — pO (1] k)

n n i=1

1
> lim sup [b Srtin mn+bn—1(k, w) — Wk} Z |7 — li)| a.s.. (3.40)

Since p® (k|l) — 7, (as I — oo), we have by equation (3.40) that

1
lim sup b—Smmanrbn_l(k,w) <7 a.s.. (3.41)
n n
Hence, equation (3.24) follows.
(b) Suppose equation (3.25) holds, from (3.32) and (3.34), then we obtain

b
1
liminfb— St mn+bn—1(J, W ZSmn’anrbn 1(i,w)p(jli)| >0 a.s., for any j € X.
n n
7j=1

(3.42)
Thus, using arguments similar to those used to derive equation (3.39), we can show
that

1
lim inf b*Smn,mn—s-bn—l(k’w) > T a.s. (3.43)

n n

Hence, equation (3.26) follows.

(c) Suppose equation (3.27) holds. Obviously equations (3.23) and (3.25) follow
from equation (3.27).

Therefore, equations (3.24) and (3.26) are true, and equation (3.28) follows. The
proof is completed.

Theorem 8 Let (£,)7 0, Smpmntbn—1(6,w), p(jli), (71,72, -+ ,mp) be defined
as in Theorem 7, and g(x) and (gn(2))52; be functions defined on X. If equations
(3.5) and (3.27) holds, then

My +bn

li7rln Z gk (&k) = ng a.s.. (3.44)

k=mn+1
Proof We have by (c) of Theorem 7 that
1
liminfb—Smmanrbn_l(j,w) =m; a.s., foranyjeX. (3.45)

Applying Lemma 1, equation (3.34) follows from equations (3.45) and (3.5). The
proof is completed.
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Lemma 3P Let f(x) be a bounded function defined on an interval I, and (a,)2,

be a sequence in I. If

!
11111115 > lag—al =0, (3.46)
k=mp+1

and f(z) is continuous at point a, then

1 Mp+bp
im0 |f(ax) = f(a)] = 0. (3.47)
" k=my+1
Theorem 9 Let (&,)72, be a Markov chain with the initial distribution (1.2)
and the transition matrices (1.3), and g(x) be a continuous function defined on the
interval (0,1] such that
lim zg(z) = A (finite). (3.48)
z—0
Let P = (p(jli))oxp be an ergodic transition matriz, and (mwy,ma,- - ,mp) be the
stationary distribution determined by P. Let

Mp+bn

Frain @)= 3 > glpel@le )] (3.49)

n k=mn+1

Suppose that:
(a) There exists an o > 0 such that

Mn+bn
limsup = > g’ [pr(il)]pe(il)e "IN < oo, for any i.j € i (3.50)
n n k=my,+1
(b)
Mp+bn
limsup =~ > |pi(jli) —p(ili)| =0, for any i, j € X, (3.51)
" n k=mn,+1
then
b b
lim Fr, 0, () = 35 mp(Gliglp(i10)] a.s.. (3.52)
i=1 j=1
Proof Let

3.53
A, if z =0. ( )

By equations (3.48) and (3.53), f(z) is continuous on [0,1], then from equation

Fa) = {xg(x), if0<a <1,

(3.51) and according to Lemma 2, we have

tm s> peil)glo 10— pGla)glpe (I = 0, for amy i j € X, (3.54)
nk:mn-i-l
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By equation (3.51) and Theorem 6, there is

1
lim — ™ Srn+1,mn+by (i, w) =T a.s., foranyiec X. (3.55)
n

Applying Theorem 3 to gx(i,7) = g[pr(j|i)], equation (3.52) follows from equations
(3.54) and (3.55). The proof is completed.

Finally, we present the proof of Theorem 1.
Proof of Theorem 1 Note that

By Lemma 1, we have

li L 1 L <0
msup — 108 ————— a.s.
n P bn gpmn (gmn) N

Since log m is nonnegative, therefore

1
lim W log pm,, (§m,,) =0 a.s.. (3.56)
n

n

Notice that ,

thk (j]9) Zm (jlé) — p(jli)]

By the condition (1.5), we have

1 mn+b, b
;Lnb— Z Z|pkj] p(jli)] =0, foranyie€ X,
k=mn+1 j=1
which implies
limg= > Ipe(li) = p(jli)| = 0, for anyi,j € X.
k=mn,+1
By this together with the inequality x%(log r)? < 1966_2 0 <z <1, we have

(108 pi(710)*pe(jli)e 1740 < .
Putting g(z) = logz in Theorem 8, it is easy to verify that equation (3.50) holds
(see Theorem 2 and equation (3.3)).

Thus equation (1.6) follows from (1.4), (3.56) and Theorem 8. The proof is
completed.
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