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Abstract

In this paper, we investigate a third-order generalized neutral functional
differential equation with variable parameter. Based on Mawhin’s coincidence
degree theory and some analysis skills, we obtain sufficient conditions for the
existence of periodic solution for the equation. An example is also provided.
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1 Introduction

Neutral differential equations are widely used in many fields including biology,

chemistry, physics, medicine, population dynamics, mechanics, economics, and so

on (see [6,8,10,27]). For example, in population dynamics, since a growing popu-

lation consumes more (or less) food than a matured one, depending on individual

species, this leads to neutral equations [10]. These equations also arise in classical

cobweb models in economics where current demand depends on price, but supply

depends on the previous periodic [6]. In recent years, the problem of the existence

of periodic solutions for neutral differential equations has been extensively studied
in the literature. We refer the reader to [1-5,11-14,17-19,21-24] and the references

cited therein for more details.
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In this paper, we consider the generalized neutral functional differential equation
with variable parameter

3

% (z(t) — c(t)z(t —6(t))) + f(t,2(t) + g(t, () + h(t,z(t — 7(t))) = e(t), (1)
where |c(t)] # 1, ¢,6 € C?(R,R) and ¢, § are w-periodic functions for some w > 0,
7,e € C[0,w] and fSJ e(t)dt = 0; f,g and h are continuous functions defined on R?
and periodic in ¢t with f(¢,-) = f(t +w,-), g9(t,-) = g(t + w,-), h(t,:) = h(t + w, ),
and f(t,0) = g(¢,0) = 0.

In recent years, when ¢(t) is a constant ¢ or §(t) is a constant ¢ or both of them
are constants, many researchers have extensively studied such types of neutral func-
tional differential equations. We refer the reader [9,15-17,20,26] and their references
therein. But the work to study the existence of periodic solutions for neutral func-
tional differential equations with variable parameter has rarely appeared. There are
two reasons for this. The first reason is that the criterion of L-compact of nonlinear
operator N on the set 2 is difficult to establish when c(t) is not a constant. The
second reason is that the linear operator A : Cr — Cr, [Az|(t) = z(t) — c(t)x(t — 1),
for all ¢ € [0, 7], has continuous inverse A~!, which is far away from the answer.

For example, Du et al. [5] investigated the second-order neutral equation

"

(x(t) = e(t)z(t = 9))" + f(x(t)2"(t) + g(z(t = (1)) = e(t), (2)
by using Mawhin’s continuous theorem, the authors obtained the existence of peri-
odic solution for (2).

Afterwards, in [19], Ren et al. considered the following neutral differential equa-
tion with deviating arguments:

(2(t) — ca(t — 5(1)))" = F(t.'(6)) + g (t.2(t — 7(1))) + e(t),

by the continuation theorem and some analysis techniques, some new results on the
existence of periodic solutions were obtained.
Recently, Xin and Zhao [25] studied the neutral equation with variable delay

(x(t) — c(t)z(t — 6)))" + f(t,2'(t)) + g(t,z(t — 7(1))) = e(t), (3)

by coincidence degree theory and some analysis skills, the authors obtained sufficient
conditions for the existence of periodic solution for (3).

Motivated by [5,19,25], in this paper, we consider the generalized neutral equa-
tion (1). Notice that here the neutral operator A is a natural generalization of the
familiar operator A1 = x(t)—cx(t—0), Ay = x(t)—c(t)x(t—9), Az = x(t)—cx(t—95(t)).
But A possesses a more complicated nonlinearity than A;, i = 1,2,3. For example,
the neutral operator A is homogeneous in the following sense - (41z)(t) = (414)(t),
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whereas the neutral operator A in general is inhomogeneous. As a consequence,
many of the new results for differential equations with the neutral operator A will
not be a direct extension of known theorems for neutral differential equations.

The paper is organized as follows. In Section 2, we first analyze qualitative prop-
erties of the generalized neutral operator A, which will be helpful for further studies
of differential equations with this neutral operator; in Section 3, by Mawhin’s contin-
uation theorem, we obtain the existence of periodic solution for the generalized neu-
tral equation with variable parameter. An illustrative example is given in Section 4.

2 Analysis of the Generalized Neutral Operator with
Variable Parameter

Let
0o — t s = i t)|.
Coo = X ()], <o in le(t)]
Let X = {x € C(R,R) : z(t+w) = z(t),t € R} with the norm ||z| = max |z (t)],

te[0,w]
then (X, || -||) is a Banach space. Moreover, define operators A4, B : C,, — C,, by

(Az)(t) = z(t) — c(t)z(t — 6(t)), (Ba)(t) = c(t)z(t — o(t)).
Lemma 2.12% If ¢(t)| # 1, then the operator A has a continuous inverse A~
on C,, satisfying

(1)

oo J J
)+ > ] ec(Di)x ( > 8D ) for |e(®)|<1 and feC,,
j=1i=1 i=1
(A7) ) = w1t +00)+ 3 600
_ft+6;: Z ( ZJ: ), for |e(t)|>1 and feC,.
S ele+ 60 T e(D)
(2)
. {fﬂ , forcso <1 and f € Cy,
‘(Ailf)(t)‘ < ”f”oo
, forcg>1and feC,.
Cco — 1

1 w
/ |f()|dt, for coo <1 and f € C,
1—000 0

/ FOldt,  forco>1 and f € Co,
0



288 ANN. OF APPL. MATH. Vol.34

i i
where Dy =t, Dy =t — Y 6(Dy), k=1,2,---, and D} =t, D, =t+ (D)),

k=1 k=1
k=1,2,---.

3 Existence of Periodic Solution for (1)

We first recall Mawhin’s continuation theorem, which our study is based upon.
Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm
operator with index zero, here D(L) denotes the domain of L. This means that
ImL is closed in Y and dim Ker L = dim(Y/Im L) < 4+o00. Consider supplementary
subspaces X1, Y7, of X, Y, respectively such that X = Ker L ® X1, Y =Im L @ Y.
Let P, : X — KerL and @)1 : Y — Y; denote the natural projections. Clearly,
Ker L N (D(L) N X1) = {0}, thus the restriction Lp, := L|p)nx, is invertible. Let
L;ll denote the inverse of Lp,.

Let Q be an open bounded subset of X with D(L)NQ # (. Amap N : Q — Y is
said to be L-compact in Q if Q1 N(Q) is bounded and the operator L;ll (I —Q1)N :
) — X is compact.

Lemma 3.17 Suppose that X and Y are two Banach spaces, and L : D(L) C
X — Y is a Fredholm operator with index zero. Furthermore, £ C X is an open
bounded set and N : Q — Y is L-compact on Q. Assume that the following conditions
hold:

(1) Lx # ANz, for any x € 002N D(L), X € (0,1);

(2) Nz ¢ Im L, for any x € 0Q2 N Ker L;

(3) deg{JQ1N,Q2NKer L,0} # 0, where J : Im Q1 — Ker L is an isomorphism.
Then the equation Lx = Nx has a solution in QN D(L).

In order to use Mawhin’s continuation theorem to study the existence of w-
periodic solutions for (1), we rewrite (1) in the following form:

Clearly, if z(t) = (2z1(t), z2(t),23(t))" is an w-periodic solution to (4), then z1(t)
must be an w-periodic solution to (1). Thus the problem of finding an w-periodic
solution for (1) reduces to that of finding one for (4). Recall that C, = {¢ €
C(R,R) : ¢(t + w) = ¢(t)} with the norm ||¢|| = tggmx} |p(t)]. Define X =Y =

W

Co X Cy = {2 = (21(-),22(-), 23(")) € C(R,R3) : z(t) = z(t + w),t € R} with the
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norm ||z|| = max{||z1|], ||z2||, ||[z3]|}. Clearly, X and Y are Banach spaces. Moreover
define

L:D(L)={z¢€ Cl(R,R?’) cx(t+w)=z(t),teR} CX - Y

by 1
(L)1) a4 34a)0
x)(t) = d = .

=~ _(Ax a(t)

dtzig(t;)(t) is(t)
Also define N : X — Y by

xo(t)
(Nz)(t) = z3(t) - (5)

—f(t,21(1)) = g(t, 21(t)) = h(t,z1(t = 7(1))) +e(?)

Then (4) can be converted to the abstract equation Lx = Nz. From the definition
of L, one can easily see that

ber ) G}
Ker L~R3 ImL= yGY:/ ya(s) | ds= |0 .
O \ys(s) 0

So L is a Fredholm operator with index zero. Let P : X — KerL and @7 : Y —
Im Q; C R? be defined by

(A21)(0) o (n(s)
Pa=[ »0) | Qu=-" / ya(s) | ds.
x3(0) 0 \ys(s)

Then Im Py = Ker L, Ker Q1 = Im L. Set Lp, = L|p(r)nKer p, and let L;,ll :Im L —
D(L) denote the inverse of Lp,, then it follows that

(A~LFy)(t)
Lyt = Fw)t) |,
(Fys)(t) (6)

[Py (t) = /O n(s)ds, [Fupl(t) = /0 w(s)ds,  [Fysl(t) = /O s ()ds.

From (5) and (6), it is clear that Q1N and L;,ll(I — @1)N are continuous, and
Q1N () is bounded, and then L}ll(I — Q1)N () is compact for any open bounded
Q) C X, which means N is L-compact on 2. For convenience, we list the following
assumptions, which will be used repeatedly in the sequel:
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(H1) There exists a positive constant K such that |f(¢,u)| < K for (t,u) € R xR;

(H2) there exists a positive constant K such that |g(¢,u)| < K for (t,u) € R x R;

(H3) there exists a positive constant D such that |h(¢,z)| > K;+ Ko and z[f(t,u)+
g(t,v) + h(t,z)] # 0 for t,u,v,xz € R and |z| > D;

(H4) there exists a positive constant m, such that |h(t,z1) — h(t,z2)| < molz1 —
xo|, for all t, 21,9 € R.

Now we give our main results on periodic solutions for (1).

Theorem 3.1 Assume that conditions (H1)-(H4) hold. Suppose that one of the
following conditions is satisfied:

(i) If o <1 and 1 — coo — €001(01 — 2) — Mg > 0;

(ii) if co > 1 and ¢y — 1 — coo01(61 — 2) — Mg > 0,
where

1 1
Me = B (\/m + 5020«)2 + 20w — 00052(*})7 Ms = Smow” M,
1
M) =14 —ciw + Coo + €001, €1 = max |¢é(t)],
2 te[0,w]
co = max |é(t)], 01 = max |6(t)], 2= max |6(t)].
2 te[O,w]| ( )| ! te[O,w]| ( )| 2 te[O,w]| ( )|
Then equation (1) has at least one w-periodic solution.
Proof By construction, (4) has an w-periodic solution, if and only if, the fol-
lowing operator equation
Lx = Nx

has an w-periodic solution. From (5) we see that N is L-compact on €2, where Q is
any open, bounded subset of C,,. For A € (0,1], define Q; = {x € C,, : Lv = ANz}.
Then = = (21,29, 23) " € Q) satisfies

3(t) = =Af(t,E1(t) — Ag(t, 21(2)) = Ah(t, 1 (t — 7(1))) + Ae(?).

Substituting z3(t) = %%(Axl)(t) into the third equation of (7) yields

4 [1<12
dt L) dt?
Therefore we find

3
% (Azi(1)) = =A*F(t,81(1) = N2g(t, @1(8)) = Nh(t, 21 (¢ — 7(1))) + Ae(t).  (8)

(A )(1)] = ~Af(8,1(8) = Aglt, (1)) — bt 21(t = (1)) + Ae(t).
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Integrating both sides of (8) over [0,w], we have

/Ow [f(t,21(1) + gt @1(t)) + h(t, 21 (t = 7(¢)))]dt = 0, (9)
which yields that there exists at least one point ¢; such that
f(t,31(t)) + g(tr, 21(t)) + h(ty, 21 (t — 7(t1))) = 0.
Thus by (H1) and (H2) we have
|h(t1,z1(th — 7(t)))| = | = f(tr, E1(t1))| + |[—g(t1, #1(01))| < K1+ K2 := K.

In view of (H3) we get that |z1(t1 —7(¢1))| < D. Since z1(¢) is periodic with periodic
w. Sot; —71(t1) = nw+ &, € € [0,w], where n is some integer, then |z1(£)| < D.
Therefore we have

21 (8)| =

ac1(€)-l—/5 z1(s)ds

§D+/;\:ic1(s)}ds, t €€ €+ wl.
And
[z (8)] = [z1(t —w)| =

3 3
xl(g)—/t_ x1(s)ds SD—{—/t_ |i:1(s)‘ds, tef¢ €+ w).

Combining the above two inequalities, we obtain

x = max |z1(t)| = max |z1(t
1l = manc 1 (1)] = mac [ (1)

<o s ([ o [ vl

v 1
§D+2/ ‘:tl(s)|d8§D+§W||$'1”oo-
0

Since x1(0) = z1(w), there exists a constant n € [0,w] such that #;(n) = 0. Hence

T = |z Z1(s)ds| < Z1(s)|ds, , W . 11
1 (8)| 1(77)+/n 1 (s) /nrmr b€ [+ 7] (11)
Also
t
1 (8)] = |1 (0 + w) + / _a(a)ds

(12)
n+w n+w
< |&1(n +w)| +/t |Z1(s)|ds = /t |Z1(s)|ds, t € [0,w].

From the above inequalities we have

. . L [“.
|£1]]c0 = max ‘a:l(t)| < / ‘xl(s)}ds, t€[0,w]. (13)
te[0,w] 2 Jo
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From the definition of the operator A, we have

4
dt

d

(Azr(1)) = 3 (21(t) = e(t)as (¢~ 5(1)))

= @1(t) — c(t)z1 (t — 0(t)) — c(t)ar (t — (1)) (1 - (2)).

Then from (10) and condition (ii) of Theorem 3.1, we have

L () 0)] < [ia(0)] + O] 1 (¢~ 500) | + [elo)|Jin ¢~ 6®) |1~ )
< 1lloe + etz floo + cool|#1[[oo (1 + 61)

. 1. .
< |1l + 1D + §Hx1Hoocw + Cool|Z1 |00 (1 + 1) (14)

1
=D+ (14 01w+ coo + o0t ) il
= c1D + M1 |so,
where ¢; = max |é(t)|, 0 = max [§(t)| and M; =1+ $C1W + Coo + Coo61. Thus we

te[0,w] te[0,w]
can obtain

d2
— (Az1 (1)) = @1(t) — é(t)m1 (¢t — 6(¢

a2 ) — &(t)in (t— (1) (1 - 6(2))

)
—c(t)dr (t —8(t)) (1 - 4(1))
O(t) + c(t)ir (t — 5(t)) (1 — 8(2))a(t)

Therefore we get

2 .
(A1) (t) = % (Az1 (1)) + é(t)a1 (t = 0(¢)) + [2¢(t) — c(t)d(t)] @1 (¢ — 6(¢))

+[5(t) — 2]e(t)ir (t — 5())d(b). (15)

On the other hand, multiplying both sides of (8) by %(A:cl)(t) and integrating it
over [0,w], we get
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3 d
/0 jt?)(Axl())d Azt / ‘dt? At
_ _v/o F(tit >)§<Ax1>< £)dt

—\2 /Owg(t,fvl(t))dt(A:El)(t)dt

—\? / h(t,z(t — T(t)))i(Aajl)(t)dt
0 dt
o [“ d
+A e(t)— (Axy)(t)dt.
0 dt
Hence, we obtain
d
/ ‘dt2 Al‘l dt </ }f t 171 Aa:l ‘dt—{— |g t :El )”a(x‘libl)(t)’dt

+/ | (t, 21 (t — 7(t)) —h(t,O)+h(t,0)”%(Am1)(t)‘dt

Therefore from (H4) we have

d
/ ‘dtQ A:L'l dt </ }f t .%'1 A.%'l ‘dt-f— !g(t 1‘1 “3(141‘1)@)’(11‘,

/[mo‘ml(t—T )‘—I—‘htO ‘— (Axq1)( ’dt

el

Using (H1), (H2) and (14) we get

@1 d? 2 .
)0 dt < (1 + Ko+ molle o) (1D + Ml o)

0
+ (max{|h(t,0)| 0<t<w}+ He||oo) (01D + M1Ha'cl||oo)w.

Hence from (10), we obtain
1 1,
’dtg Aa}l dt < c1 DMy + (MlMg + 2mow 61D> leuoo + QmOw M1Hx1H
where My = (K1 + Ka4+moD +max{|h(t,0)] : 0 <t < w}+ |le]|oc )w. Thus we have

/ ’dtQ (Az1)( dt < M3+ My||21||oo + M| ||% (16)
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where

1 1
Ms = c1DMsy, My = MM,y + §m0w201D, Ms = 5mOWQJm.

Case (i) If coo < 1, by applying Lemma 2.1 (3), we obtain

/’A.’L‘l |dt
/\xl )|dt = /| A7V A) (1)) dt <

1—co

Substituting from (15) and using condition (ii) of Theorem 3.1 we have

/Ow\fc'l(t)!dt < 1_1000 [/0 :11; (A ( ))‘dﬂ-/ow ]é(t)xl(t—é(t))}dt}
[ [/ [{2¢(t) — e(t)d(t) pan (t — 5(t))‘dt]

bt 160 2wt - sw)ijar)

1 d? '
<7 [/ —5 (Az1(1)) ‘dt + cow||@1[[oc + (201 — 60052)W||x1Hoo:|
— Cxo 0 dt

1 _1000 [00051(51 9 /0 w\a’c'l(t)}dt},

+

+

where

— (t — fb), 6 = S()|, 6y = S(t
c1 féﬁﬁ‘c()" ca tg&g]IC()!, 1 tggg]!()l 2 tggg]!()\

From (10) and by Schwarz inequality, we have

1 M} /Ow‘jl(t)’dt < 11000 [&(/0 ((:2 (A (t ))‘zdt>%]

1—ceo
(4 1)

_l’_

1
1—co
1

1—coo

_l’_

[(261 = cooBa)1 oo -

Thus it follows that

[1_000_00051(51—2)}/;\361 )|dt < w2 (/0 j; (At ))th);

+ cow (D + §H:L‘1||OOOJ> +(2¢1— Coo02)w||Z1 |00
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Applying the inequality (a +b)* < a* +b* for all a,b > 0, 0 < k < 1, it follows from
(16) that

[1= oo — Coolr (01 — 2)]/0w|f1(t)\dt§ V[V My + VM (ld1]l) ® + v/ 1 loc]

1. . .
+ cow (D—l— §Hxl||oow> + (2¢1 — oo 02)w||%1 || 0o

1
<V Msw + cowD + v/ Myw (|1 0o ) 2
1 .
+ (x/M5w + 5czw2 + 2ciw — cm62w> 121 || 0o -

Substituting from (13), we get

[1— oo — Coo1 (61 2)]/0w|5c'1(t)\dt < M+02wD+m\/g(/ow‘j1(t)’dt>é
+M6/Ow‘flf1(t)’dt,

where Mg = 1 (v/Msw + 2caw? 4 2c1w — coolow).
Therefore we obtain

1
w /1 w 5
[1—000—00051((51—2)—M6] / ‘i‘l(t)‘dt S v Mgw—i—czwD—i— §M4w (/ ‘.fﬂt)}dt) .
0 0
(17)
Since 1 — coo — €o001(01 — 2) — Mg > 0, it is easy to see that there exists a constant
M > 0 (independent of ) such that

/ [ (8)]dt < M. (18)
0
It follows from (13) that
. 1
Jélle < 3M.
Thus, from (10) we obtain
210 < M.

Case (ii) If ¢y > 1, by applying Lemma 2.1 (3), we have

/Ow}g'él(t)\dt = /Ow\ (A1 Aiq) (t)]dt <

Following the same manner as in Case (i), we can get

1
w 1 w 5
[00—1—00051(51—2)—M6] / ‘i‘l(t)’dt < 4/ Mgw—i—CQCdD-i-H §M4w (/ ‘i‘l(t)|dt> 2.
0 0

[ iasone

€0
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Since ¢y — 1 — ¢o001(01 — 2) — Mg > 0, similarly, we can obtain
[z1]Jo0 < M.
By the first equation of system (7) we have
w w d
/ 2o(£)dt = / 4 Azt = o,

which implies that there is a constant ¢; € [0,w], such that xo(¢;) = 0, hence from
(16) we find

w w d2 1 w d2 2 %
(EZ3[ S/O |Z2(t)|dt :/o ’@(Am(t))‘dt S w? </0 @(Axl(t))‘ dt)
< Vo[V Mz + /My (||#1]l00) 2 + v/ Ms||a1]oo] -

In view of Cases (i) and (ii), it is easy to see that there exists a constant My > 0
(independent of \) such that
2200 < Ma.

By the second equation of system (7), we obtain

w w d2 w )
/0 acg(t)dt:/o dtz(Am)(t)dt:/O xo(t)dt = 0,

which implies that there is a constant to € [0, w] such that z3(t2) = 0, hence

foslle < [ las(oldr
By the third equation of system (7), we have
3(t) = =Af(t,21(t) — Ag(t, 21(t)) — Ah(t, 21 (t — 7(1))) + Ae(t).
Using (H1), (H2) and (H4), we get

fosll < [ faatei
g/Ow|f(t,5é1(t))|dt+/0w|g(t,a':1(t))\dt
+/0w\h(t,x1(t—7(t))) —h(t,O)+h(t,0)|dt+/0w|e(t)|dt
</Ow|f(t,fc'1(t))|dt+/0w|g(t,:'cl(t))\dt

+/0w [molz1(t — 7(t))| + |h(t, O)Hdt+/0w}e(t)|dt
< (K1 + Ko+ my|a1 e + max{|h(t,0)] : 0 < t < w} + [leloc)w := M.
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To prove condition (1) of Lemma 3.1, we assume that for any A € (0,1) and any
x = x(t) in the domain of L, which also belongs to 92, we must have Lz # AN.
For otherwise in view of (7), we obtain

[z1]cc < M1, [|22]loc £ M2, [[23]]00 < M.

Let My = max{ My, Mo, M3}+1,Q = {x = (z1,12,23) " : ||z| < My}, then we see
that = belongs to the interior of {2, which contradicts the assumption that = € 0f).
Therefore condition (1) of Lemma 3.1 is satisfied. Now for any = € 9 N Ker L

1 (@ 'T2(t)
QlNl' = / x:;(t) dt.
IO\ S () = g(t @1 (1) = h(t (= T(2)) + elt)

If Q1 Nx = 0, then xz(t) =0, xg(t) =0, z1 = My or —My. But if ml(t) = My,
then we get

0= / h(t, Ma)dt,
0

from which there exists a point t3 such that h(t2, M4) = 0. From assumption
(H3), we have My < D, which yields a contradiction. Similar analysis holds for
x1 = —My. Therefore we have Q1 Nz # 0, hence for all x € 02 NKer L, z ¢ Im L,
so condition (2) of Lemma 3.1 is satisfied.

Define an isomorphism J : Im )1 — Ker L as follows:

J(x1,9,23) " = (—x3,21,72) .

Let H(p,z) = pr+ (1 — p)JQ1 Nz, (1, x) € [0,1] x Q, then for any (u,x) € (0,1) x
(0Q2NKerL),
par(O)+ 2 [ 1F( 1 0) + gt a1 (0) + h(t, 1 (¢ —7(8)) — e(t)]dt

(1 + (1= p))za(t)
(1 + (1= p))as(t)

We have [ e(t)dt = 0. So, we can get

e (0)+ 5 [0, 30 (0) + 0(t, a0 (0) + bt 1t~ 7(0))]ar

H(p. ) = D (- a0 |

(b + (1= p))zs(t)

for all (p,x) € (0,1) x (02 N Ker L).
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From (H3), it is obvious that T H(u, z) # 0, for any (u, ) € (0,1)x (0QNKer L).
Hence
deg{JQ1N,QNKer L, 0} = deg{H(O, x), Q2N KerL, 0}
=deg{H(1,2),QNKer L,0}
= deg{I,QNKerL,0} #0.

So condition (3) of Lemma 3.1 is satisfied. By applying Lemma 3.1, we conclude
that equation Lz = Nz has a solution z = (x1,72,23)" on QN D(L), thus (1) has
an w-periodic solution x(t)

Remark 3.1 If [Je(t)dt # 0, f(£,0) # 0 and g(£,0) # 0, the problem of
existence of an w-periodic solution for (1) can be converted to the existence of an
w-periodic solution for the equation

3

%(x(t)—c(t)x(t—a(t)))Jrfl (t,&(t) +g1(t,&(t) +hr(tz(t—T7(t)) = e1(t), (19)
where fi(t,x) = f(t,x) — f(t,0), gi(t,z) = g(t, :U) —g(t,0), hi(t,x) = h(t,x) +
Jo e(t)dt + f(t,0) + g(t,0) and 61( = e(t) — [ e(t)dt. Clearly, [ ei(t)dt = 0,
fi(t, O) =0 and ¢1(¢,0) = 0. Therefore (1 ) can be discussed using Theorem 3.1.

4 Example

Example 4.1 Consider the following third-order neutral functional differential
equation:
C o) — L w6t (t L 16t) + cos 16t sin #(t)
— |z ——sin x|t — —=sin co in&
dr 150 160 o 20)
8
+ sin 16¢ cos &(t) + —x(t — sin 16¢) = cos 16t.
T

Comparing (20) to (1), we find f(t,u) = cos 16t sinu, g(t,v) = sin 16t cosv, h(t,z) =
82, h(t,0) =0, me = &, ct) = 1i5sin16t, §(t) = 155 sin16t, 7(¢) = sin16t,e(t) =

)

cos 16t and let w = g.

Therefore we get

1
_ (1) = — Gt‘ <1,
oo = i [e(t)] = €02 1150 ° 150
6
_ ()] = 6t’
¢ = max |¢(t)] ez 1150 °°
256 128
co = max |¢(t)] = max —sin16t‘ = —,
te[0,w] t€[0,%2] 1150 75
1 1
5 = 5(t l 16t‘ —
! tren[gif]| Ol = tIeI[l(?}li} 10 o3 10
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5y = max [6(t)] = max ’—sm 16t‘ = -
te[0,w]

1
M1:1+§clw—i—coo+coo51
1 8 ~ 1 1 1
xS Ty 2 109
T X7 X8 T 150 T 1m0 <10 = 0%

1 2
1.8, (E) % 1.0283 ~ 0.2019,
2 7 8

1 1
M6 = 5( M5w + 502(,«}2 + 201&) - 600(520.))

1 2
:%[(0.2019xf)2+% « 128 (5)

8 75 8
8§ m 1 8 7
+2X =X - ——X fx—}
D 8 150 5 8
~ (.2464

We can choose K1 =1, Ko =1, D > § and m, = % such that (H1)-(H4) hold. And
1 — Coo — Coo01(01 — 2) — Mg = 0.7482 > 0.
To verify obtain (17), we calculate
My = (K1 + Ko +moD + max{|h(t,0)] : 0 <t < w} + [lef|oc)w

=(1414140+1)x ===

8 27
8 m w
Mz =c1DMy; = — x — x — =0.0658
3=7a1 2 75X8X2 )
1 ™ 1 8 ™2 8
M4:M1M2+§mow201D:1.0283><§+§X;X<§> X775X§

= 1.6152 4 0.0082 = 1.6234.

Then (17) becomes
w w %
0.7482 x / ’:il(t)|dt <0.4239 + 0.5646</ ’il(t)‘dt> ,
0 0
which can be considered as a quadratic inequality, whose roots are

b+ V24 1
; ac _ = 5(0.7546 £ 1.6839).
a

From this, we obtain
/ |1 (t)|dt < 1.4866.
0

The rest of the proof is clear. Hence, by Theorem 3.1, (20) has at least one g-periodic

solution.
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