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Abstract

Let G = (V, E) be a connected graph and m be a positive integer, the
conditional edge connectivity A" is the minimum cardinality of a set of edges,
if it exists, whose deletion disconnects G and leaves each remaining component
with minimum degree § no less than m. This study shows that A} (Qn ) = 2n,
M(Qnk) =4n—4 (2 < k < n-—1,n > 3) for n-dimensional enhanced
hypercube Q,, . Meanwhile, another easy proof about \}(Q,) = 4n — 8, for
n > 3 is proposed. The results of enhanced hypercube include the cases of
folded hypercube.
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1 Introduction

A multiprocessor system may contain numerous number of nodes, some of which
may be faulty when the system is implemented. Reliability and fault tolerance are
two of the most critical concerns of multiprocessor systems. Based on the definition
proposed by Esfahanian [1], a multiprocessor system is fault tolerance if it can
remain functional when failures occur. T'wo basic functionality criteria have received
many attention. The first one is whether the network logically contains a certain
topological structure. This problem occurs when embedding one architecture into
another. This approach involves system wide redundancy and reconfiguration. The
second functionality criterion considers a multiprocessor system function if a fault-
free path exists between any two fault-free nodes. Hence, connectivity and edge
connectivity are two important measurements of this criterion [2]. A vertex cut of a
connected graph G is a set of vertices whose removal disconnects GG. The connectivity
k(G) of a connected graph G is the cardinality of a minimum vertex cut. An edge
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cut of a connected graph G is a set of edges whose removal disconnects G. The
edge connectivity A(G) of a connected graph G is the cardinality of a minimum
edge cut [3]. However this two parameters may result in an isolated vertex. This is
practically impossible in some network applications. To address this deficiency, many
specific terms forbidden fault set and forbidden fault edge set are introduced such
as conditional connectivity [4], extra connectivity and extra edge connectivity [5].

The n-dimensional hypercube @), is one of the most versatile and efficient in-
terconnected networks because of its regular structure, small diameter, and good
connection with a relative small node degree [2], all of which are very important for
designing parallel systems. As the importance of hypercubes, many variants of @),
have been proposed, among which, for instance, are crossed hypercube, argument
hypercube, folded hypercube and enhanced hypercube. As an enhancement on the
hypercube @, the enhanced hypercube @, proposed by Tzeng and Wei [6], not
only retains some of the favorable properties of ), but also improve the efficiency
of the hypercube structure, since it possesses many properties superior to hyper-
cube [7-9]. For example, the diameter of the enhanced hypercube is almost half of
the hypercube. The hypercube is n-regular and n-connected, whereas the enhanced
hypercube is (n + 1)-regular and (n + 1)-connected. Its special case of k = 1 is the
well-known Folded hypercube (denoted by F'Q,,), which has been used as underlying
topologies of several parallel systems, such as ATM switches [10,11] PM2I networks
[12], and 3D-FoIHNOC networks [13] for high-speed cell-switching and reducing the
diameter and traffic congestion of the hypercube with little hardware overhead.

The conditional edge connectivity AJ* which is the generalization of edge con-
nectivity, is defined as the cardinality of the minimum edge cut, if it exists, whose
deletion disconnects G and leaves each component with minimum degree § no less
than m. Xu [2] provided k(Q,) = A(Qn) = n, kK(FQ,) = A(FQ,) = n+ 1 and
5(Qnk) = MQnx) = n+ 1. Obviously, AX2(G) = A(G). Paper [14] made a good
job on the conditional edge connectivity of @, and proved that A\}(Q,) = 2n — 2
for n > 2, \3(Q,) = 4n — 8 for n > 3 and \}(FQ,) = 4n — 4 for n > 4. However
there is nothing about the conditional edge connectivity of enhanced hypercube. In
this paper, we discuss the properties of enhanced hypercubes @, and show that
MN(Qni) = 2n, N3(Qnr) = 4n — 4 for n > 3 which includes the results of folded
hypercube. Meanwhile, this paper proposes an easy proof of )\g(Qn) = 4n — 8 for
n > 3.

2 Preliminaries

The graph theoretical definitions and notations follow [2]. A network is usually
modeled by a connected graph G = (V| E), where V' and F represent the vertex and
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edge sets of G = (V, E) respectively. G is bipartite if V' can be partitioned into two
subsets V1 and Vo, such that every edge in G joins a vertex of V] with a vertex in V5.
A bipartite graph is bipancyclic if it contains a cycle of every even length from 4 to
|[V(G)|, then VU V] is a bipartition. A graph is said to be pancyclic if it contains
a cycle of every length from 3 to |V(G)|. Two graphs G and Go are isomorphic,
denoted as G; = Go, if there is a one to one mapping f from V(G1) to V(G2)
such that (u,v) € E(Gy) if and only if (f(u), f(v)) € E(G2). Two vertices which are
incident with a common edge are adjacent. As are two edges which are incident with
a common vertex. A path is a sequence of adjacent vertices, with the original vertex
vo and end vertex vy, represented as P(vg, Upm) = (v, v1, V2, ,Upy,) where all the
vertices vg, vy, V2, + - , Uy are distinct except that possibly the path is a cycle when
Vg = U A cycle is called a Hamiltonian cycle if it traverses every vertex of G exactly
once. Two paths are internode disjoint if and only if they don’t have any vertices
in common. If u,v € V(G), d(u,v) denotes the length of a shortest path between
u and v. The diameter of G is defined as diam(G) = max{d(u,v) : u;,v € V(G)}.
Let V1 C V be a subset of V, G[V1] = (V4, E1) is an induced subgraph by V; such
that for any edge (z,y) € E; C E if and only if z,y € V1. G — Vi = G[V1] is an
induced subgraph by deleting both of all vertices in V7 and all edges incident with
vertices in Vi, where V, =V — Vj. Let F C E(G) be a subset of E, G[F] = (V', F)
is a subgraph induced by F satisfying z € V' if and only if z being incident with
some edges of F, G — F = G[F] is a subgraph obtained by deleting all edges of F.
For X,Y C V, denote by [X,Y] the set of edges of E(G) with one end in X and the
other in Y, certainly, [X,Y] is an edge cut of graph G.

An n-dimensional hypercube denoted by @, has 2™ vertices, and has vertex
set V(Qn) ={z122- -2y s 2; =0 or 1,1 <i<n}, with two vertices zy25 - - -z, and
Y1Y2 - - - Yn being adjacent if and only if they differ in exactly one bit. Let x and
y be two vertices of hypercube Q,, dg,(x,y) be the length of the shortest path
between vertices x and y in hypercube @),. The Hamming distance between x and
y, denoted by h(z,y), is the number of different bits between the corresponding
strings of x and y, that is the length of the distance of the shortest path between
the x and y in @,. Obviously, by the definition of Hamming distance, we know that
h(z,y) = dg, (z,y), where dg, (x,y) is the shortest path between the vertex x and

n
node y in @,. The Hamming weight of a vertex x is defined as hw(x) = ) x;, so
i=1

whether a vertex is even or odd, bases on whether the hamming weight of the vertex
is even or odd. In this paper, if we denote the node z = 129 - xj_12:Tiy1 - - Tp
then z° = x129 -+ T _1Z;Tis1 - - Tn, for some i € {1,2,--- ,n}, in other words, the
binary strings of the two vertices z and ' is different exactly on the ith position.
And the edge (z, %) represents the i-dimensional hypercube edge in @Q,. The set of
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i-dimensional edges is denoted by E; = {(x,2%)| h(x,z%) = 1,i € {1,2,---n}}.

An n-dimensional enhanced hypercube @), 1 is obtained by adding some comple-
mentary edges from hypercube @, and it can be defined as follows:

Definition 1 The enhanced hypercube @, = (V,E) (1 <k <n—1)is an
undirected simple graph. It has the same vertices of Q,,, that is, V = {x1z9--- 2y, :
z;i =0o0r 1,1 <i<n} Two vertices z = z1x2---x, and y are connected by an
edge of FE if and only if y satisfies one of the following two conditions:

(1) y=x1@2 - 41T %1 -+ T, 1 <0 <y

(2) y =212+ T 1TpTa1 "+ * Ty

From Definition 1, the enhanced hypercube @, ;, is the extension of the hyper-
cube @, by adding the edges (z1x9 - xp, T122 - Tp_1TkTk41 - - - Ty ), Which called
complementary edges of enhanced hypercube, denoted by E. = {(u,u) € E(Qnx)|
h(u,@)=n — k + 1}, where u=x129 - xp, and U= 2129+ -+ T 1T} Tht1 " Tn. AS
mentioned above, @), contains hypercube @, as its subgraph. In addition, the
folded hypercube F'@Q,,, which is the extension of the hypercube, is regarded as the
special case of the enhanced hypercube when k£ = 1. It has been showed that the

271 edges,

enhanced hypercube @, ;; is (n + 1)-regular, has 2n vertices and (n + 1)
vertex-transitive and edge-transitive. Due to its good properties, the enhanced hy-

percube @), ;, have received substantial researches.
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Figure 1: Q4, Q4,1(FQ4) (Dotted lines represent the complementary edges.)

Lemma 17 The enhanced hypercube Qnk can be partitioned into two sub-
graphs along some component i (1 < i < n) such that Qn = i?-m U Q:’}_Lk. A
verter rixo - - - x, belongs to Q;O_Lk, if and only if the ith position x; = 0; similarly,
T1T9 - - - Ty belongs to Qfﬁ}fl’k if and only if the ith position x; = 1. If i < k, Qi?—l,k
and ;1717,{ are two (n — 1)-dimensional enhanced hypercubes; if i > k, i?fl,k and
Q:}—l,k are two (n — 1)-dimensional hypercubes.

Guo made a good job in [14] and obtained that A\}(Q,) = 2n — 2 for n > 2,
M (Qy) = 4n—8 for n > 3. Next, We will propose a simple proof for A2(Q,,) = 4n—8
for n > 3.
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Figure 2: Q4,2,Q4,3 (Dotted lines represent the complementary edges.)

Lemma 2" (1) \L(Q,) =2n—2 for n > 2. (2) \3(Q,) = 4n —8 for n > 3.

Proof Select a 4-cycle Cy, then |[V(Cy),V — V(Cy)]| = 4n — 8, for any vertex
x € Cy, do,(z) = 2 and 6(Q, — Cy) > 2, and @, — Cy is connected. Therefore
M (Qy) < 4n — 8. In the following, we will prove A3(Q,,) > 4n — 8 by induction.

When n = 3, it is easy to check that the conclusion is true. Suppose the con-
clusion is true for all positive integers less than n. We will consider the case of
n > 4.

Let F C E with |F| < 4n—9 such that each component of @, — F' has minimum
degree greater than or equal to 2. We will prove @,, — F' is connected.

Let fy = |E;NF|,i=1,2,--+,n, fmin = min{f; : i = 1,2,--- ,n}. We will
partition @,, along dimension i into two (n — 1)-dimensional hypercubes, denoted
by QL and QF |. Let fr = |[E(QE_))NF|, fr = |E(QF_|) N F|, then |F| =
fr + fr + fmin, without loss of generality, suppose fr, < fr. Since |F| < 4n — 9,
fr <2n—5 < 4n — 12 when n > 4. This leads to the conclusion that Q{;fl —Fis
connected by induction. For convenience, letting fuin = f1, we partition @, along
dimension 1. Since |F| < 4n—9, fmin < 3, we will prove for any vertex z € Q¥ | — F
that there exists a path connecting x and Qﬁ_l — F, which leads to @), — F being
connected.

Casel fuin=/f1=0

For any vertex z € Qf | — F, the edge (z,2') ¢ F, so (z,z!) is an edge joining
x and Qﬁfl — F.

Case 2 fon=fi=1, fr+ fr<4n—10

For any vertex z € QF | — F, if edge (z,7') ¢ F, (z,2!) is an edge joining = and

L | — F;if edge (z,2') € F, since the minimum degree § > 2 for each component
of Q. — F, there are at least two edges, say (v, 2?), (z,2%) € B(QE _|) — F, that is
(z,22), (z,23) ¢ F, meanwhile (22, 22!), (23,2%) ¢ F, therefore P(z,2?!) = za?z*
is a path connecting = and Q{;_l - F.

M fmin = fl =2
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For any vertex r € QF | — F, if edge (z,2') ¢ F, (z,2') is an edge join-
ing z and QL | — F; if edge (v,2') € F, since fumm = fi = 2, and n > 4,
{(z% 22Y), (23, x31) (2 2™} ¢ F say (22,22 € B(QE_|)—F, that is (22, 221)
¢ F, therefore P(z, :1:21) = z222?! is a required path connecting x and Q% | — F.

7(3&86 4 fmin = fl =3

Since n>4, {(z,x!), (z%,221), - , (x™, ™)} C By, thereis {(z, '), (z%,221),- - -,
(z",2™)} ¢ F, that is, either (x,2!) is an edge joining z and Q% | — F, or
P(z,2) = 2’z (2 <4 < n) is a required path connecting x and QL |, — F.

The proof is complete.

3 Main Results

In this section, we demonstrate the conditional edge connectivity for enhanced
hypercube networks.

Theorem 1 A} (Qnx) =2n, for2<k<n-—1, n>3.

Proof Since the conditional edge connectivity )\lg is the cardinality of the mini-
mum edge cut such that each component after removing the edge cut has minimum
degree no less than k. This theorem means that there exists an edge cut F' with
|F'| = 2n such that @, — F is disconnected and each component of @, ; — F has
minimum degree § > 1.

If n =3, then k =2 or k = 1. It is easy to check \}(Q32) = 6 and \}(Q31) =6
We just consider n > 4.

Take a path P; of length one, that is an edge in Q,, i, then [V(P1), V(Qnr—P1)] is
an edge cut of Q, , with |[[V(P1), V(Qni—P1)]| = 2n, and for any vertex x € V(P),
dp,(z) = 1. The connectivity and the edge connectivity of @, are n + 1, that is
MQnk) = k(Qnik) =n+1, 50 Qpr — Pi is connected, therefore 6(Qp 1, — P1) > 1.
This leads to A\}(Qpnx) < 2n.

On the other hand, the proof of A%(ka) > 2n is needed. This will be proved
by showing that for any edge subset F' C E(Qy %) with |F| < 2n—1, Qni — F is
connected.

According to Lemma 1, When i < k, @, can be partitioned into two (n — 1)-
dimensional enhanced hypercubes Qflo_l’k and Qf}_l’k along some components i.
When ¢ > k, @, 1 can be partitioned into two (n — 1)-dimensional hypercubes Qiofl
and Q! | along some components i. In the following, let fr = \F NEQY, k)]
and fr = |F N E(Q;" )|, then fr + fr = |F| = [[V(Q)) 1 4),V(Qy_, )] N F|. For
convenience, suppose that f; < fr. There are several cases needed to be considered
according to the distribution of edges in F'.

Case 1 Assume that there exists some dimension ¢ € {1,2,--- ,n} such that
fo<fr<2n-5.1f i > k, Qn,k = 1 U Qn 15 then [V( f?_l?k),V( ;1_17k)] =



No.3 Y.J. Zhang, etc., Enhanced Hypercube Networks 325

E,UE,, |[V(QY 1) V(@ 1k)]| = |E;UE:| =2">2n—1forn > 4. Ifi <k, Qni =
Q- &Y Q1 o then [V( i?—l,k)?v( nl—l,k)} = Ei, |[V( ;?—uc)v V( nl—lk)H =
|E|—2" IS 9n—1forn > 4.

No matter whatever cases occur, since fr < fr < 2n — 5, Qn e — F and

f"bl—l,k — F are connected. Furthermore there ex1sts some vertex x € Qn e —F
such that the edge (z,2%) € E; — F. Noting that 2° € Q1 | k» @ni, — F is connected,
hence \}(Qy.x) > 2n.

Case 2 If there exists some dimension i € {k,k+1,--- ,n} such that |[E;NF| > 4.
Since i > k, Qni = QP ,UQ |. Now fr+fr = |F|—|E:NF| < (2n—1)—4 = 2n—5,
then fr < fr < 2n —5. So Qn e — F and Qﬁim — F are connected by Lemma
L. Since [V(Q)- 1), V(@1 )] = Ei U Ee, |[V(Q)1 1), V(Qiy )]l = |E; U E| =
2” > 2n — 1 for n > 4. Then there exists some vertex x € Qn 1k~ F' joined to

ol 1) — F by edge (z, 2') € E; — F or edge (2,7) € E. — F. Thus Qni — F is
connected and A} (Qn k) > 2n.

Case 3 If there exists some dimensioni € {k,k+1,--- ,n}such that |E;NF| = 3.
Since 1 > k, Qpn 1 = ;0_1,6 Qn 1k @n lkﬁ o Qn 1k S il We have the
following subcases:

Case 3.1 If fr < fr < 2n — 5, the proof is similar to Case 2.

Case 32 If fr = 2n — 4, then Qilok — F' is connected. For any vertex z €

n 1k — F, when {(z, %), (z,2)} ¢ F,7say (z,2%) ¢ F, the vertex z is joined to
o 1k—Fbytheedge (r,2") € EB; — F.
When {(z,2%), (x,Z)} C F, since in}O_l,k—F(x) > 1, there exists at least one

edge (z,y) € QL 1k — F. Because |E; N F| = 3, {(y, y"), (y,9)} ¢ F. Note that
¥,y € Qn 16— F therefore either zyy’ or 247 is a path between x and Qﬁ&l’k —F.
Thus Qy — F is connected and A\}(Qn k) > 2n.

Case 4 If there exists some dimension i € {k, k+1,--- ,n} such that |[E;NF| = 2.
Since © > k, Qn i = f?_l & Qn Lk Qn 1k = 0 ;1—1,/% =~ QU . We have the
following subcases:

Case 4.1 If fi < fr < 2n — 5, similar to Case 2, the the conclusion is true.

Case 4.2 If fr, <1, fr > 2n — 4, then Qfgk — F is connected. For any vertex
x 6 QY & — I, when {(z, 2%, (z,7)} ¢ F, Say7(x,xi) ¢ I, the vertex z is joined to

o lk—Fbytheedge (v,2) € B; — F.

When {(z,2%), (x,Z)} C F, since dQZOk—F(x) > 1, there exists at least one edge
(x,y) € Qn 1k—F Because |E; ﬂF| =2, E NF = {(z,2%), (z,7)}, (v, "), ( 7) ¢ F.
Note that ¢, 7 € n 1k —F, so zyy" and zyy are paths connecting x and n Lk —F.
Thus @), ; — F is connected and A%(ka) > 2n.

Case 5 If there exists some dimension i € {1,2,--- ,k—1} such that |E;NF| > 2.



326 ANN. OF APPL. MATH. Vol.34

Since ¢ < k, Qn i = 3'1071,19 U szl—l,k' We consider the following subcases:

Case 5.1 If |[E;NF| > 3, then fr, < fr < 2n—>5, similar to Case 1, the conclusion
is true.

Case 5.2 If |E; N F| =2, in this case, we consider the following subcases:

Cabe 5.2.1 If fr, < fr < 2n—5, since Q1 — E: = @y, , by Lemma 2, szoq,k_F
and Q' 1, — I are connected. For any vertex x € QL Lk~ F, if (z,2") ¢ F,
then the vertex x is joined to Qn 1x — ' by the edge (x,2%). If (z,2') € F, since
dgo (z) > 1, there exist some edges, say (z,y) € Q1 e — FIE (y,y') ¢ F,
then al*yy is a path joining x and Qflo_l’k — F. Noting {(z,2?) U (y,5%)} C Qi}_l’k,
j = 1727 Ny ] 7é i? if {(x,xj), (y7yj)} - (x7y) - F7 then \{(a:,xj), (yvyj)H -1=
2n — 3 > 2n — 5, that is, there exists a (y,y') ¢ F. Since |E ﬂ F| = 2, then
(y/,y7") ¢ F. Therefore xyy/y’® is a path connecting z and Q¥ , » — F. Thus
Qn i — F is connected and A(;(Qn,k) > 2n.

Case 5.2.2 If f;, <1, fr > 2n —4, then Qio — F' is connected. For convenience,
let ¢ = 1, then Q1 = QlolkUQn 1 For any vertex r € Q,~ 1k — F, when
(z,2') ¢ F, the vertex x is joined to Q0 | & — I by the edge (z, 331)

When (z,7!) € F, since dou g (') > 1, there exists a j € {2,3,--- ,n}, say,
j =2, (v,2%) ¢ F. If (22 2%) gé F, z can be connected to QL% 1, — F Dby the
path m$2x21. If (z%,22Y) € F, then |E;NF| = {(z,2'), (22, 22")}. Noting {(z,27)} U
{(y, 9} U {(z,7), (2%, 22)} C ke J = 3,4,---,n, and the edges (2°,2%?), (2°, z)
are the same, if {(z,27)} U {(y,57)} U {(z,T), (22, 22)} C E( }llk) N F, then fr =
[E@QL )N F > {(z,27)} U{(y,y’)} U{(2,7), (2% 2%)} = 2n — 2. When f1 =1,
fr=2n—4; when fr =0, fr = 2n — 3, which implies that there exist some edges
(22,2%) ¢ F or (22, 22) ¢ F. Hence either z222% 221 or z222” is a path connecting
z and Qn e — Thus @, — F is connected and )\(%(Qn,k) > 2n.

By analyzing the above cases, the proof of the theorem is complete.

Then we will study A2(Qn k) and we have the following theorem.

Theorem 2 M(Q, ;) =4n—4, for2<k<n-—1,n>3.

Proof It is straightforward to prove the theorem when n = 3 or 4. In the
following, we just verify the conclusion n > 5 in @, .

Select a 4-cycle Cy in Qy, , then |[V(Cy), V(Qpr —Ca)]| = 4n—4. For any Vertex
x € Cy, dey(v) = 2, and for any vertex x € Qp x — Cy, dq,, ,—c,(T) > 2,50 Qi —
is connected. This leads to A3 (Qnx) < 4n — 4.

On the other hand, we need to prove )\(%(Qn,k) > 4n — 4. This will be proved by
considering F' C E(Qp 1) with |F| <4n — 5, and Q,—; — F is connected.

According to Lemma 1, when ¢ < k, @y, can be partitioned into two (n — 1)-
dimensional enhanced hypercubes Q?—l,k and Q:’}_Lk along some components i;
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when i > k, @, can be partitioned into two (n — 1)-dimensional hypercubes Qio_l
and Q! | along some components i. In the followmg, let fr, = ]F NnEQY )l
and fr = |F 0 E(QLy )|, then fi,+ fr = |F| — [V(Q_y ), V(QIL, )] 1 FI. For
convenience, suppose that f;, < fr. There are several cases needed to be considered
according to the distribution of edges in F'.

Case 1 If there exists some dimension i € {1,2,---,n} such that fr < fr <
4n — 9, we consider the following subcases.

Case 1.1 When ¢ < k, @y can be partitioned into two (n — 1)-dimensional
enhanced hypercubes along some components 4, that is Qni = 1k UQ _1> then
V(Qr_1 ), V(Qu_1 )] = B [[V(QyL1 ), V(Q_ Wl = |Ei| = 2n !> 4n - 5 for
n > 4. Since ¢ < k — 1, for convenience, letting ¢ = 1, for any vertex x € Qn 1e— £
we will find a path joining  and Qiofl’k - F.

Case 1.1.1 If the edge (z,2') ¢ F, (x,2') is an edge joining = and Q}LO_M —F.

Case 1.1.2 If the edge (z,2') € F, A = {(x,27),(2/,27Y) : j = 2,3,--- ,n} N
F. If |A| < n — 1, then there exists some j € {2,3,--- ,n} such that (x,27) and
(27, 291) are not in F'. Therefore 2727 is a required path joining  and Qm 1 L
We claim (z,7) is not in F, then 27 is a required path joining x and QLY kT
F. Otherwise, since dQ'}le_F( r) > 2, that is (z,22) and (z,23) are not in F, but
(221, 22), (z3,2%1) € F and |{(z,29), (a7,271) : j = 3,4,--- ,n} N F| > n — 3. Let
B = {(z%,2%), (2% ,2%Y) 1 j = 4,5,--- n}NF, C = {(23,2%), (z%,2351) . j =
4,5,---,n}NFE. If |[Bl <n—3or |C| <n—3, the edge (22,22) and (z°,23)
are not in F. For example, the edge (22, 2%), (2%, 2%1) ¢ F, then xz?2r% 221 is
a required path joining z and QX 1, — F. Otherwise, [B] > n —3, |C] > n -3,
{(2?,22), (2, 23)} C F. Since dQu _plz) > 2, inlk—F(ﬁj) > 2 and dek_F(xj) >
2. Assume that the edge (22, 22%), (23, 23) ¢ F. Let D = {(x?%, 2257, (1;’25]‘@25]‘1) :
j=12s}NF, H={(2% 23), (2% 239Y) . j = 1,2t} NF. If |C| <n—3
or |D| < n — 3, the edge (22%,22%) and (z3,23) are not in F, then there exists
a path zz?x?$22%922591 joining = and Qn 1 — F- Otherwise [AUBUCUDU
[(2,2Y), (2.2), (2%,22), (22,27), (a%, ™), (2%, 2%), (a2, 2%), (%, 29)}| = 4n — 2 >
|F’|, which is impossible. Hence, For any vertex = € 111119 — F, there exists a path
joining x and Qn e — F

Case 1.2 When ¢ > k, @, can be partitioned into (n — 1)-dimensional hyper-

cubes along some components 4, that is @, = f? Lk Qn 1 k,, Qn Lr = o
iLlfl,kg ill_l,then V( izofl,k%V( :1171,1?)] E;UE, and|[ (@, n— lk) V( nlflk)”

=|E; UE; =2">4n — 5 for n > 4. Since i > k, for convenience, let i = n, then
for any vertex x € Qzl_l,k — F, we will find a path joining z and QZQM — F.
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Case 1.2.1 If the edge (x,z™) or (x,Z) not in F, the required path is (z,z") or
(z,T) joining z and Q™ , r—F

Case 1.2.2 If the edge {(z,2"), (z,%)} C F, if there exist edges (z,27), (27, 2/") ¢
F or (z,27),(2?,27) ¢ F, then the required path is zz/z/" or za’zi. Otherwise,
let {(z,z'), (z,2")} ¢ F, but {(z!, ), (z!, 21), (22, 22"), (22,22)} C F. Let A =
{(x,29), (27, 27"), (27, 27) : j # 1,2} N F, then |A| > 2. Suppose {(z!, z'%), (22, 2%)}
¢ F, then there exist both (2%, 2'%?) ¢ F and (z'*?, z15P) ¢ F, or both (2%, z'°P) ¢
F and (2'?,2'P") ¢ F, or both (z%,224) ¢ F and (2%9,224) ¢ F, or both
(z%, 221) ¢ F and (x4, 2249") ¢ F, for example, both (%, 21%P) ¢ F and (z'*P, z15p)
¢ F, then zal x5 1P is the required path joining 2 and QZQM — F. Otherwise
{(xls, xlsp)’ ($18,ﬁ), (x2t, 332tn)7 (x2t,ﬁ)} C F, let B = {(LE157 xlsj)7 (xlsj7 xlsjn%
(199 217y §j # 1,2,y N F and C = {(z¥,2%9), (2?9, 2207, (220 22U0) . § #
1,2,t}NF, then |B| > n—3 and |C| > n—3. Since dgn | k_F(x) > 2, for any vertex
x € Qzlka, suppose edge (x'%,71%P) ¢ F and (22, th)7¢ F. If (P glsrm) ¢ F,
then zalz21P21P" is the requlred path joining x and n v FLIE (zP, z1p) ¢
F, then za'z'5z'*P21sP is the required path joining z and Qn 1k — F. Other-
wise, if there exists some j such that both (217 2'P7) ¢ F and (x 1Spj,ac15pj) ¢ F,
or both (z!*P, 2'%P7) ¢ F and (z!'*P/,zlsri) ¢ F, then zaxlz'SxlsPglsriglsrin or
a1 15Pi1spi is the required path joining z and Qn e — F

Case 2 If there exists some dimension i € {1,2,---,n} such that fr > 4n — 8,
then fr+|[V(Q}_ 1k) V(Q:_ 1,~C)]|OF < 3,50 QY 1k—Fis connected. We consider
the following two subcases:

Case 2.1 When i > k, @, can be partitioned into two (n — 1)-dimensional
hypercubes along some components i, that is @, = Qi?—l,k U Qi}fl’k, Qi?—l,k ~
90 and QL 1 & = QL then [V(QP | 1), V(Q4_1 )] = Ei U E.. For any vertex
x 6 QL 1 — F, if edges {(z,2%),(z,7)} ¢ F, the conclusion is true. If edges
{(z,2%), (z,7)} C F, since deﬁ _pl(x) > 2, for any vertex z € Q'L 1k, we can
suppose edge (z,2%) ¢ F and (z,2') ¢ F. Because f + |[V(QF_1 ), V(QL_1 )]l N
F <3, {(z5,2%), (2%, 2%), (zf, 2), (a, 2%)} ¢ F, say (2°,2%%) ¢ F, so zz®z* is the
required path joining x and Qn e — F-

Case 2.2 When i < k, @, can be partitioned into two (n — 1)-dimensional
enhanced hypercubes along some components i, that is @, = QZO 16 Y Qn Lo
then [V/( j?ka),V( nl—l,k)] = FE;. For any vertex z € anl,k’ if edge (m ) ¢ F,
the conclusion is true. If edges (v,2°) € F, since inLl_l’k_ p(x) > 2, for any vertex
T € Q1) — F, then [{(z, 29, (z,@) 1 i # j} — F| > 2, say (z,2°), (z,2") ¢ F. If
{(x%,2%), (2%, 2")} ¢ F, let (2°,2%%) ¢ F, then zz°2 is the required path joining x
and Q0 | p— P IE{(2, 20 ), (2, 2%)} C F, since szll_Lk_F(xS) > 2, say (2%, 2°P) ¢
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F'. Because fr, + |[V( ;?fl,k)’ V( gﬂ,k)“ NF <3 and {(z, 2"), (%, z1), (!, 2'")} C
F, we obtain (x*P,x*P?) ¢ F, and xz®z*Px*P’ is the required path joining z and
f?_l’k — F. So A2(Qn) > 4n — 4. Therefore A2(Qp ) = 4n—4, for 2< k <n—1,
n > 3.
By analyzing the above cases, the proof of the theorem is complete.

4 Conclusion

Network topology is an important issue in the design of computer networks since
it is crucial to many key properties such as the efficiency and fault tolerance. We
consider the conditional edge connectivity for hypercube and enhanced hypercube
networks. This parameter is the generalization of edge connectivity of graph, and
can reflect the real cases more better. The results show that at least 2n edges
must be removed to disconnect the n-dimensional enhanced hypercube networks,
provided that the removal of these edges will preserve the each component having
minimum degree one, and at least 4n — 4 edges must be removed to disconnect the
n-dimensional enhanced hypercube networks, provided that the removal of these
edges will preserve the each component having minimum degree two.

This paper reveals the conditional edge connectivity of enhanced hypercube.
The study of other conditional connectivity in the enhanced hypercube is one of our
further projects.
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