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Abstract

This paper is a brief introduction to Yang-Mills-Higgs model, Maxwell-
Higgs model, Einstein’s vacuum model, Yang-Baxter model, Chern-Simons-
Higgs model and a discussion of the associated partial differential equation
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1 Introduction

There are many interesting and challenging problems in the area of classical field
theory. Classical field theory offers all types of differential equation problems which
come from the two basic sets of equations in physics describing fundamental interac-
tions, namely, the Yang-Mills equations [1,2], governing electromagnetic, weak, and
strong forces, reflecting internal symmetry, the Einstein equations governing gravity,
and reflecting external symmetry.

It is well known that many important physical phenomena are the consequences
of various levels of symmetry breakings, internal or external, or both. These phe-
nomena are manifested through the presence of locally concentrated solutions of the
corresponding governing equations, giving rise to physical entities such as electric
point charges, gravitational blackholes, cosmic strings, superconducting vortices,
monopoles, dyons, and instantons. The study of these types of solutions, commonly
referred to as solitons due to their particle-like behavior in interactions.
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The main purpose of this paper is to provide a quick and self-contained mathe-
matical introduction to field theory. In particular, we shall see the origins of some
important physical quantities such as energy, momentum, charges, and currents. In
Section 2, we introduce the Yang-Mills theory, and give the existence of solution in
different conditions. In Section 3, we discuss the existence and instability of solution
of the Maxwell-Higgs equation respectively. In Section 4, we consider the solution
of the initial value problem to Einstein’s vacuum equation. In Sections 5 and 6, we
introduce the Yang-Baxter equation and Chern-Simons-Higgs equation briefly.

2 Yang-Mills-Higgs Equation
Yang-Mills theory is a gauge theory based on the SU(N) group, or more generally
any compact, reductive Lie algebra. From a mathematical point of view, the gauge
field is equivalent to the connection between the principal and the slave, and the
material field is equivalent to the cross section of the vector cluster. The self-dual
Yang-Mills equation can be deduced the integrable system.
By introducing physical variable (¢, z)=(t, z1, x2, 3, z4), r=|z|, define derivative
0 & 0
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Yang-Mills potential is A* = A*(xz,t) (un=0,1,2,3), and the field functions are
EF = 08 A0 4+ 094k 4 AF x A0, H* =y (8in + %Aj X Ai), ki j—=1,2,3,
where g;;;, is the convertible symbol and €123 = 1. The covariant derivative is
D=9 = A%, DF=0F+ Az, k=1,2,3.

For three-dimensional space vector ¢ = ¢(x,t) (Higgs field), set y)* = D*¢, then
Lagrange density [3] is
3 3 3 3

ﬁzi{ DB HE P —m? <A0|2—Z|A’“|2> +!D°¢I2—Z!D’“¢!2} ~V(9),

k=1 k=1 k=1 k=1
(2.1)

where V(¢) = Vo(|¢|?), Vo is a real function of real variable. Let V'(¢) = 26V{(|¢|?),
where Vj is the derivative of V, the motion equations of £ has the following form:

( D'E! = ;3 DT H* — m2A" + ' x ¢, i=1,2,3,
3

ZDk‘Hk:wO ><¢—i—m2A0,
k=1 (2.2)

3
DO =3 " DFyF = —V'(¢).

k=1
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By the definitions of E?, H’ and Jacobi identity, we can find the following equations

DOHO = _5Z]kDJEk7 iaja k= 1a 2’ 37 (23)
3

> DFH* =0, (2.4)

k=1

D%« —DIy? =E/ x ¢, i=1,2,3, (2.5)

El]lewj :(bXHkv iajak:172737 (26)

where el = (1,0,0), €2 = (0,1,0), ¢* = (0,0,1), w = , P = e xw (k =
1,2,3), |8ll2 = ( fus l6%dz)”.

There is the following result.

Theorem 2.1 Assume that

(i) V(¢) = c1]9|? + c2|¢|*, where c1 and cz are nonnegative constants,

(ii) o, Po € ﬁ{ ﬂLﬁ, ay, b1 € L%, m=0, co =0,
or

(iii) oo, Bo € Hf N LY, 1,81 € L2, m >0, c3 > 0,
thus under conditions (i)(ii) or (i)(iii), Yang-Mills-Higgs equations (2.2)-(2.6) have
a unique solution satisfying

Az, t) =0, Az, t) = alrt)* (k=1,2), o(x,t)=B(rt)w, (2.7)
Ak(m,O) = ozo(r)vk, atAk(x,O) = ozl(r)vk, o(x,0) = Bo(r),

Ocp(x,0) = B1(r)w, (2.8)
O A* 019 € C(R; L), (2.9)
If (i), (i) hold, A*, ¢ € C(R; H}), (2.10)
If (i), (iii) hold, A*, ¢ € C(R; H}), (2.11)
where f[}, H} are radial functions of r = |z|, having compact support, with the

complete space being equaled with the norms ||Vl and ||¢||2 + || V@||2 respectively,
and LY denotes the radial symmetric function in LP integrable space.

3 Maxwell-Higgs Equation

The Maxwell-Higgs equations (also known as Ginzburg-Landau equations) takes
the following form

D F"™ = —jb, (3.1)

~—

A
DD = 5 (162~ 1) = 0. (32

Denote the time variable ¢ by 2° and the spatial variables by z; (j = 1,2,3), 9, =

Ogp. x# are the coordinates of Minkowski space (R1+3,gm,); v =0, (gu)
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diag(—1,1,1,1), z, = gy, Fuw = 0,4, — 8, A, j* = Im(eDV¢), D, = 0, + A,
is the covariant derivative for any space or time variables, A, is the electromagnetic
potential, ¢ is the complex function and an order parameter of Higgs field, A is
Ginzburg-Landau constant, for simplicity, letting A = 1.

The electromagnetic field F,, gives rise to the induced electric and magnetic
fields as follows

. 1 .
E; = Foi, H'=xFy = §€¢ijjk,

where *F" is the Hodge dual of F', xF},, = %suyagFo‘ﬁ.

For given function ¢(z,t), we define its spatial gradient Vo = (0;¢)i=1,2,3, where
dp = (0o, V) is the full spatiotemporal gradient. Denote D’Alembert operator
by L,

O=-02+A=-02+0} 402 + 02
It is easy to see that equations (3.1) and (3.2) have total energy conservation
E(t) = E(0),

where
1
E(t) = 2/ {E2 + H? + Dol + > |Displ” + 1(’@\2 - 1)2}0137-
R3 -

Ginzburg-Landau equations are gauge-invariant with respect to the appropriate
smooth function y, defining

P = Lpeix, B, = A, + 0,x.

It is easy to known that if (¢, A) is the solution of equations (3.1) and (3.2), then
(1, B) is also the solution of them. In order to make definite solutions of well-posed
problem, we must add gauge conditions
(i) Coulomb gauge
ViA; =0, (3.3)
(ii) Temporal gauge
Ag = 0. (3.4)
In fact, if the finite energy solution exists under the coulomb gauge condition, then we
can obtain the same result under the appropriate gauge transformation. Therefore,
we only need to consider the coulomb gauge condition (3.3).
It’s different from the method obtained by Eardley Monerief, from which we can

obtain the existence of global smooth solution to Yang-Mills-Higgs equations under
the temporal gauge condition. By the method obtained by Klainerman et al., the
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existence of finite energy global solution of equations (3.1),(3.2),(3.3) or (3.4) is
obtained.

Under the coulomb gauge condition, the solution of equations (3.1)-(3.3) can be
written as the following form

T4, = —PLu(¢Dp),
1

D'Dyg = 5 (le* = e =0, (3.5)

AAO = —Im(go : D(]@),

where P denotes the projection operator on a divergence field, namely, for any field
B,

PB = (—A)"Y(V x (V x B)).
By V%4 = 0, (3.1) can be written as (3.5);. Consider the initial condition
A(x,0) = a()(z), A0, z) = ap (), (3.6)

©(0,2) = wy(x), Orp(0,2) = o1 (z),
divag(z) = divai(z) = 0.

It follows from (3.5)2 that
MLy (0, D). (3.9)
By (3.9), it yields
00'A; = 0. (3.10)

We know from equation (3.10) that if the initial values ap and a; are the form of
divergence free, then (3.3) is automatically satisfied for all time ¢.
Introduce energy module

1
F(A,9)(t) = [10A]l 2 + llellz2 + 10@llz2 + 5 /(!wl2 — 1)*da,

then there exists the following result.

Theorem 3.1 Consider the general initial value a(y), a1y, (o), (1), for equa-
tions (3.6)-(3.8), and let

1
Fo = IVallzz + llawyllzz + IVeoyll2 + lleaylle + 1 /(|90%0) — 1)%du,

then there exists a unique generalized solution

0 e C(0,T;HHYNCY0,T;L?), A, e C(0,T;HY), 08,44 € C(0,T; L),

where H' denotes the homogeneous Sobolev space and satisfies the energy inequality
E(Ag, A, p) < Fo. Furthermore, we obtain
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Fo(A,)(t) < C(1+1)Fo, te[0,T],

T
/0 (IBAE, )l L2 + 1B (t, ) [l £2)dE < oo,

(iii) if the initial value is smooth, Vay € H*(R?), aqy € H*(R?), @) € H(R?),
o) € H3(R3), s >0, then for any t > 0, there is

Ao(t,-), A(t,-) € H*TL(R?),
6,5A0(t, '), 8tA(t, ) S HS(Rg),
p(t,-) € HHH(R), dip(t,-) € H*(RY).

Next consider the instability of Maxwell-Higgs equations with respect to sym-
metric vorticity.
Consider Maxwell-Higgs equations [4]
6MF,LLV = _.jl/7

A 3.11
D,D" 6+ S (9 ~ )6 =0, 1

where D,, = 0, —iA,, Fu = 0uA,—0,Au, 1 =0,1,2, A,(x) is the electromagnetic
field potential, ¢(x) is Higgs field, Foj,7 = 1,2 are the electric fields, —Fy2 is the
magnetic field,

j, = Im(6D,8) = —%(qu,,gz) —3D,$), v=0,1,2. (3.12)
The conservation of energy is
1 2 2 A 2 2
5 | (1Bl + D46 + 5162 = 1)?) dzydas. (3.13)
2 Jpo 4

For the stationary Ginzburg-Landau equations

7

curl?A + 5[$D¢ — ¢D¢| =0,

\ (3.14)
= D%+ (19" =)o =0,
there is a vortex number as follows:
1 1
— [ VxAdx = — lim Adz, (3.15)

21 Jp2 2T N—oo |z|=N
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which has a topological significance as the winding number of the Higgs field ¢. The
numerical results indicate that for A < 1 and all charges n, the vortices are stable.
On the other hand, for A > 1 and |n| > 2, the vortices are unstable. We can give its
analytical proof.

Under the temporal gauge condition Ag = 0, the Maxwell-Higgs system takes a
form as follows:

0 — AJA, = 0,0" A4, = S(6D ~ 5D,6), (316)
0 — Al — i4,0%0 — A4, 4% + (9] ~ Do = . (317)

where v, = 0,1,2. A, = A3, u=0, A, A" = —AZ, u # 0. We can rewrite (3.16),
(3.17) as the following form:

001 A1 + 24s) = - (6016 — 60k9), (318)

Ou(Ap) = AAp — Op(01 A1 + 02 A2) + %@Dha — ¢Dy9), (3.19)
A

Ot = A6 — 14450 — 10i(A0) — 26— S0P — o, (320)

where h =1,2, 7 =1,2.

First we linearize the Maxwell-Higgs system around a given radial vortex (a,n) in
the temporal gauge Ag = 0. Plug A = a+ew and ¢ = n+¢e1) into the Maxwell- Higgs
system (2.2), (2.3), and (2.4), and take the derivative with respect to . Evaluating
at € = 0, we obtain the linearized Maxwell-Higgs system:

d?v
de?
where v = (w1,ws,11,¥2)", 1 = Retp = Imy.

The linear operator L has the form

=Lv = —f”‘(am)lj, (321)

D92 — |n|? —012 g13 — 1201 g1a + mo1
=12 A1 — |n)? g3 — 1202 go4 + Mo
g31 + O1(m2x g2 + Oa(m2 X A+ gs3 2a;0; — Aman |7

ga1 — O1(m X gag + Oa(mx  —2¢;0; — Ampam A+ g

where

913 = g31 = O1m2 — 2a1m1, g1a = ga1 = —01m1 — 2a17m2,
923 = g32 = Oam2 — 2a9m1, goa = gaz = —0am1 — 2a2m2,
A A
933 = —5(2’771\2 + P =1)—la]*, gu= —5(2\772\2 + 0 =1) —|al*.
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It can be proved that for the vortex (a,n) that the system is not only linear stability
but also nonlinear instability in the norm [|v||x = [[v|| g1 ®2) + [[V[| Lo (r2)-
Theorem 3.2 Let (a,n) be vortices such that

(€"(1),m) <0,

for some v1 € HY(R?), then there exists an g9 > 0,¢ > 0, for any small § > 0 there
exists a family of solution v (t) of the Mazwell-Higgs equations such that the vortex
number of w(0) is zero and

1°(0)||lx =6
but

sup ||V5(0)HX < 9.
0<t<|1In |

Thus (a,n) is unstable with the norm X.

4 Einstein’s Vacuum Equation

Einstein got the following famous Einstein equation in studying the gravitational

field

v 1 v
RM - 59“ R= —kTMV, (41)

where R* is Ricci tensor, the scalar curvature R is
_ v
R=¢"R,,,

T, is the energy-momentum tensor. If k = 87G, G is the Newton’s gravitational
constant, then there is Einstein gravity field equation
1

RM — ig’wR = —81GT),. (4.2)
If k =8nG +4A, T = ¢g"'1,,, there is
1
Ry — Agu = —87G (TW _ 5gWT). (4.3)
If there is no matter, the Einstein’s vacuum equation can be obtained,
Ruu = NGuv; (44)

where A > 0 is the cosmical constant, g, is the Riemann matrix.
Consider the following form of Einstein’s vacuum equation

9700059, = Ny (g, 0g), (4.5)

where N denotes the term with the square of the first derivative dg. Consider the

initial value problem along the super-plane ¥ : t = 20 = v,



No.4 B.L. Guo, etc., Problems of Nonlin. Part. Diff. Eqgs. in Field Theory 339

Vas(0) € HH(D),  0igap(0) € HH(X), (4.6)

where V represents the gradient with respect to the space coordinates z*, i = 1,2, 3.
H? is Sobolev space. Let go3(0) be continuous Lorentz matrix and
lSl|1p |908(0) — mag| = 0, 1 — o0, (4.7)
x|=r
3 1
where |z| = ( > ]a;l|2> * Mg is Minkwski matrix.
i=1
Theorem 4.1 Assume that equation (4.5) satisfies the initial value conditions
(4.6), (4.7), for s > 2, then there exist temporal interval [0,T] and unique solution
(lorentz matriz) g € CO([0,T] x R3), g, € CO([0,T], H*™Y), T only depends on the
norm 1109, (0) s+
Theorem 4.2 Consider the classic solution of equation (4.5), then there exists
a temporal interval T' only depending on ||0gu.,(0)| gs—1 for any given s > 2.
To show Theorem 4.2, rewrite (4.5) as

9*°9003¢ = N(¢,09), (4.8)

where ¢ = (glw)7 N = (NMV)v gaﬁ = gaﬁ(¢)'
In order to prove Theorem 4.2, the following estimates need to be established:
Energy estimate. For the solutions of equation (4.5), there is

10011 g0 211y < 199(0)] s, (4.9)

where the constant C' only depends on ||¢|| Lo (jo,77;20) and |09 L1 (0,750
By Strichatz estimate,

108l L1 (0,17;220) < CllOB(0)|[ rs—1, 8 > 2, (4.10)
106l 2(j0,17;220) < Cll0(0)|| 14+, v >0, (4.11)
and bootstrap hypothesis
101 L2 ([0, 10 514++) + 108l £2(j0,7);25¢) < Bos (4.12)
we can make the better estimates
100 r2(0.1): 1) < C(Bo)T?, 6> 0. (4.13)

5 Yang-Baxter Equation

Yang-Baxter equation is obtained by Yang when studying the S scattering ma-
trix of multibody problem in 1967. In 1982, Baxter introduced it to the exactly
solvable model in statistical mechanics, which plays an important role in the quan-
tum backscattering method.
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Yang-Baxter equation is the matrix equation of three space v; X v X 3

R"2 (u,n)R™3 (u + v,n) = R (v,n) = R (u,n) R""* (u + v,n) R""? (u,n),
(5.1)

where k matrix acts only on two direct product spaces, and the action on the third
space is equivalent to the identity transformation. Yang-Baxter equation contains
two parameters, one is the quantum parameter 7, the other is the spectral parameter
u. Yang obtained Yang solution:

u—iJ 0 0 0
u—1JQ 1 0 u =i 0

u+iJ  u+iJ 0 —iJ wu 0 ’
0 0 0 w—1J

R(u,J) =

where J is the coupling constant, () is the exchange operator of two spaces
Q: V1 X Vy — Vg X .

In two-dimensional ice pole model, Quantum parameters and spectral parameters
are all related to pole energy:

exp(—fe1) =rsin(u+1), exp(—pfez) =rsinu, exp(—pFes) = rsinn.

We obtain
sin(fu+mn) 0 0 0
B 0 sinu sing 0
Ru,m) =r 0 sinn sinwu 0
0 0 0 sin(u+n)
or

ABA = BAB, A,Be€GL(X),

A,B: X — X are the bilinear operators, X is a linear space.

6 Chern-Simons-Higgs Equation

Consider a nonlinear Schrédinger equation

8g0 1 9
i = A — gl (6.1
Let p = \w(t,x)|2, then we have
0
2 St v+ 5o = - s wod —Town |

Thus, if we use the notation J = (J*) = (p, J*), where
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J = (J")p=12,
k_ b ooiokT Takoy b oo o _
So we have
oy J" =0, or Z'Z+V~J:0. (6.2)

It is clear that equation (6.1) is the Euler-Lagrange equation of the action density [5]

— 1
£ = o — 5|0 + Sl (6.3)

We introduce a real-valued gauge filed A = (A,) (A, € R, 4 =0,1,2) and covariant
derivatives D,, = 0, —iA,, p = 0,1,2. Hence we arrive at the gauged Schrodinger
equation

1
Doty = —=— D% — gly|*y. 6.4
iDoy = 5 D3 — glyf*y (6:49)
We introduce Maxwell equation
O FH = —J", (6.5)

where F,, = 0,4, — 0,A,, n,v = 0,1,2. The strength tensor gives rise to the
induced electric and magnetic fields, E = (E1, F2,0) and B = (0,0, B), by the
standard prescription

Ej:FOja Jj=12, B=F.
Therefore, (6.5) becomes
B=- 6.6
2 (6.6)
Ej=——ejJ* k=12 (6.7)
K

Equation (6.5) or system (6.6),(6.7) is the simplest Chern-Simons-Higgs equation.
Equations (6.4),(6.5) are gauged Schrodinger-Chern-Simons equations. It is clear
that this system is the FEuler-Lagrange equations of the action density

K o oy 1 g
L= —55“ A0y A + 1Y Dorp — %‘Dﬂﬂz + §‘¢|7 (6.8)

where e"*A,0, Ay = %ﬁ“’aAqua is the Chern-Simons term.
In the following we shall look for the explicit static solutions which are inde-

pendent of oy = ¢ of the nonrelativistic Chern-Simons theory (6.8), hence equations
(6.4)-(6.6) become
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1
Ao = == D3 — gl 4,

1
Fip = *WJ’Q (6.9)
0jAg = ~9 kﬁgk(ﬂ)Dkl[) VD).
By some calculations, (6.9) can be reduced into
Dy =0,
1
Fio = — 2
12 KW\ ) (6.10)

1
Ao =F5 — .
mk
When g = £-1, equations (6.10) can be viewed as a first integral of (6.9). Also
1
F=F;AIn |2

It can be shown as before that (6.10); implies that the zeros of v are discrete and
finite. Let the zeros be pi,p2,- - -,pn € R2. By the subtitution u = In ||, we
transform (6.10)7, (6.10)2 into the equivalent Liouville equation

N
2 U
Au=t=e +47TZ<5P].. (6.11)
7j=1
If let k = F|x|, (6.11) becomes

Au = Me +47r25p] (6.12)
Using the complex variable z = z; 4 tx2 and Liouville method, we can rewrite u as
Als||F(2) 7 >
wz)=In|———5= 1, 6.13
R (e (613)
where F'(z) is any holomorphic function of z so that p1,pa,- - -, pn are the zeros of

F'(z). In particular, we may choose F(z) to be a polynomial in z of degree N + 1.
The solution pair (¢, A) of the self-dual equations are given by the scheme

¢(z):exp(% (z) +i6(z ) Zargz—

Ai(2) = —Re{idx Iny(2)},
As(z) = —Im{id+ Iny(z)},

(6.14)

[W(2)]° =" = O(lz| 2N, @ = (z1,22), |2] = oo
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Consider Abelian Chern-Simons-Higgs system [6]
K
L= ZGWPA#FVP +[Duo? = V(|- (6.15)
The theory possesses two vacua: ¢ = 0 and |¢| = v, one is symmetric and the other

is asymmetric.
The energy of the system is

E:/&ﬂW@P+WWP+WWW
2 2 E2B 2
:/d%@m fozpg D10 + Vel (6.16)

The term % is fundamental, it forces the magnetic field to stay away from the
¢ = 0, that is, the magnetic field goes to zero faster than |¢|?.
The equations of motion are

oV
D,DV¢ = ——— 1
1 . "
§/<a€WPFl,p = —te(¢p*DH¢p — ¢ DH ™). (6.18)
Performing the Bogomol'nyi factorization, one obtains
iE? 2
E = /d%[ Doop + —(W —v?)¢| +|Dsp|> £ev?B|, (6.19)
where Dy¢ = (D1 +iD3)¢, then
E > ev?|®p|, (6.20)

where ®p = [d%zB = 27n/e.
Consider the self-dual Maxwell-Chern-Simons Lagrange is

1 1 1
L= FuwF" + heppAuFyp + | Dyg|? + 5((%]\7)2 —Upps(|¢l,N)  (6.21)
with the BPS potential
1
Upps(1], N) = 5 lelo]* + kN — ev?)” + e*N?|g]". (6.22)
The Bogomol’'nyi completion of the energy is

1
B [ 178 + 1%+ D06 + Dol + SN + JON)? + Vs |

1 1
:/de{2(FioiaiN)Q-l-Q(F12i(e\¢|2+kN—eU )| DogpFieg N |[*+| Dy |+~ (60N)}

> ev?dp, (6.23)
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and the seld-duality equations are

Di¢ =0, (6.24)
Fis %+ (e|p|* — ev? + EN) = 0. (6.25)

Consider the domain wall energy of system (6.21)

1
7~ [ do10.:6P + 5 0N + Unps(lolo, )
_ /d:c 106+ eNoP + %(axzv + (c|@[2 + kN — ev?))?

:F<eN|¢]2 + %kNQ - erN)] (6.26)

When A, = 0, the energy reads

T = /dx[|3x¢|2 + 310N + Usps(le], V)]
+%(aon)2 + %(&Ay)? + e Af|p* + 2 Ax o)
_ /dx [laxqﬁ +eNg|® + %(azzv + (e|pf + kN — ev?))?
q:(eN|¢\2 + %ksNQ - erN) n %(aon +,A,)2

1
(Ao %' Ay)elo*)? F 0, (4,0, 40 - 2k;A§)], (6.27)

where the Gauss law has been used to write the completion and the second set of
+s is independent of the first set and is marked with ’.
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