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Abstract

In this paper, a two dimensional (2D) fractional Black-Scholes (FBS) model
on two assets following independent geometric Lévy processes is solved numer-
ically. A high order convergent implicit difference scheme is constructed and
detailed numerical analysis is established. The fractional derivative is a quasi-
differential operator, whose nonlocal nature yields a dense lower Hessenberg
block coefficient matrix. In order to speed up calculation and save storage
space, a fast bi-conjugate gradient stabilized (FBi-CGSTAB) method is pro-
posed to solve the resultant linear system. Finally, one example with a known
exact solution is provided to assess the effectiveness and efficiency of the pre-
sented fast numerical technique. The pricing of a European Call-on-Min option
is showed in the other example, in which the influence of fractional derivative
order and volatility on the 2D FBS model is revealed by comparing with the
classical 2D B-S model.
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1 Introduction
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modelling financial markets and pricing financial derivatives. The pioneering work
was presented in the 1970s by Black, Scholes [4] and Merton [23], who set up the
key principles of no arbitrage option pricing and derived a well known differential
equation model, that is the B-S model. However, the model was proposed under
many strict assumptions on the real financial market. More general models by
relaxing some restrictions were constructed in ongoing researches [12,13,24].

It is frequently found that the option price presents the features of heavy tails
and volatility skew or smile in real markets. Gaussian models fail to describe these
phenomena while Lévy (or a-stable) distributions can do. Lévy processes allow ex-
treme but realistic events, such as sudden jumps of market prices [7,19,20]. There-
fore, more and more different Lévy processes have been introduced into the financial
field to model price of financial derivatives. A modified Lévy-a-stable process was
proposed by Koponen [17] and Boyarchenko and Levendorskii [5] to model the dy-
namics of securities. This modification yields a damping effect in the tails of the
Lévy stable distribution, which was known as the KoBoL process. Carr, Geman,
Madan and Yor [6] raised a Lévy process (that is the CGMY process), which allowed
for jump components displaying both finite and infinite activity and variation. A
finite moment log stable (FMLS) process with the tail index a € (0, 2], which can
capture the highly skewed feature of the implied density for log returns, was applied
to model S&P 500 option prices by Carr and Wu [7]. Schoutens [27, 28] summed
up the application of Lévy process in finance. Of all the Lévy processes, the most
interesting include the CGMY, KoBoL and FMLS processes.

Fractional derivatives are quasi-differential operators, which provide useful tools
for a description of memory and hereditary properties and are closely related to Lévy
processes. When the price log-returns are driven by a Lévy fractional stable distribu-
tion, after some suitable transformations, the price of an option on underlying assets
can be modeled by a fractional partial differential equation (FPDE) [1,8-10,14,34].
In this paper we focus on a 2D FBS model governing European Call-on-Min option.
Assuming the two underlying assets S; and Se follow two independent geometric
Lévy processes with maximal negative asymmetry (or skewness) [7] (that is the
FMLS process), the option price V on these two assets is determined by a 2D FBS
equation [11] as below

oV 1917 aV
E+(r—va)%+(r—vﬁ)a—y+va-,o@ DIV +vg D5V:rV, (1)
where x = InS;, y = In Sy, v, = —%ao‘seco‘—;, vg = —%aﬁsec%ﬂ, and the pa-

rameters r and o(> 0) are the risk-free rate and the volatility of the returns from
the holding stock price, respectively. The fractional operators _.,Dg and ,ong
(1<a, $<2) are the left Riemann-Liouville fractional derivatives defined on infinite
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intervals [25]. Obviously, the FBS model (1) becomes the classical B-S model when
a=p=2.

It is well known that it is difficult to derive an analysis solution for FPDE.
So numerical simulation of the fractional pricing model has attracted considerable
attentions [3,8,10,15,21,32,33]. These financial literatures are all concerned with
one-dimensional situations on one asset. As far as the author knows, the exploration
of high dimensional fractional pricing model on multi assets is still sparse. Chen [11]
used a finite different scheme to solve model (1) and price the Call-on-Min and
Basket options approximately. Karipova and Magdziarz [16] derived a subdiffusive
B-S model for the fair price of basket options by the optimal martingale measure
and used the approximate methods to compare the classical with subdiffusive prices.

The non-locality of the fractional derivative operator leads to the denseness of
coefficient matrices, which makes the solution of the discrete system more difficult.
Moreover, the financial markets are becoming more and more complex, with trading
of numerous types of financial derivatives. The market requires updated information
about the values of these derivatives every second of the day. These yield a huge
demand for feasible, fast and high accuracy numerical simulations. In this paper, a
new implicit numerical scheme with second-order accuracy is constructed to approx-
imate the above 2D FBS model in finite intervals. Due to the non-local nature of
the fractional derivative, the numerical discretization of the 2D FBS model results
in a linear system with a dense lower Hessenberg block coefficient matrix, which
needs high storage space and computational requirement. This is disadvantageous
in the face of huge financial data and ever-changing financial market. In order to
speed up calculation and save storage space, the FBi-CGSTAB method is presented
to evaluate the linear system. It would be a contribution to a real world problem
whose solution would otherwise have been hampered by the fact that the solution
of the partial differential equation is required in a short period of time.

The rest of the paper is structured as follows: Section 2 derives a fully implicit
difference scheme (FIDS) with second order accuracy in both temporal and spatial
directions when the price of two underlying assets is limited to finite intervals. The
detailed numerical analysis is established in Section 3. In Section 4, a fast algorithm
combining the bi-conjugate gradient stabilized method with the fast fourier trans-
form is utilised to solve the discrete system in order to reduce the storage memory
and computational cost. A numerical experiment with an exact solution is proposed
in Section 5 to value the effectiveness and efficiency of the proposed fast numeri-
cal technique. Compared with the classical B-S model, the influence of fractional
derivative order and volatility on the 2D FBS model is revealed in another example.
The last section is dedicated to conclusions.
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2 The Fully Implicit Difference Discretization
In the section, a FIDS for the 2D FBS model is constructed. In computation,

we truncate the infinite solution domain into finite domain Q = (Zpin, Tmax) X
(Ymin, Ymax)- Moreover, in order to facilitate the verification of the accuracy of the
numerical scheme, we consider a more general form

ov ov ov o
E + (r - UO&)% + (’r - UB) ay + Vo "Tmin DmV + UB "Ymin Dyﬁv = TV + f’
(CU, y) S Q= (l’min,ajmax) X (yminyymax)7 te [O,T) (2)

with the following initial and boundary conditions:
V(x,ny) :So(xay)v (%y) € Qa
V(l‘mina Y, t) = V(l’, Ymin, t) =0, (3)
V(l‘maxa Y, t) = ¢($ma><7 Y, t), V(QZ, Ymax, t) = ¢(-737 Ymax, t)) 0<t<T.

Dg (1 < o, < 2) in equation (2) is the
Riemann-Liouville fractional derivative [25] on a finite interval. The existence and

The fractional operators , , D¢ and , .
uniqueness of the solution of this model were proved in [11]. In this paper, we focus
on its numerical simulation.

Lemma 129 Let u € L'(R), — DI and its Fourier transform belongs to
LY(R), then we have

Y —2q 2p—~ 2
oo Du(x) = —F A7 u(z)+ —=A) u(x) + O(h%), 4

uniformly for x € R, where p,q (p # q) are integers and A] pu() is the shifted
Grinwald-Letnikov difference operator [22] given by

P

1 o0
A7 u(@) = =37 gy u(a — (k= p)h)

with

Remark 1 Considering a well defined function u(x) on the bounded interval
[a,b]. If u(a) = 0, the function u(z) can be zero extended for z < a. Taking
(p,q) = (1,0) in (4), the v (1 < v < 2) order left Riemann-Liouville fractional
derivative of u(z) at each point x; can be approximated by the following operator
with second order truncation error
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i+1
oDYu(xs) =g DJu(x;) + O(h?) = = Zwk w(wi_py1) + O(h?), (5)

with

Wo =59 » Wi

™) ’;m () _ %m+2—7(v> k> 1,

which satisfies [29]:

2y — 2 —4
w(()w_; W = 72 7 o wé’y)_?’(W +4fy ).
oo m
Zw;ﬂ:o, wajko, m>2
\ k=0 k=0

In the following we will construct a fully discrete scheme to approximate the
equation (2). Let t, = (N —n)T (n =0,1,2,--- ,\N) and z; = Zmin + ihy, y; =
Ymin + jhy (1 =0,1,2,--+ , M;j =0,1,2,--- , M), where 7 = T/N is a temporal
step size, hy = (Tmax — Tmin) /My and hy = (Ymax — Ymin) /M, are spatial step sizes.
We discretize the first-order spatial derivative by the central difference quotient and
the R-L derivatives ., DZ and D by ngmDO‘ and
for the time derivative, the Crank-Nicolson scheme is employed. For simplicity, we

5 , respectively. As

Ymin ymln

define the following finite difference operators:

n.o_yn._ . no_ymn
+1,J i—1j n 5,J+1 5,Jj—1
59&‘/”-:(7'—1))2— 5V-:(r—v)—
b o 2h ALY g 2h ’
T Y
Vo () 83 (8)
ay/n . T [ n n __ n
op Vi = o E oV e, OOV = 7 W Vii—kt1s
T k=0 Y k=0

then equation (2) can be discretized as follows:

+§(5$+5y+5g+5y_’r)‘/zz “‘5(51"'53;‘*’5?"‘53;_7”)‘/%_]0 2+€z]7 (6)

—T

n+i
where Vi = V(zi,yj,tn), [ = f@iys,ta), fiy 2 = S5+ f1y) and € =

Oh2+hZ+72) (i=1,2,- My—1;5=1,2,--- ,My —Lin=0,1,--- N —1) is
the truncation error.

Let 17[; be the numerical solution of V;".. Multiplying —7 on both sides of
equation (6) and omitting the truncation errors, we derive the following FIDS to
approximate model (2):
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1= (Bt 8,4 0340 =) | Vs = [14 L (88,403 4+00 ) [ V=7 172, (1)
whose initial and boundary conditions is
VA =i, =12 My —1; j=1,2,- M, — 1,
YOJ V%_O Nn:1,2,--~,/\/', (8)
Vites = Uiy Ving, = Piag,s =12+ N

Let VM = (171”, ‘72", cee Vﬁy_l)T be a block vector and each block 17” = (171”J, ‘72”],

~ 1 1 1
Vit o). Similarly, P = ( TR 2T with f"+2 = (f"*?,
n+2 n+i . o
2’]2 sz21j) (.7:1727'”7My_1)'DenOteCOc:%acﬂ:;Z;aga* Zh: )7
&g = T(r % ) and n = %, then the formula (7) can be expressed in the following

matrix form:
(I+ MV = (I —MV"+C" —7F", (9)

where [ is a unit matrix of order (M, —1) x (M, —1), M is a block matrix which has
(M, —1) x (M, — 1) blocks and the size of each block matrix is (M, — 1) x (M, —1),
which is

A+ By B 0 e e e 0
By A+ By B 0
Bs B, A+By B :
B, -3 By A+By B 0
BMy_Q B3 B A+ By By
B, -1 Bj By A+ By
where the matrix A = (a; ;) (a1, —1)x (M, —1) has entries
W_Caw§a)a Z:.77.7:177M1‘_17
é‘a_gawéa)’ Z:]+17]:177M1‘_27
aij: _ga_Caw(()a)v Z:j_la j:27"'aMx_17 (11)
Gy, i—j22 =1, M, -3,
L0, otherwise,
_Cﬁwgﬁ)IMg;—la j: 07
— Cgwy )1 , 1=1,
B, - (&5 Cﬁ 0 IV Ia, -1 J (12)
(55 - Cﬁw )IMz—la J = 27
_Cﬁw IMl—la .7:3747 7My_17
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and ) ) .
n n+s ,n+s5 n+s
c :(Cl 2762 27"'7CMy31)T7
with each block
nti o n .
Cj+2:(0"' 0(§a+Caw( )>(V +1+VM )) ]:1727"'7My_27
n+2 n+1 n+1 n
CM -1= ((fﬁ"‘Cﬁwo )(V +V1 My) ) (gﬁ‘i'gﬁw )(V 2, M, +VMx—2,My)a
(€a +<aw5“>><vﬂzja@_l + Vit ) (€ + cﬁw@)(vm at, F Vi)
Of course each (M, — 1) x (M, — 1) bloch M;; of the (M, — 1) x (M, — 1) block

matrix M can also be expressed by

i)y =1~ Ca% -G "Jg;)
3)pp—1 = fa Cawz )7
)P+l = Caw(a)a
J)pﬂ ](3)q+17 p—q>2,q=12-- ,M; -3,
ipa =0, q=p>2 ¢=3,-- , My~ 1, (13)

q=
jrg— pg = Ipg(€p — ng(ﬁ)),
)

G.i+1)pg = Opg(—Ep — Cﬁwo ))7
7j)p,q = 5p,q(_cﬁwz‘(2'+1)v 1—j=>2,5=1,--- 7My -3,
Dpa=0,j—i>2 j=3 M, 1,

where ¢, 4 is the Kronecker delta.

3 Stability and Convergence of the FIDS

Using the Taylor expansion, we have
2
u (5 +6“——)(5 -

T3 r

= T [(6 sy v D2 = ) (= 1015+ v ) = ),
+O(r° + 7%(hZ + 1Y),

)V = V)

then the discrete scheme (6) can be transformed into

1= 021~ S0~ v

=1+ 5 (6 +os - Z)][1+ (5+55 v - I el ()

Similarly, the FIDS (7) can be transformed into
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1= 01~ S0 - ]

:[1+g(5$+5§;—g>}[1+%(5y+55—%)}%—#§f%- (15)

Let
GS = €alpr,—1 ® Daty—1 — Calar, 1 @ WP _,
G =&3Dn,1 @ Ing,—1 — Cﬁwﬁjq ® In,-1, (16)

where ® is the Kronecker product, Iy is the identity matrix of order N, W](\;Y)
(v = aor f) and Dy are Toeplitz matrices of order N with the forms

w@ w(()V) .. 0 0 —1 --- 0
w(v) w(v) .. : 1 0 - :
wy =2 ' |, Dn= o an

Then the matrix form of the discrete scheme (15) is

1+ (G4 20)] [+ (5 + 2r) 7t

2
[ (e M- @)oo

Lemma 2181 Let A € R™*" B e R™*5, C e R"™P, D e R*!, then
(A® B)(C ® D) = AC ® BD (€ R™*P"),

Moreover, if A, B € R™"™ I is a unit matriz of order n, then matrizes I ® A and
B ® I commute.

Lemma 308 For all matrices A and B, (A® B)T = AT @ BT.

Lemma 42 When 1 < v < 2, the eigenvalue \ of the matriz W](VW) defined in
(13) satisfies Re(X) < 0. Moreover, matriz W](\?) is negative definite, and the real
parts of the eigenvalues of the matriz Cle(\;Y) + CQ(WJ(\;Y))T are less than 0, where
c1,c0 >0, ¢34 c3 #0.

Lemma 508 Let A € R™™ have eigenvalues {\;}?_,, and B € R™ ™ have
eigenvalues {1;}L,. Then the mn eigenvalues of A ® B, which represents the kro-
necker product of matriz A and B, are

)\llu].a"' a)\luﬂ’H)\Q,u].a”' a)\QILLﬂ’H"' 7)\11,“17"' 7>\n,U/m

Lemma 620 For A € C"*", let H = # be the hermitian part of A and A*
be the conjugate transpose of A, then for any eigenvalue A of A, it has

>\min<H) < Re()\) < )\maX(H>a
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where Re(\) represents the real part of A, Amin(H) and Amax(H) are respectively the
minimum and mazximum of the eigenvalues of H.

Theorem 1 The FIDS (15) is unconditionally stable.
Proof According to Lemma 2, it has

GEGE = GIGS = €a€aDty—1 @ Dar, -1 — EaCaWiy) 1 ® D, 1
_CoszDMyfl & WJ&ZB—I + CO!CBWJEZ)—I X W]E;Q_p

then

(o 3)(65+10) - (et + ) 3)

which yields that any two of the matrices

(I—(G%JrgI)), (I—(G§+gl)), (I+(Gg+gf))_1 and (I+(G5+%I>>_l

can be commuted.
Here we suppose V" is the approximate solution of the implicit difference scheme
(15) and denote €" = V" — V" n=0,1,--- ,N, then " satisfies:

ooz 30 (e 30 = 1= o ) - (@2+ )

Therefore,

€ = [I+(G5+%I)rl [I+(Gg+gl)]fl [1- (Ggurgjﬂ |:I_(G5+gl)]6n—l

={[r+ (e 3n)]” (=g} [ ()] [-(cegn)] e
Calculate the symmetric form of G by Lemma 3 as:

G+ (GHT 1 a a

2() = §[§alMy—1 ® (Dpgy—1 + Dig, 1) = Calag,—1 ® (WJ(\/12—1 + (ngh)—l)T)]
1 o a

= —56lm,1® (W1E42_1 + (WM—DT)-

Similarly,
Gy+(G)HT 1 W
yz(y) = 3GV + (Wi )" @ D1,

According to Lemma 4, the real parts of the eigenvalues of [W]E?I)_l + (Wﬁ?j_l)T] /2
and [W}Z)_l —|—(WJ$Z)_1)T]/2 are all negative for 1 < a, 8 < 2. Furthermore, from the

consequences of Lemma 5 it has the real part of the eigenvalues of [G¢ + (G)T]/2
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and [Gg + (Gg)T}/2 are all positive for (o, (g > 0. Let A\, and Ag be the eigenvalues
of matrices G¢ and Gg , respectively, then the real parts of A, and Ag are both great
than zero by Lemma 6. Since

<1 +2 +/\5>_1<1 _1 —)\5) and (1 +2 +/\a)_1<1 _2 —)\a>

2 2 2
are the eigenvalues of matrices
(@] (e 3] ana [re (e gn)] - (e )]
respectively, the spectral radius of these two matrices are both less than 1 for > 0,
which yields that

3. M\t 5. 1M n n .\t 7 n
{l1+(c5+31)] |1=(ci+31)] ) and {[1+(co+30)] [1-(ce+31
converge to zero matrix when n approximates to infinity. Therefore the FIDS (15)

is unconditionally stable.
Proposition 1 G¢ and Gg defined in (16) satisfy

1 (e 3] [+ (e 30)] <

R I CE )

@i 2] - (3] =2
where || - ||2 is the 2-norm.

Proof From the proof of Theorem 1, we know the real parts of the eigenvalues
of G2+ (G)T and Gb + (G5)T are all greater than 0. Furthermore, G2 + (G2)T
and Gg + (Gg)T are both real symmetric matrices, which yields G¢ + (G¢)T and
GY + (GI)T are positive definite.

For any real vector v = (v, ve,- - ,vMy_l)T with v; = (vij,v25, UM —1,)
(j=1,2,---,M, —1) and n > 0, we have

oT[1+ (Go+ gI>]T[I+ (Gs+ gfﬂv

2
=(1+ g) oot (14 g>vT(G§f + (G + G202 > v,

Substituting v and v* by (I + (G¢ + 21I))*v and v*((I + (GS + 21))1)! in the

above formula, respectively, it obtains

{fr (o 3TY e (e 3] o
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which leads to

VT + (G + 3D U + (G + D)Mo
[+ oz 20)] "~ L NRCEIS VR

Similarly, it can be obtained that ||(I + (GB 21))7 |2 < 1. Therefore,
[+ (62 +30)] [+ (30,
<[l (e 2]l (3] =

2
Moreover, according to the positive definiteness of matrices G¢ + (G2)T and

GY + (GD)T, for any real vector v, it gets

i (o 3] - 3]
_ 1— DTG + (G + |Gl

(1-3) "= (1-3
(

80 80
— —~

\_/\/
4
—
—~
Q

< (14 g) v+ < 727 + (G + 1G5
oo oz 2 T+ (o4 20

Then

i (GnggI)]T}il - (G%gIﬂT[I—(G%gI)} (e 2n)] o< o™,

which means ; ) 3
e+ )] (o + 200, =

[+ (e 30 - (ez+50)]), <

holds because of the commutativity of the matrices (I +(Ge+11)"  and I — (G2 +
nr).
Similarly,

Consequently,

[+ - 2] - e+ )] =

is valid. The proof is completed.
Theorem 2 Let V[, be the exact solution of model (2) and V}"; be the solution
of the discrete equation (15). Then for 1 < «, 8 < 2, it obtains

"Vn—vn‘|2§C(h§+h§+T2), n:1727"'aN7

where C' is a positive constant.
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Proof Let e, = V" — XZZ Subtracting (14) from (15) leads to

[I+ (Gg‘+ﬁl>} [I+ (G5+ﬂf)]e"+1 - [I— (G§‘+Ql>} [I— (G5+ﬂf)]e"+rs”,

2 2 9 92
where
en:(e?’h 6371, o 6%171717 6711’27 6372’ T 6%171,2? B e?,My*l? eg‘,My*h T e?/[z*LMyfl)T7
g”:(gib 5721,17 o "6%1—1,17 5711,2, 5372, e ',ERL/[I_LQ, .. "5?,My—17 gngy_b e €7J\L/fz—1,My—1)T'
Then
-1 _1
omae bl (@ 0] e (o )]
—1
= Qe + ’7’|:I + (Gﬁ + QI)]_I [I + (GO‘ N ﬂj)}‘l nZngn—k—l
B Y 2 T 2 )
k=0
where
0= 1+ (6t + 2] i (o= 2]+ 2] - (e 20).

Since € = 0 and ||Q*||2 < ||Q||%, according to Proposition 1 it gets

et < 7 [+ (65 + 20)] ' Tr+ (e 20)] 7 55 1@t allen 4
k=0

2
n—1
<y e e < C(h2 + B+ 7).
k=0

The proof is completed.

4 Fast Bi-conjugate Gradient Stabilized (FBi-CGSTAB)
Method for Solving the FIDS

The implicit difference discretization of equation (2) results in a linear system
with a dense lower Hessenberg block coefficient matrix. Solving the linear system
(9) directly, such as by Gaussian elimination method, requires a computational cost
of O(M;Z’M;’) per time step and storage memory of O(M:?Myz), which represents
a high computational expense. Moreover, the ever-changing market information
and enormous financial data lead to the complexity of the market. These urgently
require fast computing. In the section, we present an efficient iterative method to
solve (9) by combing the bi-conjugate gradient stabilized (Bi-CGSTAB) method [30]
and fast Fourier transform (FFT), which significantly reduces the computational cost
to O(M,Mylog(M,M,)) per time iteration and the storage space to O(MyM,).
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By a simple calculation, M in formula (9) can be decomposed as
M =nIn,—1 ® Ing,—1 + G + G (19)

According to the formulae (16) and (17), it only needs to store w(®) = (w(()a),wga),

. ,wﬁz)T and w® = (wéﬁ),wgﬁ), e ,w](\gi)T instead of the full matrix M. More-

over, the elements of the vector C™% and F™ 3 also need to be stored. Then the
total memory requirement has been significantly reduced M, + M, + 2 + (M, —
1)(My — 1) = O(MyM,).

In the following, we consider the computational cost.

Since using the conjugate gradient squared method to solve the nonsymmetric
linear system (9) may arise the irregular convergence patterns, in order to avoid the
problem, the Bi-CGSTAB method is applied to (9) ([2,30]).

Algorithm 1: The Bi-CGSTAB Method for (9)
Stepl: In each time level t*, let VIO = VF=1 b = [I — M]V*~1 4 ck-1 — 7 k-1
Step2: Compute r® =b — (I + M)V ;
Choose an arbitrary vector R such that (R,r(®) #£0 , e.g., R =r(®
Step3: po =ap=wy=1,v® =p® =0
Step4: for i =1,2,---
Pi = (Ra r(i_l))
if p; =0, invalid
else continue
Bi = (pi/pi—1)(ai—1/w;—1)
p® = (=1 4 B (plt=1) — g, v(i=1)
v = (I+ M)p(i)
a; = pi/ (R, vt¥)
s=r"1D —q,v(®
Check the norm of s, if (||s|| < tol), then V) = V= 4 4,p® stop
t=UI+M)s
Wi = (t,S)/(t,t)
VO = v 4 g,p0 +s
r) =s —wt
Check accuracy; If V@ is accurate enough then quit, else continue
end for
Step5: Output V® = V@ error=]|s||/||b].

In Algorithm 1, in addition to the operation of matrix-vector multiplication, the
computational costs of other operations are only O(M,M,), so we have to compute
the matrix-vector multiplication in an efficient way (that is FFT) to reduce the
computational complexity. Since the matrices Dy, 1, Dy,—1, W]E/C[Q_l and Wjify)_l
are all Toeplitz matrices, and noting the decomposition in (16) and (19), we only
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need to consider the computational cost of (£ M,—1®1 M, —1)V for the Toeplitz matrix
Ly,-1 (£(4,7) =1;—;) and v € R(Mz—1)(My—1)

First we embed £p7, 1 into a 2(M, — 1)(M, — 1) x 2(M, — 1)(M, — 1) block-
circulant-circulant-block matrix Co(ns, —1)(as,—1) Of the form

Eny-1 @ Ip,—1 D1 @ IM,C—1>

C _ _ =
2(Mg—1)(My—1) <@My—1®IMm_1 L1 @ Iy, -1

where
0 lo—n, - [ l1
Iny—2 0 lo—p, - l_9
©My—1 = lMy,Q 0
I e e,
l1 ly e lMy_Q 0

Then the matrix-vector multiplication can be calculated as follows:

C v\ _ (-1 ©I1 0 D1 @In 1 [V
e AN Omy-1®Iv,—1 Lvy—1®Ip,—1) \O
_ ((SMy1 ® Ile)V>
Omy-1®@ I, —1)v)

It is well known that the circulant matrix Cy(pz,—1)(as,—1) can be decomposed as

Con,—1y(M,—1) = (Fo(ar,—1) ® Faar, 1))~ diag(c) (Fogar,—1) ® Foar,—1))s

where ¢ is the corresponding two dimensional FFT of the first column vector of
Con,—1)(M, 1) and Fypy_1) is the 2(M —1) x 2(M —1) discrete Fourier transform
matrix given by

p( wijk >’ = Vo,

Fyo—y (4, k) = 1

—————ex
2(M —1)
for 1 < j,k < 2(M — 1) — 2. For any vector v, the matrix-vector multiplication
(£am,-1 ® Ing,—1)v can be carried out in O((M; — 1)(M, — 1)log(M, — 1)(M, —
1)) operations via the FFT (see [31]). Therefore, by FBi-CGSTAB method, the
computational cost of solve linear system (9) has been significantly reduced to

O(MyM,log(M,M,)) per time iteration.

5 Numerical Experiments

Example 1 Consider the following fractional diffusion-convection-reaction equa-
tion with a source term
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aa‘t/Jr(T‘va)aaZnL(rvf;)aa‘;qua- 0D§V+U5-0D5V:TV+f,

(z,y) € Q2=1(0,1) x (0,1), t € [0,T),
V(J"ay?T) = 333y4, (m,y) €,
V(0,y,t) =V (z,0,t) =0,
V(1,y,t) =ytel 7t V(z,1,t) =23t 0<t<T,

(20)

where the source term
flx,t) = el—t [ - (14 T)x3y4 +3(r — va)x2y4 +4(r — vg)xg’y?’

I'4) 5., L'(5) _
e R AT o R

The exact solution of this equation is V (x,t) = z3y*el 1.

In Example 1, we always take the values of parameters as a = 1.7, § =1.8, r =
0.05, 0 =0.25 and T' = 1.0.

Tables 1 and 2 list the errors in the maximum-norm and its corresponding con-
vergence order of equation (20). From these tables, it can be seen that the numerical
solution obtained by the FIDS (7) is very close to the exact solution. Furthermore,
the convergence order of FIDS is in good agreement with the conclusion of Theorem

ErTom1 for the spa-
Eerrory

2. Here the convergence orders of the FIDS are computed by log s,
ho

tial step size h = hy = hy = ﬁ and log ar % for the temporal step size AT = %,
AT

respectively. The notation error; corresponds to the error when h = h; or AT = Ar;.

Table 1: Numerical errors and orders of Table 2: Numerical errors and orders of

convergence for Example 1 when convergence for Example 1 when
N = 1000, M, = M, := M. N =M, = M,.

M Max-error order N Max-error order

23 1 3.4836x10~ % 21 [ 4.1772x1077

27 19.3998x107° | 1.89 2° | 1.1199x10~* | 1.90

2° [ 2.4365x107° | 1.95 26 [ 2.8894x107° | 1.95

26 16.2067x107° | 1.97 27 | 7.3267x107° | 1.98

27 [ 1.5781x107% | 1.98 2% [ 1.8445x107° | 1.99

The consumed CPU times to run the Gaussian left division method, the Bi-
CGSTAB method and the FBi-CGSTAB method for fixed temporal step 7 = 1/300
are respectively displayed in Table 3. Especially, for the Gaussian left division
method and the Bi-CGSTAB method, the computer does not work properly because
there is no sufficient storage space when M, = M, = 28, From which it can be
seen that the FBi-CGSTAB method has significantly reduced the computational
requirement and the storage space. We carried out all numerical computations by
using MATLAB on Lenovo 1430 laptop with configuration: Intel(R) Core(TM) i5-
7500, 3.40GHz and 8.0G RAM.
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Table 3: Comparison of the consumed CPU time of FBi-CGSTAB versus Gauss
left division and Bi-CGSTAB under the same accuracy in Example 1.

M, = M, CPU time
Gaussian left division 2° 20.4063s
26 779.7031s ~ 13min
27 3.6428e+04s ~ 10h7min8s
98 soksk
Bi-CGSTAB 25 1.5469s
26 37.6563s
27 0.1034e+04s~ 17minl4s
98 soksk
FBi-CGSTAB 25 0.5313s
26 5.6250s
27 32.0625s
28 287.7696s~ 4min48s

Example 2 We now consider the following FBS model on two assets for a
European Call-on-Min option

ov ov ov
E‘F(T‘—Ua)%—f—(r—vﬂ)aiy—i—va . ngV—{—Ug -0D5V:1"V,

(z,y) € 2= (In0.1,In100) x (In0.1,In100), t € [0,7), (21)
V(z,y,T) = max{min(e”,e¥) — K,0}, (z,y) € €,

V(x,y,t) = max{min(e®,e¥) — K -e "I~ 0}, (z,y) € 09, t € (0,T],
where K is the strike price and T is the expiry time.

We use the FIDS (7) to solve this model approximately. Here taking the param-
eter K =50, T'=1, r = 0.05. The numerical results of the European Call-on-Min
option are plotted in Figure 1 against the stock prices S1 = e* and Sy = €Y with
a = = 1.5 and o = 0.25, which shows a fat tail characteristics.

Option Price («.=p=1.5)

60~

40+
LR Rstieniee
A T o R S TS
R Rty e T S e s S
204 : : e e )
L YA TR RS
S
0
100 100

0 0

Figure 1: Computed Prices of a European Call-on-Min Option
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To illustrate the influence of o and 3 on the option price, we calculate the price
of European Call-on-Min option numerically for different o and 3, and plot the
difference curves between the numerical solutions of the FBS model (21) and the
classical B-S model in Figure 2 at ¢t = 0.

Figure 2: Vrppgs — Vg for different o and 8 when o = 0.25

From Figure 2, one can see that the call option price obtained by FBS model
increases as « and 8 decrease when the stock prices S; and Sy are greater than a
critical value ( but close to the strike price), which likely implies that the option
price exhibits a jump (or convective) nature when a and (3 are close to 1, the jump
nature of the FMLS process delivers much higher prices. While a and 3 are close to
2, the corresponding option price mainly presents a diffusive nature. Furthermore,
in order to observe the effect of volatility rate o on the option price, the difference
curves for different o are presented in Figure 3 when o = 8 = 1.5. Figure 3 shows
that the difference value increases as the volatility rate o increases when S; and Sy
are greater than a critical value, which suggests that the FBS model is more sensitive
to volatility change compared with the classical B-S model. It would be indicated
that the FBS model can better capture the dynamic process of option price changes.

VepsVes( 0=0.2) Vg Vge( 6=0.3)

Figure 3: Vrpgs — Vg for different o

6 Conclusion

The complexity of the financial markets and non-locality of the fractional deriva-
tive operator yield a huge demand for feasible, fast and high accuracy numerical
simulations to FBS models. In the paper, a FIDS is constructed for a 2D FBS
model, which is unconditional stable and second-order convergent. Then, in order
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to solve the resultant linear system quickly and effectively, a FBi-CGSTAB is pre-
sented which significantly reduces the computational cost to O(M,M, log(M,M,))
per iteration and the storage space to O(M,M,). One numerical example with ex-
act solution is chosen to confirm our theoretical analysis. The comparison of CPU
time spent on running the Gaussian left division method, the Bi-CGSTAB mehtod
and the FBi-CGSTAB method highlights the remarkable effectiveness of the FBi-
CGSTAB in rapid computation. It is worth mentioning that this fast and high
accuracy numerical technique can be applied to similar models.

A European Call-on-Min option is priced by the FBS model and the proposed
numerical technique, which can also be used to price other more complex options,
such as barrier options. For different «, 8 and o, the difference curves of option
prices between the FBS model and the classical B-S model are plotted. From these
graphical features, we may think that the FBS model based on the Lévy process
not only presents the feature of fat tail, but also can capture some extreme but
realistic events, such as sudden jumps of prices, and thus more correctly simulate
the dynamics of option prices in markets with jumps than the classical B-S model.
We believe that these findings provide useful information for further applications of
the fractional calculus in financial market.
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