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Abstract

We analysis Hopf bifurcation in a Monod-Haldane predator-prey model
with three delays in this paper. Fixing 7 and 7 and taking 73 as parameter,
the direction and stability of Hopf bifurcation are studied by using center
manifold theorem and normal form. At last some simulations are given to
support our results.
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1 Introduction

The dynamics of predator-prey model with delay have attract many interest
for researchers [1-8], For example [3,8] discussed the effect of delay on the global
stability for predator-prey system, [6] discussed Hopf bifurcation of a ratio-dependent
predator-prey system with two delays, besides [4] studied Hopf bifurcation of delayed
predator-prey model with stage-structure for prey.

We know that Holling functional response is usually used to represent the grasp-
ing for predator and the functional responses is usually monotonic. But in microbial
dynamics or chemical kinetics, the functional response represents the uptake of sub-
stance by the microorganisms, and the nonmonotonic responses occur by experiment.
For example the inhibitory effect on the growth rate occurs when the nutrient con-
centration reaches a sufficient level [9]. This case always exists when micro-organisms
are used for waste decomposition or for water purification [11]. The response func-
tion p(r) = - +Z;i$2 is proposed by Ardrew to present the inhibitory effect which is
called Monod-Haldane function [10] at hight concentration. Besides Sokol and
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to

Howell [12] proposed a simple Monod-Haldane function of form p(x) = - e
describe the uptake of phenol by a pure culture of Pseudomonas putida growing on
phenol in a continuous culture. In [13] the ability of predator for prey is expressed
ﬁ‘”ﬁ. So we think Monod-Haldane

function in predator-prey model should be more realistic in some situation. Besides

by simplified Monod-Haldane function p(x) =

the diffusion between patch is introduced into predator-prey model should be more
reasonable. As we know, some kinds of delays always exist during the works about
predator-prey system, such as the hunting delay for predator, the delay caused by
gestation or maturation for predator and so on. Recently the following predator-prey
system [21] with three delays was studied:

i) = 21(t) (r1 — vt — ) - m) +6(wa(t) — 21(1)),
Zo(t) = xa(t)(re — agwa(t)) + d(x1(t) — z2(t)), (1.1)
% — doy(t — 7’2)>,
with the initial condition:

zi(0) >0, y(@) >0, 0e[-7,0, i=1,2, 7=max{7m,n, 73}, (1.2)
where x1(t), x2(t) denote the numbers of prey species in patch 1 and patch 2 respec-

tively, y(t) denotes the numbers of predator species in patch 1, ¢; is the capture rate.
z1

1+ka?

¢ denotes the conversion rate, ; (i = 1 2) is the birth rate of prey species in patch

Monod-Haldane response function expresses the capture ability of predator,
i respectively, a; (i = 1,2) and dy are the coefficients of intra-specific competition,
dy is the birth rate for predator, the delays 7,7 represent negative feedback of
prey and predator in patch 1 respectively, 73 is the hunting delay. J is the diffusion
coefficient.

Assuming 73 = 0, the author [2] studied the Hopf bifurcation of system (1.1)
with two delays (71 and 72) under four cases: (1) 71 #0, 2 =0, (2) 71 =0, 72 # 0,
B)m=10=7#0, (4) 1 # 72, 11 € (0,710), T2 > 0. But delay 73 always exists in
reality, we should consider its importance for dynamics. Although there are many
works about Hopf bifurcation with two delays [6,14-17]. But in my opinion, the
Hopf bifurcations with three delays [19,20] are rarely. In [20], the author considered
the following model HIV-1 system with three delays:

(= \— do(t) — Ba(D(t),
Yy = e Ma(t —m)v(t — 1) —ay(t) — aw(t)y(t),
zZ = aw(t)y(t) — bz(t), (1.3)
0 = kem®y(t — 1) — pu(t),
) = qu(t).

w=ce BBz(t — 713
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The dynamics were discussed under three cases: (1) 71 > 0, 72 = 13 = 0, (2)
T € (0,7‘10), T2 >0, 3 =0, (3) T € (0,7’10), T2 € (O,TQ()), 73 > 0.

Stimulated by above work, we should discuss the Hopf bifurcation of system
(1.1) with three delays in this paper. In the first part, based on work [2], we give
dynamics of system (1.1) under two cases: (1) 71 > 0, o =73 =0, (2) 71 € (0,710),
T > 0, 73 = 0, then we discuss Hopf bifurcation of system (1.1) with three delays
(1 € (0,710), 72 € (0,724), 73 > 0) and give the direction and stability of Hopf
bifurcation by center manifold theorem and normal form [18], at last we should give
simulation to support our results.

2 Preliminary Work

Before our discussion, we give the following result:

Theorem 2.1 The solution of system (1.1) with initial (1.2) is positive.

Proof By the fundamental theory of functional differential equation [22], sys-
tem (1.1) with initial condition (1.2) has a unique solution (x1(t),z2(t),y(t)), t €
(0, 4+00).

Now we prove z1(t) > 0, t > 0. Otherwise, there exists a t* € (0, +00), z1(t*) =
0. We define ¢; = inf{t: z1(t) = 0}, from the first equation of (1.1) we get #1(t1) =
dxa(t1) < 0, so xa(t1) < 0. Define to = inf{t : x2(t) = 0}, we know t2 < ¢;. From
the second equation of (1.1), we get @a(t2) = dx1(t2) < 0, so x1(t2) < 0, which is a
contradiction.

Similarly, we prove za(t) > 0, t > 0. Suppose on the contrary that there exists a
t* € (0,+00), x2(t*) = 0. We define t3 = inf{t : x2(¢) = 0}, from the second equation
of (1.1) we get Za(t3) = dx1(t3) < 0, so x1(t3) < 0. Define t4 = inf{t : z1(¢) = 0},
we know ¢4 < t3. From the first equation of (1.1), we get 1 (t4) = dxa(ts) < 0, so
x2(ts) < 0, which is a contradiction.

From the third equation of (1.1), we get

y(t) = y(0) exp (/Ot (d1 + % — day(s — TQ))dS) >0, t>0.

The solution is positive, which means that preys and predator always exist.

From [2], we know system (1.1) has at least a positive equilibrium E*(27, 23, y*)
* * * e
where 25 = ga(27), y* = %(dl + 14:162(79611)2) and

) 171 C2T1
g2(@1) = gl +9 =) + oo ( T kx%)’

if the following hypothesis hold:
(Hl) ro — o> 0, Coy < 2d1\/%,

furthermore we have:
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Lemma 2.12  The solutions of system (1.1) with initial condition (1.2) are
ultimately bounded, that is, there exist positive constants My, Mo and T such that
fort>1T:

#(t) < M, as(t) < My, y(t) < M.

By transformation u;(t) = x1(t) — z7, ua(t) = z2(t) — 5, us(t) = y(t) — y*,
system (1.1) becomes
w1 (t) = aju (t) + arpua(t) + a1zus(t — 73) + araur (t — 71) + grud(t)
+gour (t)ur (t — 1) + gaua (t)uz(t — 73) + gawi(t) + gsui (t)us(t — 73) + hot,
U2(t) = agru (t) + axua(t) + haui(t) + hot,
uz(t) = as1u Et; + azous(t — m2) + kyu?(t) + kouy (t)us(t) + ksus(t)uz(t — m2)

1
+kgud(t) + ksud(t)us(t) + hot,
(2.1)
where
. ay(l—kx7) ]
a1l =71 — a1 (1+ k(a1)2)? y 012 )y 013 1+ k(z})2’

R _ wiytek(k(e})? - 3) _ _a((ke)? -1)
a4 = —ai1ry, g1 = (1 +k’($>{)2)3 , g2 = —ai, g3 = (k(xT)Q n 1)2 )
pyo AR RED kD 1) ek =)

4 = * ) 5= — * ) 21 = 0,
(1 + k(z7)?)* (1 + k(z7)?)3
. y*ca(k(x ) 1)
— ry — 2497 — 6, b1 = —as, az; — — ,
* kool (K@D)?=3) ol - (kaf;)?)
= —y'da, k1= y ko=
R IRk 2T+ k()2
yrek(RE])  — k@2 + 1) eonh(k(z)? — 3)
ks = —dy, kys=— ks = IV
(1 + k(z)?)* (1+k(z71)?)
For system (1.1), the characteristic equation of E*(x7, x5, y*) is
N4 AN+ B+ (DN2 4+ EXN)e ™ + (FA2 + G+ H)e ™
+(BoA + C)e ™ 4 (IN+ L)e Mm+7) — ¢ (2.2)
where
A= —(a11 +a), B =aia2 —aza21, D= —as, E = ajsaz,
F = —a3y, G =aias +axazn, H = as(aizaz — aiia),
By = —ay3a31, C = aizasziazn, I = aisaze, L = —aisazasz.

When 73 = 0, denote B = By + Bs, then equation (2.2) becomes
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N+ AN+ BA+C + (DX2 + ENe ™™ + (FA? + G\ + H)e ™
+(IX + L)e Nmt72) — (2.3)

which is the the characteristic equation in [2]. The dynamics of system (1.1) is
similar to [2], so when 71 = 7 = 73 = 0, equation (2.3) becomes

M+ (A+D+ )N+ (B+E+G+DA+C+H+L=0. (2.4)

All the roots of equation (2.4) have negative real parts if and only if

(H2) A+ D+F >0, (A+D+F)(B+E+G+1)>C+H+L,
so the equilibrium point E*(z7, x5, y") of system (1.1) is locally asymptotically stable
if (H2) holds.

Case (1) 7 >0, 12 = 13 = 0, characteristic equation (2.3) becomes

A3 + A12>\2 + A A+ A + (B12>\2 + B1iA + Blo)ei)n-1 =0, (25)

where Ao = A+ F, A,w=B+G,Aiw=C+H,Bis=D, By=E+1, Byp= L.
Letting A = iw (w > 0) be the root of equation (2.5), from the discussion in [2],
we obtain

WO 4 prwt + qrw? + 11 = 0. (2.6)
By denoting v = w?, equation (2.6) becomes
V3 pro® + o+ =0. (2.7)

Lemma 2.2 For the third degree exponential polynomial equation (2.5), we
have the following conclusions

(i) When r1 >0 and A = p? — 3q1 <0, all roots of equation (2.5) have negative
real parts for all 7y > 0, thus the equilibrium point E*(x}, x%,y*) of system (1.1) is
asymptotically stable for 1 > 0.

(ii) If either ry <0 orry >0, A = p? —3q; > 0, v} = % >0 and b/ (v}) <0
all hold, equation (2.7) has at least one positive root vy, and all roots of equation (2.5)
have negative real parts for T € [0,719), then system (1.1) at the positive equilibrium
point E* is local asymptotically stable for 7 € [0, 119).

(iii) If all the conditions stated in (ii) and h'(vg) # 0 are satisfied, then system
(1.1) ezhibits the Hopf bifurcation at the positive equilibrium point E* for 11 =
9 (G =0,1,---).

The definitions of 1, p1, 1 A, h(v), 110, Tlgj) could be founded in [2].

Case (2) 1 € (0,719), 72 > 0, 73 =0, we have:

Lemma 2.3 For system (1.1), suppose that (H4),(H5) in [2] hold, and 7 €
(0,710), then the positive equilibrium point E* of system (1.1) is locally asymptoti-
cally stable for to € [0,72.) and system (1.1) at the positive equilibrium point E*
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undergoes a Hopf bifurcation when 1o = To.. That is, system (1.1) has a branch of
periodic solutions bifurcating from the E* near 7o = Tos.
The definitions of (H4),(H5) and 72, could be founded in [2].

3 Hopf Bifurcation about Three Delays
When 7 > 0, 79 > 0, 73 > 0, we take 73 as parameter, 7 and 7y in its stable
interval, let iw (w > 0) be a root of equation (2.2), we obtain
C cos(wTs) + Baw sin(wts) = (L — w)(sin(w ) sin(we) — cos(wTy) cos(wta))
+(Fw? — H) cos(wTe) + Dw? cos(wr)
—Guwsin(wn) — Fwsin(wn) + Aw?,
Baw cos(wTs) — C'sin(wts) = (L — w)(sin(w ) cos(wte) + cos(wTy) sin(wmz))
+(H — Fw?)sin(wre) — Dw? sin(wr)
—Gw cos(wra) — Bwcos(wry) + w? — Biw.

Eliminating 73, we obtain
Wl 4+ Ajw® + Agw? + Azwd + Agw® 4+ Asw + Ag = 0, (3.1)
where
Ay = —2Fsin(wtp) — 2D sin(wTy),
Ay = 2F D(cos(wTy) cos(wTz) + sin(wTy) sin(wtz)) — 2(cos(w ) sin(ws)
+ cos(wTe) sin(wTy)) + (2AF — 2G) cos(wrz) + (2AD — 2F) cos(wTy)
+F? 4+ D%+ A% - 2By,
A3 = 2A(cos(wTy) cos(wre) —sin(wm ) sin(wrz))+(2EF+2L—2GD) cos(wTy ) sin(ws)
+(2L + 2GD — 2EF) cos(wTz) sin(wty ) + 2F cos(wty) + 2D cos(wTs)
+(2B1D — 2AE) sin(wt) + (2H 4 2B F — 2AG) sin(wm),
Ay = (2EG-2HD—2AL) cos(wTy) cos(wTe)+(2EG—2HD+2AL) sin(wTy ) sin(wty)
+2 By cos(wTy) sin(wta) + 2By sin(wTy ) cos(wTs)
+(2B1G —2AH — 2LD) cos(wte) + (2B1E — 2F L) cos(wTy) + 2E sin(wTs)
+2G sin(wr,) + E? —2FH + G?> + B} — B + 1,
As = (2EH — 2B; L) cos(wTy) sin(wty) — (2EH + 2B L) cos(wTy) sin(wTs)
—2H cos(wTy) — 2GLsin(wT) — (2B1H + 2EL) sin(wTe) — 2L,
Ag = 2H L cos(wm) + L* + H*> — C*.
Denote
H(w) = w8 + A10° + Agw* + A303 + Agw? + Asw + A, (3.2)

we then give the following hypothesis:
(H6) Equation (3.1) has finite positive roots.
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If (H6) holds, we denote wy,ws, - -+ ,wy, to be positive roots of equation (3.1).
For every fixed w; (i = 1,2, --- , k), then exists a sequence {Téf)lz =1,2,--- ,k,j=
0,1,2,--- }, when 71 € (0,7’10), T2 € (0,7‘2*),

)

; 1
TS(Z)Z [arCCOS(Zl)-}_QjW}? i:172a"'ak’ j:O71"”’ (33)
2
where

Y1 = (ByLw — Byw?)(cos(wry ) sin(wry) + sin(wr) cos(wry))
+(CL—Cw)(sin(wry ) sin(wr) — cos(wr ) cos(wz)) — (CEw+ Ba Dw?) sin(wry )
+(ByHw — BoFuw® — CGw) sin(wmy) 4 (CDw? — ByEw?) cos(wty)
+(C’Fw2 —CH — BgGwQ) cos(wTs) + Bow* + ACw? — By Byw?,
Yy = Biw? + C?,
then +iw; are a pair of purely imaginary roots of equation (3.1) when {73 = 7'3(3 ) i=
1,2,--- ,k,j=0,1,---}. Let

i 1
T3¢ = mMin 79 — = | arccos ¥ +2jm|,i=1,2,--- Jk, 7 =0,1,--- ¢, (3.4)
5 Wi (>

i
(2
then equation (2.2) has a pair of purely imaginary root +iws, when 73 = 73,. We
differentiate both sides of equation (2.2) with respect to 73 and derive

( = )_1 _ fu)+f2Ne M+ fis(Ve A+ fru(Ne A 4 fis(Ne AR gy

drs Afa1(N)e=A73 A’
where
Ffi1(N) = A1 A% + ApA + Az, fia(\) = Aol A% + Ao\ + Agg,
f13(\) = Az1 A% + Ago\ + Aszs,  f1a(\) = By,
fis(A) = An A+ Asa,  fa1(X) = BoA+C
with
A =3, Ap=2A, Ai3=D1, Ay =-Dn, Ap=-En+2D,
A3 =FE, A3z1 = —Fmy, A3 =2F —Gr, Az =G — Hm,
Ay =—I(m1 + 1), A =1—L(m +m).
‘We have
d\\ -1 Ri+ 1Ry RiR3 + RoRy
Re( = =R = 3.5
e(dTg))\:iwg* e(R3+iR4) R%—FRE ’ ( )

where
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Ry =Aj w3 (cos(ws«T1) cos(ws.Ta)—sin(ws.71 ) sin(ws 1)) — A4z (cos(ws.71 ) sin(ws«72)
4 cos(w34 T2 ) 8in (w371 )) — Ba sin(ws.34) + (Az1w3, — Aszs) sin(wz.m)
+(Ag1w3, — Agz) sin(wsyT1) + Asawss cos(w3T2) + Asawss cos(wseTi) + A1owss,

Ro=—A45(cos(ws.T1) cos(ws«2) — sin(ws.71 ) sin(ws«72))

— Ayywss(cos(ws.T1) sin(ws.T2) + cos(ws3.T2) sin(ws«71)) — B2 cos(wsxT34)
+(Az1w3, — Asz) cos(wzema) + (Ag1w?, — Agz) cos(ws.T1)
— Agows, sin(ws. o) — Agows, sin(wsemi) + Aniws, — Ais,

R3=Bow?3, sin(ws,734) + Cwss cos(w3«T34),

R4:ng§* co8(w34 T34 ) — Cwsy SIN(W3 T34 ).

Suppose

(H7) RiR3+ RaR4 # 0

holds, then Re(%)_l #0.

A=iwsx
We have the following results:

Theorem 3.1 For system (1.1), we assume that (H1),(H2) hold, and suppose
condition (i),(il) in Lemma 2.2, (H4),(H5) in [2], (H6),(H7) are satisfied, and 7 €
(0,710), T2€(0, T24), then there exists a 6>0 such that the following conclusions hold:

(i) The positive equilibrium E*(x3, x5, y*) of system (1.1) is asymptotically stable
when 13 € (0, T3+) and unstable when T3 € [T34,73 + 0).

(ii) System (1.1) can undergo Hopf bifurcation at E*(x¥,x5,y*) when 13 = 73,.

4 Direction and Stability of Hopf Bifurcation

Now we should study the property of Hopf by center manifold theorem and
normal form [18]. We assume 7o < 71 < 73,4, where 12 € (0,72.), 71 € (0,710), then
system (1.1) undergoes Hopf bifurcation at E* when 73 = 73,.

Let 73 = T34 + p, t = s73, u;(sm3) = u;(s). For convenience, denoting ;(s) as
u;(t), system (2.1) could be written in C([—1,0], R?),

w(t) = Lyu(t) + f(p, ue), (4.1)

L,:C— R3,f: R x C — R? are given respectively

T T
Lu(6) = (73 + m)(A410(0) + Aso( — ) + Aso( — 7= ) + As( 1)),
* *
where
ail a2 0 0 0 0 al4 0 O 0 0 ai3
Alz agl a2 0 ,AQZ 0 O 0 ,A3: 0 0 O ,A4: 0 O 0 5
asl 0 0 0 0 as2 0 0 0 0 0 0
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and
9
flpyw) = (T3 + 1) | 2]
I3
where
fi = 0163(0) + 0261 0061 ( — 7 ) + 9301(0)05(~1) + 463(0) + 9503 (0)3(~1).

fo = h1¢5(0),
fa = k103(0) + ka1 (0)65(0) + ks (0)s( — ) + kad}(0) + k5o (0)s (0).

By Riesz representation theorem, there exists a 7(, u) of bounded variation for
6 € [-1,0] such that

T2

T3x

0
u¢=/}mwaw» (4.2)

for ¢ € C([—1,0], R?). In fact, we choose

(73« + p) (A1 + A2 + Az + Ag), 0=0,
T3*+M)(A2+A3+A4)a 0 € [_%’0)7
000, 10) = 3 (7, + 1) (As + Ad), oe[-2-2),
(7w + 1) As, be(—1-2).
0, 6 =—1.
For ¢ € C'([—1,0], R?), define
do(0
M’ 6 €[-1,0),
do
A(p)o =

0
/ldn(ﬁ,u)cb(@)v 0 =0,

and i
— 0, 0 € [_170)7
R0 = 0, 00

Then system (4.1) can be written as
For ¢ € C1([0,1], (R®)*), define

dip(s)
- ds ) 5 € (07 1]7

A*Y(s) = 0
/ dnT(ta 0)i(—t), s=0,

-1
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and a bilinear inner product

o 0 0 7(
((5), 6(6)) = B(0)$(0) — / P oamrseae

when 7(0) = n(0,0), then A(0), A*(0) are adjoint operators, From Section 3, we
know +iws. 73, are eigenvalues of A(0), thus they are also eigenvalues of A*(0). We
compute the eigenvector of A(0) and A*(0) corresponding to iws. T3, and —iwsT3s.

W35 T340

Suppose that ¢(0) = (1, g2, q3)e is the eigenvector of A(0) corresponding

to W34 T34, by computing we obtain

¢ = _ G g3 = weim*ws* _ (12021 eiW3T3x _ a14 eiwss (T3 —71)
. ) . .
iwg — ag a3 a13(iws — ag2) a3

On the other hand, supposing ¢*(s) = D(1, ¢%, ¢¥)e™3+T3+5 we obtain

) pp q 9 q27 Q3 9
a2 ¢ = _an tiwze a4 o iw3aT1 G120G21

*
= —
2 w3y + ag’ asi asi a1 (iwss + az2)
From (q¢*,q) = 1, {¢*,q) = 0, we compute the value D

1
L+ qoQ5 + 305 + T2a32q3q3€ ™ + Tia14e” W T + Tyayzqze W T

b:

We compute center manifold Cy at p = 0, let u; be a solution of equation (4.1), and
define

2(t) = (" ur), Wt 0) = ui(0) — 2Re(z2(t)q(0)),

on the center manifold Cj, then we have

2 32

W(t,0) =W(z,%,0) = Wgo(e)% + Wi ()27 + Woa(6) 5 + -+,

where z,Z are the local coordinates for center manifold Cjy in the direction of ¢*
and §*. We note W (t,0) is real if u; is real. We consider only real solution, for the
solution u; € Cj of equation (4.1), since =0
2={(q", AO)us) + (¢", R(O)us)
= 1w3«T3+2 + <q*(0)7 f(07 W(sza 6) + 2Re(z7 Q(Q))»
= in*Tg*Z + q* (O)f(07 W(Zv Z, 9) + QRG(Z, Q(G)))
= 1W34T3x2 + q*(o)f()(zu E)u

we write equation

z= iW3*T3*Z(t) + g(z,?),
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where
. . . 22 . 72 22z
9(2,2) =7°(0) fo(2,%2) = 9205 t 9zt gorg g+, (4.3)
then
9(2,2) = 7°(0) fo(2,2) = D73.(1,35,33) (1, f2, f3) T (4.4)

From u;(0) = (u14(0), u2:(0), uze (0)) =W (¢, 0) +2q(0) +2q(0), ¢(0)=(1, g2, g3)e's=™+,
we have
O Wy 1 D 13
u1(0) = 2 +Z + Wy, (0)? + W17 (0)2Z + Wy, 5 +0(| 2,z |°),
52

u2e(0) = qoz + GoZ + Wi (0) =

=2
2 - 2) % -
S H W0z + W T+ 0( 27 P,

_ e WO WD 01z WD O 53 P
u3(0) = q32 + G372 + Wy (O)? + W17 (0)2z + Wy, 5 T (| 2,2 ),
52
(- 2) e s (- 25 (- 2)
1 )
+W&(—gﬁ2+0Wzn
. . 2
um( - E) = qoze T + 6236’“’3”2 + Wi ( - 2) =w ( - 2>25
T3x T3/ 2 T3x
2 T2
—I—Wéz)(— ~ ) 5 +0(|z,z%),
2
u;;t( - E) = qzze W2 | GuzeWn T2 | W2( )( 2 )i + Wl(f) ( - 2)25
T3x T35/ 2 T3x

() (_ T2
) ( Tg*) -+ 02,2,

m&‘Q)Z“ﬂW”+wmm+Wﬁm—ﬁ)£+”ﬁ%‘ﬁ)“
) (= )2+ 0.3,

3%

2
u2t< - l) = qoze WL | Goze T | W(Z)( i )z— + Wl(f) ( - l)zf
T3x T3/ 2
T\ 22
W3 (- =) 5 + 00z 37,
T3«
4 ) 2
USt< - l) = qzze T+ 6336’“’3*“ + Wy ( - —) = iwd® ( - l)zz
T3x
71

+W§ (- 7) - +0(|z,2%),

3%
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2
Upp(—1) = ze WseTse | ZelwseTse | Wéé)(—l)% + Wi (-1)2z
=2
1 z _
W (-1 5 + 01z, 2P),

. — W3 T3 — = W34 T3 (2) 22 (2) =
ugt(—1) = goze + gqze + Wy (—1)? + Wi (—1)zz
=2
z
Z 4 0(=7),

1) = — W34 T3 — = W34 T3x (3) 22 (3) =
ust(—1) = g3ze + gsze + Wy, (—1)? + Wi (—1)zz

WS (-1)

w® z =3
+ 02 (_1) ) +O(’Z,Z| )
From (4.3),(4.4) we have

o K1122 + K927 + K13§2 + K142’25
9(2,%) = D13.(1,35,G3) | K212® + K227 + Ko37® + K242°7 | ,
K3122 + K302Z + K33§2 + K342’2§

where

.
Kn=01(¢V(0))” + 920" 00V ( = T-) + 950 (0)g¥ (1),
K1=2010" 0)70(0) + 92" 03V ( = T-) +20 00V (- 1))

+93 (¢ (0)g® (=1) + 7V (0)g® (~1)),

.
K1 =01(aV(0))” + 92" 07V~ ) + 952 (03 (1),

Km—gl( DOWL (0) + a0 OWL () + g2 (¢ OWE (- 1)

T3
(5 W'+ (%)Wn EACLEI W)
+g3( DO (-1)+ >W20<>+q<3><—1>WfP<o>+§a<1><o>W§3><—1>)

®)(-
94(3(¢"(0))*7) (0 ))+95(( 1(0)%7% (—1) + 2D (0)gM (0)¢®) (-1)).
K21—h1( )(0))?, K22 = 2114 (0)7®)(0), K23 = h1(7*(0))?,
Koi=h1(3(0)W (0) + 24 (0)W,7(0)),
K31=k1(q"(0))* + k2¢V (0)g®(0) +/€3q(3)(0)q(3)<— %>,

K33=2k14M (0)g(0) + k2(¢ (0)7®(0) + 7 (0)¢™) (0))

)7
+k:3( ®)(0)g (3)( 7-3*)+q()(0)q(3)<_%>>’
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-
K33 = k1@ (0))2 + kg (0)7® (0) + ksq® (0)g® ( _ i),

T3

Kt = ki@ 0)W35)(0) + 24D )WL (0)) + ks (D WP (0) + 4@ )W (0)

1 1 T:
51 OWL0) + 570w 0)) + ks (¢P O (- )

G~ 2\ 0 + L2 ( — 2 \w® o) 4 La® o ® ( ~ 2
+q ( Tg*)Wll (0)+ 2(] ( 7'3*>W20 (0)+ 2q (O)WZO ( 7'3*>)

+3k4((¢™M(0))%7M(0)) + k5(2¢™ (077 (0)¢®) (0) + (41 (0))%7)(0)).

Comparing the above coefficients with (4.3), we obtain

g20 = 273. D(K11 + 5 K21 + G5K31),
g11 = 73D (K12 + @3 Koo + G5 K32),
goz = 273. D (K13 + @5 Koz + 75 K33),

g21 = 273, D(K14 + G5 K24 + G5 K34),

with
i . i . |
WQO(H) = w;;g(fg Q(O)elw3*7—3*0 + 20.)‘:707236(0)6_“”3*73*9 + EleQZu}S*Tg,*@’
*T3x « T3
1 A ia ‘
Wll(e) = - 1 (](0)8“”3“—3*9 + ﬂq(o)e—uﬁ*m*ﬂ + Eo,

where F1,FE5 could be determined by

2iwz. — 11 — arge” 2w —ay2 —ayge 2w Tax Ky
—asy 2iw3s — a2 0 Ey =2 Koy
—asy 0 2iws. — agpe” 2T K3
and
a1 +a az a3 Ko
asl a9 0 EQ = - K22
asy 0 a3z K39

Then we can calculate the following value according to the above analysis:

_ b B > lgo2l*y | g2
C1(0) = gt (911920 2|g11] 3 ) 5
Re(C1 (0
fio = —}M, Ba = 2Re(C4(0)),
T ImC’1 (O) + /1/211’11/\,(7'3*)
2 = — y

W34 T3«

so we have the following result [18]:
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Theorem 4.1 (i) The sign of pa determines the direction of Hopf bifurcation,
when pg > 0(< 0), the bifurcation is supercritical (subcritical).

(ii) The sign of B2 determines the stability of bifurcating periodic solution, when
B2 > 0(< 0), the bifurcating periodic solutions are unstable (unstable).

(iii) The sign of Ty determines the period of bifurcating periodic solution, when
Ty > 0(< 0), the period of bifurcating periodic solutions increases (decreases).

5 Numerical Simulation

Now we give simulation of system (1.1), all the parameters are same to [2], system
(1.1) becomes:

i(t) = 21 (6)(08 — 0201 (¢ — ) - W) +0.1(x2 — 21),
Zo(t) = 22(¢)(0.75 — 0.15x2(t)) + 0.1(z1 — x2), (5.1)
() = y(t) <0.6 + % — 0.3y (t — 72)).

By computation, system (5.1) has two positive equilibriums F}(1.02,4.47,2.282) and
E3(3.6,4.83,3.01). In [2], the author gave simulation around E7(1.02,4.47,2.282)
under four cases: (1) 71 >0, 2 =0, (2) 1 =0, 2 >0, 3) 1 =712 =7 >0, (4
T € (0,7‘10), T > 0.

Now we give simulation around E3(3.6,4.83,3.01) under three cases: (1) 71 > 0,
7 =0, 73 =0, (2) 1 € (0,7’10), ™ >0, 13 =0, (3) T1 € (0,7’10), Ty € (O,TQ*), 73 > 0.

In case (1), we get 710 = 1.97098. When 7 = 1.9 < 1.97098, E5(3.6,4.83,3.01)
is locally asymptotically stable, when 7 = 2.0 > 1.97098, Hopf bifurcation occurs
and periodic orbits bifurcate from E3, which are illustrated by Figures 1 and 2.

6 5
4.9
4 "
= . = e
2 <~ 4.8
=< =<
2
a.7
o a.e
o 500 1000 o 500 1000
time t time t
3.1
10
3
= = 5
= =
. : %
2 .
3.2
2.8 4.8 =
o 500 1000 4.6 2.8

time t 2 ® <, M

Figure 1: When 71 = 1.9 < 790 = 1.97098, %5 = 0,73 =0,
E3 is locally asymptotically stable.
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6 5
" a.9 ‘ l
= ‘ =, a8 | |
>< >< | ‘
2
a.7
o a.6
o 500 1000 o 500 1000
time t time t
3.1
10
3 —
= = s
= =
2.9 o
5
2
2.8 4.8 ao 3 2
o 500 1000 - 2.8
. >, () x_ (D)
time t 1

Figure 2: When 7 = 2.0 > 79 = 1.97098, 5 = 0,73 = 0,
the periodic solutions bifurcates from Ej.

In case (2), fixing 71 = 1.93 € (0, 710), we get T2, = 1.36592. When 75 = 0.6 <
Tox, 5 is locally asymptotically stable; when 7 = 1.5 > 7»,, Hopf bifurcation occurs
and periodic orbits bifurcate from E3, which are illustrated by Figures 3 and 4.

6 5
4.9
a
=, =, a.s
><
2
a.7
o a.6
o 500 1000 o 500 1000
time t time t
3.1
10
3
= = 5
= =
=2 B
5
3.2
2.8 -8 se oa 3
o 500 1000 - -
. <, (O x_ ()
time t T

Figure 3: When 7, = 1.93 € (0,719), 72 = 0.6 < 72, = 1.36592, 73 = 0,
E3 is locally asymptotically stable.
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4.9
. H
= == a.s f
> |
2 |
a.7
o 4.6
o 500 1000 (o] 500 1000
time t time t
3.5
10
= =3 = °=
o
5
3.5
=5 -8 4.6 2.5 =
o 500 1000 - -
. >, () >, ()
time t *

Figure 4: When 71 = 1.93 € (0,719), 72 = 1.5 > 79, = 1.36592, 73 = 0,
the periodic solutions bifurcates from E3.
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In case (3), fixing 71 = 1.94 € (0,710), 72 = 1 € (0, 724), we get 73, = 5.599 73.
When 13 = 5.0 < 734, E5 is asymptotically asymptotically stable; when 73 = 8.0 >
T3, Hopf bifurcation occurs and periodic orbits bifurcate from E3, which are illus-
trated by Figures 5 and 6. In addition we get o = —4.44268x10%. B3 = 3.0012%103,
T, = 5.03168 * 102. From Theorem 4.1, the Hopf bifurcation is subcritical, the bi-
furcating periodic solutions are unstable, and the period of the bifurcating periodic

solutions increases.

6 5
4.9
a
== . a.s
>< ><
2
a.7
o 4.6
o 500 1000 o 500 1000
time t time t
3.2
10
3
= = s N
= =
2.8 o
5
3.5
=-© e 4.6 2.5 s
o 500 1000 - -
. N ) >x_ (D)
time t ES

Figure 5: When 7 = 1.94 € (0,719),72 = 1.0 € (0, 724), 73 = 5.0 < 734,
E3 is locally asymptotically stable.

o 500 1000 o 500 1000
time t time t

10
3 1
= = 5 \
= ==
|
2.8 o
5
3.5
a.8 =

4.6 2.5
(e} 500 1000 Xz(t) >, 105)

time t

Figure 6: When 7y = 1.94 € (0,719),72 = 1.0 € (0, 724), 73 = 8.0 > (0, 734),
the periodic solutions bifurcates from Ej.

6 Conclusion

In this paper, we analyse Hopf bifurcation in a Monold-Haldane predator-prey
model with three delays and diffusion. First we give the description of this system
and then based on the work [2] we give the dynamics of this system with three delays
under two cases: (1) 7 >0, 2 =0, 3 =0, (2) 71 € (0,710), 72 > 0, 73 = 0. Because
when 73 = 0, the dynamics of system (1.1) were studied in [2], dynamics of case (1)
and case (2) are similar to those of case (II) and case (IV) respectively. Then we
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discuss Hopf bifurcation of system (1.1) when three delays coexists and give the direc-
tion and stability of Hopf bifurcation by center manifold theorem and normal form.
At last, we conclude that there exist two positive equilibria E7(1.026,4.24,2.28),
E3(3.6,4.83,3.01) and give the simulation around FE3(3.6,4.83, 3.01) under three
cases: (1) 1 >0, =0, 13 =0, (2) 71 € (0,710), 72 >0, 3 =0, (3) 71 € (0,710),
T2 € (0,724), T3 = 0 to support our results. We know that the work about Hopf
bifurcation with two delays are interesting. But the work about three delays should
be more interesting and real contrary to [2].

Recently there exist many works about dynamics of predator-prey system. As
we know, time delay always exists, so the dynamics of predator-prey system with
delay should be more real. Besides diffusion exist under case that more than one
kind of preys in different patches and the predator only prey on one prey, so we use
system (1.1) to describe predator-prey system with diffusion. During these delays,
one is the feedback of prey, the other one denote the feedback of predator and the
last one denote the hunting delay for predator. Our result suggest that every delay
could lead instability for system, and delay has great influence on the dynamics of
predator-prey system. So how to control delays should be important for the stability
of predator-prey system. When the delays are sufficiently small, equilibrium point is
stable, but once one delay cross corresponding critical value, Hopf bifurcation occurs
for system.
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