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Abstract

Based on the Guo-Krasnoselskii’s fixed-point theorem, the existence and
multiplicity of positive solutions to a boundary value problem (BVP) with two
integral boundary conditions

v® = f(s,v(s),v'(s),v"(s)), s€0,1],
v'(1) =2""(1) =0,

1 1
U(O):/O g1(T)v(7)dr, U"(O):/O go(T)v" (T)dT

are obtained, where f, g1, ¢go are all continuous. It generalizes the results
of one positive solution to multiplicity and improves some results for integral
BVPs. Moreover, some examples are also included to demonstrate our results
as applications.
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1 Introduction

Boundary value problems (BVPs) for ordinary differential equations have wide
applications in many scientific areas such as physics, mechanics of materials, ecology
and so on. For example, deformations of elastic beams can be represented for some
fourth-order BVPs, and there are some appealing results [1-3] can be referred.

Especially, much attention has been drawn to BVPs with integral boundary
conditions [4-9] recent years because of their applications in thermodynamics and
chemical engineering. In 2011, by global bifurcation theory and the Krein-Rutman
theorem, Ma [4] investigated positive solutions to a class of BVP with integral bound-
ary conditions. Hereafter, based on the famous Krasnoselskii’s fixed-point theorem,
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Lv [5] considered the monotone and concave positive solutions to the following in-
tegral BVP
vW(s) = f(s,v(s),v'(s),0"(s)), s€0,1],
v(0) = v'(1) = "(1) =0,

1
v'0) = [ alr (e
where f € C([0,1] x [0, +00) X [0,400) X (—00,0], [0, +00)), g € C([0,1],[0, +00)).

For more this kind of results, one can refer to [7-9].

(1.1)

Nevertheless, there are few results on multiplicity and the properties of positive
solutions to BVPs with integral boundary conditions. Recently, Yang [6] investigated
the multiplicity of positive solutions to a fourth-order integral BVP. Motivated by
Yang’s ideas in [6] and based on the work of Lv [5], this paper deals with the following
BVP with two integral boundary conditions

0(4)(3) = f(37v(3)7vl(3)ﬂvl/<3>)7 s € [07 1]7
V(1) ="(1) =0,

1 1
U(O):/O g1(T)v(T)dT, v”(O):/O g2 ()" (7)dT,

and the existence and multiplicity of positive solutions are thus established. Notice

(1.2)

that (1.2) is reduced to (1.1) when g; = 0 in (1.2), and therefore we generalize
the result of one positive solution in [5] to the case of multiple positive solutions.
Moreover, some results of positive solutions to integral BVPs we mentioned in [4,5,9]
are also improved.

2 Preliminaries

We first state several notations and lemmas in this paper.
We always assume that, throughout this paper, f : [0, 1] x [0, 4+00) x [0, 400) X
(—00,0] = [0,+00) and g1,92 : [0,1] — [0, 4+00) are all continuous. Furthermore,

C._/l (r)d <1 C._/l (r)dr < 1 d <1_72C1
1= 0 g1\7)dT 9’ 2 = . g2\T)dT al g1 > 2(1_C2)92-
Denote

. f(S,U(),Ul,UQ) . f(S,U(),Ul,UQ)
fo= limsup max ——— = foo = limsup max ———=,
votvi—va—s0+ $€[0,1] Vo + V1 — V2 vo+v1—ve—+oo s€[0,1] Vg + V1 — U3

o . f(s,v0,v1,02 . . f(s,vg, 1,02
fo=liminf min M, foo =  liminf min M,
= wotvr—va—0t s€[0,1] Vg + U1 — Uz votvi—v2—+00 s€[0,1] Vg + V1 — U3

M1:2(13_<2), MQ:;JL:/OIT2<1_;T> [;—Fl_l@ /Olsgg(s)ds}dr
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Lemma 2.10%(Guo-Krasnoselskii’s fixed-point theorem) Let E be a Banach
space, J C E is a cone. Suppose that Iy and Is are bounded open subsets of E& with
el and Iy C Iy, and let L : JN(I3\I1) — J be a completely continuous operator
such that either

(i) ||Lvl| > ||v]|, v € JN oIy and ||Lv|| < ||v|, v € JNOla; or

(ii) | Lo|| < ||v]l, v € JNOILy and ||Lv|| > ||v||, v € JNIIa
holds, then L has a fized point in J N (Io\I1).

Let C2[0,1] be bestowed on the maximum norm

Jolls = max { ma o), mas (5} max [o/(5)] )

Similar to Lemma 2.1 in [5], we obtain the following result by a direct compu-
tation.

Lemma 2.2 Ify € C[0,1], then the following BVP

vW(s) =y(s), se[0,1],
V(1) =" (1) =0,

1 1 (2.1)
Am UWFAMWWW

has a unique solution

1
v(s) = /0 [Gl(S,T) + H(S,T)}y(T)dT, (2.2)
where

1 J— J—
1.7 = 1 [ Gt (an + 25

2(1-¢)(1 —¢)

1 5 1 3
ST — =8T° — =8 0<s<7<1,

- - - S, OSSSTS]-a
G1(577—) = % ? G2(577_) = {
7'3—57'32—673 0<7<s<1,

Yr -1
B:/O (22 )gl(T)dT.

Lemma 2.3 Let Gy(s,7) be as in Lemma 2.2. For s, € [0,1],
%ST - %(927' < Gi(s, ).
Lemma 2.4 Ify € C([0,1],[0,+00)), then the unique solution v = v(s) to the
BVP (2.1) satisfies the following assertions:
(i) v(s) >0, V'(s) >0, v"(s) <0 for s e[0,1];
(i) [lo]l < [[0"]| and [|o']| < [[o"]| for v(s) € C*[0,1];

(iii) v(s) > 3(s — 35%)|Jv[|2 for s € [0,1].

/ Ga(n, 7)g2(n)dn,

and
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Proof The proof of (i) is analogous to Lemma 2.3 in [5] and so we omit it here.
(ii) By the facts that v'(1) =0 and v'(s) > 0 for s € [0,1], it follows that

0 </( / " (r)|dr < ||V, s€][0,1].

Therefore, ||v'|| < [[v"]].
In turn, according to the facts that g;(s) < 21(1_7_28)92(5) for any s € [0, 1],

1
dT<;AgﬂﬂM—;Q (2.3)
and
Gi(s,7) < sT < Ga(s,7), forany (s,7) € [0,1] x [0, 1], (2.4)
we get
1 _ _
H(s,m) = 5 —Cl/o G1(n,7)g1(n)dn + 2 ?18_2@ Slicfl / Ga(n,7)g2(n
1 1
<1 [ Gmnmtant e [ Galnrimtan
1-26 1 1
< 2(1C11<2/ Ga(n,7)g2(n )dn+(1C1)(1<2)/0 Ga(n,7)g2(n)dn
=t [ @nmman (57 € 0.1 x 0.1 (25)

Recalling that (2.2) and 86—8226?1(3, 7) = —Ga(s, T), we have

1 _s [l
)= [ [gpern =8 [ G nmdrurlan, se b, (26

and

1
1—C2/0 GQ(H,T)QQ(ﬁ)dn]y(T)dT, sel0,1.  (2.7)

Therefore, by (2.2), (2.4)-(2.7), one has

v'(s) = —/01 [GQ(S,T) +

v@:A[&@ﬂ+H@ﬂbmw

1 1
< [ [eatsn+ = [ Gatnrantmtn]u(riar
— —U//(S), s c [07 1]7 (28)
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which means that ||v|| < |[v”||. Combining the fact that [|o'|| < ||v”, it is natural
that
vllz = max { max [o(s)], max [v'(s)], max [v = []v"].
ol = mave { s o), mae o) ma o5} = 1)

(iii) By (2.7), we have

Pl < [ [r4 1 [ Gannmmanyiar (29)

Moreover, by Lemma 2.3 and (2.2), we obtain

o(s) = /0 [Gi(s,7) + H(s,7)]y(r)dr

> [[owem+ 2222 [ Gatnnsstayanstras

2/01 BST—isQT—i—H/ Ga(n,7)g2(n )dn} (T)dr

2(1-G2)
1 1o\ [*
> (s— = (2.
> (s 35) /0 r+ it [ G nmma]unar s e .. @)
Therefore, v(s) > 3(s—15?)[|v||2 for s € [0,1] by (2.9)-(2.10). The proof is complet-

ed.
Define a cone J in C?[0, 1] by
1 1
= 2 : > (g Zg2 / > " <
J {UEC 0,1] : v(s) > 2(5 = )||v||2, V(s) >0, v'(5) <0, s € [0,1]},
and define an operator L : J — C2[0,1] by

1
Lu(s) = /0 (G (s,7) + H(s,7)]f(T,0(7),v (7),v"(7))dr.

Clearly, v(+) is a positive solution with monotonicity and concavity of the BVP
(1.2) if and only if v(-) is a fixed point of L. In addition, in view of the fact L(J) C J
and by Lemma 2.4, it is trivial to establish the following result:

Lemma 2.5 L:J — J is completely continuous.

3 Existence of One Positive Solution

In this section, our purpose is to investigate the existence of one positive solution
to the BVP (1.2).

Theorem 3.1 There is at least one monotone and concave positive solution to
the BVP (1.2) if either

(i) fo < ﬁl’fﬁ>ﬁ2" or

(i) fo> 355 foo < 31
holds.
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Proof (i) Since fy < ﬁl’ there exists a number d; > 0 such that
Mi(fo+46) < 1. (3.1)

From the continuity of f and the definition of fy, there is a number A > 0 such that,
for s € [0,1] and v +v1 —vg € [0, A],

f(s,v0,v1,v2) < (fo+61)(vo + v1 — v2). (3.2)
Let I} = {v € C?0,1] : |Jv]l2 < %} for all v € J N oIy, by (3.1) and (3.2), one can

obtain

o)1= [ (65 + 1 [ Gatnmgtman] o) o), )ae

< [[eits [ oo dn} (Fo -+ 0)(e(r) +v/(r) — o'(r))dr
< M(fo+ 51)||U||2 <|lvll2, s €0, 1].

Therefore
| Lv|l2 = [|(Lv)"|| < ||v]]2, for any v € J N OI;. (3.3)

In addition, since foo > ﬁz’ there exists a number d5 > 0 such that
]\42(f¥.O — (52) > 1. (34)

Similar to the case of fy < ﬁl’ when fo > MLQ, there is a number A > X such that,
for s € [0,1] and vg + v1 — v2 € [A, +00),

f(s,v0,v1,02) > (foo — 02)(vo + V1 — v2). (3.5)

Let I, = {v € C?[0,1] : |lv|]|2 < A} for all v € J N Olz, by Lemma 2.3, (3.4) and
(3.5), we have

1 1
o) = [ |6+ = / G, T)r(m)dn] £ (), 0/ (), 0" (7))

28 + 1—(:1
2(1-G)(1—¢2)

> [ s [ mean] e - 00 + ) o ar

>3 [ o [ ] (- 803 (r — 372) ol

= My(foo = G2)|v]l2 > [[0]l2, s €0,1],

1
/ G (17, 7)ga () £ (r, v(), o/ (7), 0" (7)) dnpdr

which indicates

|Lv|l2 > ||Lv|| > Lv(1) > |jv|l2, for any v € J N dls. (3.6)
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Therefore, the operator L has at least one fixed point v € J N (I2\I1) by (3.3), (3.6)
and Lemma 2.1, that is, there is at least one monotone and concave positive solution
to the BVP (1.2).

The proof of (ii) is much similarly, and thus we omit it here. The proof is
complete.

Corollary 3.1 There is at least one monotone and concave positive solution to
the BVP (1.2) if either

(i) fo=0, foo = +o00; or

(ii) fo=+00, fo =0
holds.

Example 3.1 Consider the following BVP

v (s) = f(s,v,0',0"), se€l0,1],
V(1) = (1) =0,

5 . (3.7)
v(0) = / —7’30( ydr, 2"(0) = / 37’311"(7')d7',
o 11 0
where
1 20(v +v' — ") (v 4+ —v")?
fls,0,0,0") = 1—|—s[1—|—ln(1+v—|—v’—v”)+7(1—}—v+v’—v”) ’
3
(1) = ﬁ737 ga(1) = 37°.

It is not difficult to examine that f, ¢g; and go satisfy the assumptions of Section 2
in this paper By some calculations, we also obtain that fo, = %, Jo=10, My =6
and My = 192, which means (ii) of Theorem 3.1 holds. Therefore, there exists at
least one monotone and concave positive solution to the BVP (3.7) by Theorem 3.1.

4 Existence of Multiple Positive Solutions

In this section, our aim is to establish the existence of multiple positive solutions
to the BVP (1.2).

Theorem 4.1 There are at least two monotone and concave positive solutions
to the BVP (1.2) if one of the following conditions holds:

(i) fo, foo < ﬁl and there is a number Ro > 0 satisfying A < Ro < A, such that
N (RO) > 64R0, where Ny(A) = min { f(s,vo,v1,v2) : FA < v(s) < A, [v"(s)] <
A, se| 4, g } A > 0 is small enough and A A > 0 s large enough

(ii) fo, foo > M2 and there is a number Ro > 0 satisfying 2 < Ro < A, such that
NQ(RO) <2(1- (2)R0, where Ny(A) = max { f(s,v0,v1,v2) : [v"(s)| < A, s €0, 1},
X >0 is small enough and A>0is large enough.



No.3 K.K. Liu, etc., Positive Solutions to A Class of BVP 255

Proof (i) Let E=C?0,1), [ ={veE:|v|a<3}, h={veE:|v]s <A}
By Theorem 3.1, it follows that ||[Lv|l2 < ||v|l2 when v € JNOI; or v € JNJls.

Choose I3 = {v € E : ||v]|a < Ro} such that I; C I3, I3 C 5. For all v € J N dIs,
we get

Lv(%) > /j Gy (%,T)f(S,U(T),U/(T),’U”(T))dT

3
1 1 3
>/1 G (57 i (Ro)dr > SINi(Ro) > Ro = [[u]»
4

Therefore, ||Lv|js > || Lv|| > Lv(3) > [|v]|2, for any v € JNOI5. By Lemma 2.1, there
exist two positive solutions v1 € J N (I3\ I1) and vo € JN (I2\ I3) to the BVP
(1.2). Furthermore, they are two distinct monotone and concave positive solutions
to the BVP (1.2) by Theorem 3.1.

The proof of (ii) is much similar, so we omit it here. The proof is complete.

Corollary 4.1 There are at least two monotone and concave positive solutions
to the BVP (1.2) if either

(i) fo=foo =0, N1(1) > & or

(i) fo = foo = +00, Na(1) < 2(1 — (o)
holds.

Example 4.1 Consider the following BVP

v@W(s) = f(s,v,0',0"), sel0,1],
V(1) =0"(1) =0,

(4.1)
1 1 1
v(0) :/ —rv(r)dr, "(0) :/ " (7)dr,
0o 9 0
where
1
PN 1 (U+U, _v”)§ (v+v,_v//)2 _ 1 _
v ) = = [ e s = e =T

It is not difficult to check that f, g; and g¢o satisfy the assumptions of Section 2
in this paper. By some calculations, we also obtain fy = fo = 400 and Na(1) =

max{f : [o"(s)] < L,s € [0,1]} = ¥ + 3 ~ 0773 < 2(1 - ) = 2(1 - 1) = 1,
which implies condition (ii) of Corollary 4.1 holds. Therefore, there are at least two

monotone and concave positive solutions to the BVP (4.1) by Corollary 4.1.
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