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Abstract. A fundamental problem in phase retrieval is to reconstruct an un-
known signal from a set of magnitude-only measurements. In this work we
introduce three novel quotient intensity models (QIMs) based on a deep modi-
fication of the traditional intensity-based models. A remarkable feature of the
new loss functions is that the corresponding geometric landscape is benign under
the optimal sampling complexity. When the measurements a; € R" are Gaus-
sian random vectors and the number of measurements m>Cn, the QIMs admit
no spurious local minimizers with high probability, i.e., the target solution x is
the unique local minimizer (up to a global phase) and the loss function has a
negative directional curvature around each saddle point. Such benign geometric
landscape allows the gradient descent methods to find the global solution z (up
to a global phase) without spectral initialization.
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1.1 Background

The intensity-based model for phase retrieval is
yj:|aj'u|2a j:1,---,m

where a; €R", j=1,---,m are given vectors and m is the number of measurements.
The phase retrieval problem aims to recover the unknown signal x € R"™ based on the
measurements {(a;,y;)},_,. A natural approach to solve this problem is to consider
the minimization problem

. 1
min = —
u€R™ m

> ((a a;-x)?)2. (1.1)

J=1

However, as shown in [28], to guarantee the above loss function to have benign
geometric landscape, the requirement of sampling complexity is O(nlog®n). This
result is recently improved to O(nlogn) in [6]. On the other hand, due to the heavy
tail of the quartic random variables in (1.1), such results seem to be optimal for this
class of loss functions.

To remedy this issue, we propose in this work three novel quotient intensity mod-
els (QIMs) to recover x under optimal sampling complexity. We rigorously prove
that, for Gaussian random measurements, those empirical loss functions admit the
benign geometric landscapes with high probability under the optimal sampling com-
plexity O(n). Here, the phrase “benign” means: (1) the loss function has no spuri-
ous local minimizers; and (2) the loss function has a negative directional curvature
around each saddle point. The three quotient intensity models are

QIM1:

m

52111&% %Z ey (a- xak L ' (1.2)
k=1
QIM?2:
: 1 ((agu)® = (ag-))?
R D e )
QIMS3:
: RS ((ar-u)?—(ay-2)?)?
min f( >_mZHuH2+ﬁl(ak 02+ Bolan- 7 (14)
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The phase retrieval problem arises in many fields of science and engineering such
as X-ray crystallography [17,23], microscopy [22], astronomy [8], coherent diffrac-
tive imaging [16,27] and optics [33] etc. In practical applications due to the physical
limitations optical detectors can only record the magnitude of signals while losing
the phase information. Many algorithms have been designed to solve the phase re-
trieval problem, which includes convex algorithms and non-convex ones. The convex
algorithms usually rely on a “matrix-lifting” technique, which is computationally in-
efficient for large scale problems [2,4,32]. In contrast, many non-convex algorithms
bypass the lifting step and operate directly on the lower-dimensional ambient space,
making them much more computationally efficient. Early non-convex algorithms
were mostly based on the technique of alternating projections, e.g., Gerchberg-
Saxton [15] and Fineup [10]. The main drawback, however, is the lack of theoretical
guarantee. Later Netrapalli et al. [24] proposed the AltMinPhase algorithm based
on a technique known as spectral initialization. They proved that the algorithm
linearly converges to the true solution with O (nlog®n) resampling Gaussian random
measurements. This work led further to several other non-convex algorithms based
on spectral initialization. A common thread is first choosing a good initial guess
through spectral initialization, and then solving an optimization model through gra-
dient descent, such as the Wirtinger Flow method [3], Truncated Wirtinger Flow
algorithm [7], randomized Kaczmarz method [18,30,35], Gauss-Newton method [12],
Truncated Amplitude Flow algorithm [34], Reshaped Wirtinger Flow (RWF) [36]
and so on.

1.2 Prior arts and connections

As was already mentioned earlier, producing a good initial guess using spectral
initialization seems to be a prerequisite for prototypical non-convex algorithms to
succeed with good theoretical guarantees. A natural and fundamental question is:
Is it possible for non-convex algorithms to achieve successful recovery with a ran-
dom initialization (i.e., without spectral initialization or any additional truncation)?
In the recent work [28], Ju Sun et al. carried out a deep study of the global
geometric structure of phase retrieval problem. They proved that the loss function
does not have any spurious local minima under O(nlog’n) Gaussian random mea-
surements. More specifically, it was shown in [28] that all local minimizers coincide
with the target signal & up to a global phase, and the loss function has a negative
directional curvature around each saddle point. Thanks to this benign geometric
landscape any algorithm which can avoid saddle points converges to the true solu-
tion with high probability. A trust-region method was employed in [28] to find the
global minimizers with random initialization. To reduce the sampling complexity,
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it has been shown in [21] that a combination of the loss function with a judiciously
chosen activation function also possesses the benign geometry structure under O(n)
Gaussian random measurements. Recently, a smoothed amplitude flow estimator
has been proposed in [5] and the authors show that the loss function has benign
geometry structure under the optimal sampling complexity. Numerical tests show
that the estimator in [5] yields very stable and fast convergence with random initial-
ization and performs as good as or even better than the existing gradient descent
methods with spectral initialization.

The emerging concept of a benign geometric landscape has also recently been
explored in many other applications of signal processing and machine learning, e.g.,
matrix sensing [1,25], tensor decomposition [13], dictionary learning [29] and matrix
completion [14]. For general optimization problems there exist a plethora of loss
functions with well-behaved geometric landscapes such that all local optima are
also global optima and each saddle point has a negative direction curvature in its
vincinity. Correspondingly several techniques have been developed to guarantee that
the standard gradient based optimization algorithms can escape such saddle points
efficiently, see e.g., [9,19,20].

1.3 Our contributions

This paper aims to show the intensity-based model (1.1) with some deep modification
has a benign geometry structure under the optimal sampling complexity. More
specifically, we first introduce three novel quotient intensity models and then we
prove rigorously that each loss function of them has no spurious local minimizers.
Furthermore, the loss function of quotient intensity model has a negative directional
curvature around each saddle point. Such properties allow first order method like
gradient descent to locate a global minimum with random initial guess.

Our first result shows that the loss function of (1.2) has the benign geometric
landscape, as stated below.

Theorem 1.1 (Informal). Consider the quotient intensity model (1.2). Assume
{a;}™, are i.i.d. standard Gaussian random vectors and x#0. There exist positive
absolute constants ¢, C', such that if m>Cn, then with probability at least 1—e™“™ the
loss function f= f(u) has no spurious local minimizers. The only local minimizers
are +x. All other critical points are strict saddles.

The second result is the global analysis for the estimator (1.3).

Theorem 1.2 (Informal). Consider the quotient intensity model (1.3). Let 0<
f<oo. Assume {a;}™, are i.i.d. standard Gaussian random vectors and x # 0.
There exist positive constants ¢, C' depending only on 3, such that if m>Cn, then
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with probability at least 1—e™ ™ the loss function f= f(u) has no spurious local
manimizers. The only local minimizer is +x and all other critical points are strict

saddles.

Remark 1.1. There appears some subtle differences between estimators (1.2) and
(1.3). Although the former looks more singular, one can prove full strong convexity
in the neighborhood of the global minimizers. In the latter case, however, we only
have certain restricted convexity.

The third result is the global landscape for the estimator (1.4).

Theorem 1.3 (Informal). Consider the quotient intensity model (1.4). Let 0<
P1,P2<00. Assume {a;}™, are i.i.d. standard Gaussian random vectors and x #0.
There exist positive constants ¢, C' depending only on 3, such that if m>Cn, then
with probability at least 1—e~ " the loss function f= f(u) has no spurious local
manimazers. The only local minimizer 1s +x and all other critical points are strict

saddles.

Remark 1.2. For this case, thanks to the strong damping, we have full strong
convexity in the neighborhood of the global minimizers.

1.4 Notations

Throughout this proof we fix § >0 as a constant and do not study the precise
dependence of other parameters on 3. We write u € S" ! if w € R" and |julls =

> ju? =1. We use x to denote the usual characteristic function. For example

xa(z)=1if z€ A and xa(z)=0if z¢ A. We denote by 6y, €, n, n; various constants
whose value will be taken sufficiently small. The needed smallness will be clear from
the context. For any quantity X, we shall write X =O(Y) if | X|<CY for some
constant C'>0. We write X <Y if X <CY for some constant C'>0. We shall
write X <Y if X <c¢Y where the constant ¢>0 will be sufficiently small. In our
proof it is important for us to specify the precise dependence of the sampling size
m in terms of the dimension n. For this purpose we shall write m 2 n if m>Cn
where the constant C' is allowed to depend on [ and the small constants e, ¢; etc
used in the argument. One can extract more explicit dependence of C' on the small
constants and S but for simplicity we suppress this dependence here. We shall say
an event A happens with high probability if P(A)>1—Ce™“", where ¢>0, C'>0
are constants. The constants ¢ and C' are allowed to depend on [ and the small
constants €, 6 mentioned before.
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1.5 Organization

In Sections 2-4 we carry out an in-depth analysis of the corresponding geometric
landscape of QIM1, QIM2 and QIM3 under optimal sampling complexity O(n). In
Section 5, we report some numerical experiments to demonstrate the efficiency of
our proposed estimators. In Appendix, we collect the technique lemmas which are
used in the proof.

2 Quotient intensity model I

In this section, we consider the first quotient intensity model and prove that it has
benign geometric landscape, as demonstrated below.

=3 W lar] ) 2.)

akx

Theorem 2.1. Assume {a,}}", are i.i.d. standard Gaussian random vectors and
x#0. There exist positive absolute constants ¢, C, such that if m>Cn, then with
probability at least 1—e=™ the loss function f=f(u) defined by (2.1) has no spurious
local minimizers. The only local minimizer is +x, and the loss function is strongly
convex in a neighborhood of £x. The point w=0 1is a local maximum point with
strictly negative-definite Hessian. All other critical points are strict saddles, i.e.,
each saddle point has a neighborhood where the function has negative directional
curvature.

Without loss of generality we shall assume x=e; throughout the rest of the proof.
Note that the set |J;-,{ax-e; =0} has measure zero. Thus for typical realization
we have ay-e;#0 for all k. This means that the loss function f(u) defined by (2.1)
is smooth almost surely. We denote the Hessian of the function f(u) along the
¢-direction (£€S™71) as

H€€ Z&fg azyf :%Z< Clk;f ak u) —((lk'f)2>. (2.2)
k=1

(16
ij=1 kl

2.1 Strong convexity near the global minimizers u=-+e¢;

Theorem 2.2 (Strong convexity near u==e;). There ezists an absolute constant
0<eg<<1 such that the following hold. For m2n, it holds with high probability that

Hee(u)>1, V€S Vu with |Jute]s<e.
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Proof. By Lemma A.1, we can take € >0 sufficiently small, N sufficiently large such
that

E

(ar-&)*(ax-e1)? (akf) 1

>0. ST 1<k<m.

T (@ 1) o) N >0.99, Ve . V1I<k<m
In the above p€ C°(R) satisfies 0<¢(x) <1 for all z, ¢(x)=1 for |z|<1 and ¢(z)=0
for || >2. Clearly if |[ute;||2 <€y and € is sufficiently small (depending on € and
N), then

E(@k‘f)Q(ak'U)2¢(ak‘§

>0.98, VeeS™ . Vi<k<m.
e+ (ak-€1)? N >_ . Ve ’ =r=m

The above term inside the expectation is clearly OK for union bounds. Thus for
|luteq]| <ep and m = n, it holds with high probability that

m . 2 . 2 .
les(U)Z%Z((aéfg&:z;) ¢(“§V5)—<ak-§)2)23-0.97—1.01, vees 1,

Thus the desired inequality follows. O

2.2 The regimes |ul[;<1 and |[ul|;>1 are fine

We first investigate the point u=0. It is trivial to verify that V f(0)=0 since ay-e;#0
for all k& almost surely.

Lemma 2.1 (u=0 has strictly negative-definite Hessian). We have u=0 is a local
mazimum point with strictly negative-definite Hessian. More precisely, for m2mn, it
holds with high probability that

> &40 f)(0)<—1, veesm
k=1
Proof. By (2.2), it is obvious that
1 m
H€§(0)2_4E2(ak'5)2-
k=1

The desired conclusion then easily follows from Bernstein’s inequality. O]
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Write u=+/R@ where € 5" and R>0. Then

1 X (R(ag-0)?—(ay-e1)* )2
u)=— .
f(u) m; (ag-€1)?
A simple calculation leads to

1N (ap-)* 1 & o

Orf=2R— —2— ap-U)"; 2.3a

Rf m; (ak 61)2 m;( k ) ( )
1 <K (ag-a)

0 =2— . 2.3b

RRf m; (ak; €1>2 ( )

Lemma 2.2 (The regime |jul|a > 1+¢ is OK). Let 0<ey <1 be any given small
constant. Then the following hold: For m 2Zmn, with high probability it holds that

Opf>0, VR>1+¢, VaeS'

Proof. Denote Xy=ay-e; and Zp=ay 0. By (2.3a) and Cauchy-Schwartz, we have

(Zk 1(% U 2
aRf>_ Zk 1 (ag-e1)? __Z

>2R-(1—-6,)—2(1+0,), VuES” '

where 0 <d; <1 is an absolute constant which we can take to be sufficiently small,
and in the last inequality we have used Bernstein. The desired result then easily
follows by taking R> R;= 1+251 and choosing d; such that Ry <1+¢. [

From (2.3a), due to the highly irregular coefficients near R, it is difficult to
control the upper bound of drf in the regime R< 1. To resolve this difficulty, we

shall examine the Hessian in this regime.

Lemma 2.3 (The regime ||u|l2 <z is OK). For m2>mn, with high probability it holds
that

1 1
Hepe, (1) S =5 <0, ¥0<|lull2 <,

where He, ., is defined in (2.2).
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Proof. 1t follows from (2.2) together with Bernstein’s inequality that for m2>n with
high probability, it holds

1 1 & 10 8
4 6161 :Ekz< aku ak 61))§||u\|§3§_§§_§

This completes the proof. O

Theorem 2.3 (The regimes [|ull; <3 and |[ul2>1+¢ are OK). Let 0<ey<1 be a
giwen small constant. For m 2 n, with high probability the following hold:

1. We have
Opf>0, VR>1+¢, VYaeS"

2. The point u=0 is a local maximum point with strictly negative-definite Hessian,
> G&Ouf)0)<-1, vees
k=1

3. We have

1
Hoa<-1, Viulh<s.

Proof. This follows from Lemmas 2.1, 2.2 and 2.3. [

Theorem 2.4 (The regime |lul|a~1, ||G-e1|—1|>n0). Let 0<no<1 be given. Then
for m>mn, the following hold with high probability: Suppose u=+/Ri, 1/9<R<2,
and ||@-ei|—1|>no. If (Orf)(u)=0, then we must have

H. ., (u)<O0.
Proof. By (2.3a), we have if Ogf(u)=0, then

1 A (ap-0)* 1 & o
R— =— ag-u)°.
2 (e~ m 2
By Lemma A.2, we have for m 2 n, it holds with high probability that

1 m Y
—Z(ak u)zzmo, VaeS™ with |[i-ey[—1]=np.
ak-el)

Clearly then R <z with high probability. Thus it follows easily that He,, (u) <0
also with high probablhty O]



J. Cai, M. Huang, D. Li and Y. Wang / Ann. Appl. Math., 38 (2022), pp. 62-114 71

Theorem 2.5 (Localization of R when ||t-e;|—1|<ny, R<1+mny and u is a critical
point). Let 0<ny<1 be given. For m2Zn, the following hold with high probability:
Assume u=+/'Ri is a critical point with < R<1+no, and ||i-e;|—1|<no. Then we
must have

|R_1| SC(UO)a
where ¢(ny) —0 as 1np—0.

Proof. Denote 9 f=¢-V f for £€S" 1. It is not difficult to check that
1 1 “ (ak-u)?’(ak-f) 1 “
(0= SIS ) (a46) =

m X?
k=1 =1

where X =ay-e;. Setting £ =u and £ =e;, respectively give us two equations:

R (s ) w0 (240

k=1 ’% k=1
1 m A\3 1 m A
We then obtain
1 & o= (ap2)®\ /1= (ap- @)ty /1« .
(w ) ()= (e ) (p o). e5)

Without loss of generality we assume |[i—eq]|2 <n< 1. Then with high probability
we have

1 — R

k=1
LS (i =1+0)
mk:l '

Observe that by Cauchy-Schwartz,

> e = () (D)

k=1 k=1
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Plugging the above estimates into (2.5), we obtain

1 = (ay-0)*
— <14+0(n).
— Z 7 <100
Using (2.4a), we then get
R>1+0(n).
The desired result then easily follows. O

We now complete the proof of the main theorem.
Proof of Theorem 2.1. We proceed in several steps.

1. By Theorem 2.2, the function f(u) is strongly convex when [[u=te;||; < 1.

2. By Theorem 2.3, f has non-vanishing gradient when R>1+¢€q. Also He ., (u)<
—1 when ||ul]s<3. The point u=0 is a strict local maximum point with strictly
negative-definite Hessian.

3. By Theorem 2.4, we have H,,., (u) <0 if ||u|ls~1 and ||@-e1|—1| > €.

4. Theorem 2.5 shows that if R<1+e€, ||t-e1|—1|<e€y and u is a critical point, then
we must have |R—1|<c¢(eg)<1. In yet other words we must have ||ute;|2<1.
This regime is then treated by Step 1.

This completes the proof. O

3 Quotient intensity model 11

Consider for >0,

_%Z ar-w) —(ax-2)°)" (3.1)

— BHUHQ (ax-2)

Theorem 3.1. Let 0<f<oo. Assume {ag}i, are i.i.d. standard Gaussian random
vectors and x#0. There exist positive constants ¢, C' depending only on (8, such that
if m>Cn, then with probability at least 1—e~“" the loss function f= f(u) defined
by (3.1) has no spurious local minimizers. The only local minimizer is +x, and the
loss function is restrictively convex in a neighborhood of £x. The point u=0 is a
local maximum point with strictly negative-definite Hessian. All other critical points
are strict saddles, i.e., each saddle point has a neighborhood where the function has
negative directional curvature.
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Remark 3.1. See Theorem 3.4 for the precise statement concerning restrictive con-
vexity.

Without loss of generality we shall assume x=e; throughout the rest of the proof.

3.1 The regimes |jull; <1 and |lul|z>>1 are fine

We first investigate the point u=0. It is trivial to verify that V f(0)=0 since a;-e;#0
for all k& almost surely.

Lemma 3.1 (u=0 has strictly negative-definite Hessian). We have u=0 is local
mazimum point with strictly negative-definite Hessian. More precisely, for m2n, it
holds with high probability that

Z &80 f)(0)<—dy, VEeS™,

k=1
where d; >0 is an absolute constant.

Proof. We begin by noting that since almost surely a-e; #0 for all k, the function
f is smooth at u=0. It suffices for us to consider (write u=+/£¢)

1 (H(an- )P —(ag-e1)?)?
EZ -

—1 ﬂt—i‘ ag- 61)
Clearly
(0)=1-223 (09
m
k=1
The desired conclusion then easily follows by using Bernstein’s inequality. O

Write u=+/Ra where 4.€ S" ! and R>0. Then

m (Rlan-i) = (ax-e1)?)
f<u>=%Z< Sl )

k=1

Clearly

R*(B(ar-0)")+2R(ap-0)* (ar-e1)*— Blag-e1)* —2(ax-e1) (ap-0)?
8Rf— ; (6R+(@k'€1)2)2

o L (aen)! (B+(aw@)%)°
aRRf_Qm]; (Rt (are B (3.3)

; (3.2)
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Lemma 3.2 (The regime ||ul|2>>1 is OK). There exist constants Ry = Ri(f) >0,
dy =dy () >0 such that the following hold: For m Zmn, with high probability it holds
that

Orf>dy, VR>R,, VaeS" '

Proof. We only sketch the proof. Denote Xy =aj-e; and Zy =aj-u. Using the
inequalities (assume R>>1 and denote by C} >0 a constant depending only on ()

BR+XP<R(B+X}P), (BR+X}?)?>4BRXE,

and
Xi;
TR <O = 1
(BR+X})? =G (R2+X|Xk\zm>’
we have
1<~ BZ} Z,€1’”122m )
> SEy_ N x2 2 Z
Orf2 mz (B+X7)? ¢(N) mi— 4R Xi mkz:: o +X|X |>R1) s

where we have chosen ¢ € C2° such that 0<¢(x) <1 for all z, ¢(z)=1 for |z|<1 and
#(x)=0 for |x| >2. Observe that for a~N(0,1,), NN(O,l),

E(CL'@)ZLX‘G.MZNSEZ4X|Z‘2N—>O as NN —o0.

It is also easy to show that

- (a-@)"
f E——F———2>1.
aesn1 (B+(a-e1)?)2™

Thus we can take N large such that

. (a-a)* a-i
aé§f1E(ﬁ+(a-el)2)2¢<W> 2L

It is easy to show that by taking R large, for m 2 n, it holds with high probability
that

1 — )
szlxklzzﬁ Zp e
k=1

Since all the other terms are OK for union bounds, the desired result then clearly
follows by taking R large. [
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Lemma 3.3 (The regime ||ulls <1 with H'“h‘ < 15 is OK). There exist a constant

Ry=Rs(S) >0 such that the following hold: For mZn, with high probability it holds
that
1
Ouyuy f<—2<0, YO<R<Ry, VacS™ ' with |i-e| <7

Proof. We only sketch the proof. Denote X,=a-e; and Zy=ay-u. A short compu-
tation gives

SRX?ZE - X! 1 & s ooy 687U —2B% |2 —28X}?
= (RZ?—-X?)2.
Z BR+X? o 2R X) (BRI XY

. " 73X, 1< XP7,
—168(ti-e1)R —§ k—+166(u el)R § Sl S
! 1 ' “(BR+X})?’

u1 u1

where u; =u-e; and v =u—u;e;. Now observe that
1 Z2 s 1=,
-y —E X< 7
mZﬁR—i-Xz k_mz ko
__Z (BR+X;—BR)
R+X2 m BR+X}

1 m
e
( 5R+X2)) —25R2—BR+%ZX,§;
k=1
Z
k

§|Zk| R2| X, 1< R2ZE 1 1i R2X}
P N L ST N et T
(BR+XP)?2 ~ 'm& (BR+X}2)2 " & m< (BR+X})?

R2 1<~ R2Z}
Sat+a—) oph v
e 1m; (BR+X2)2

Ei X, 2| Zi <§§: [X5l*| 2]

T ve = 1 1

m i (BR+XE)? ™ mi= (3(BR) (1 X{)5)?

PRSP e 1 PR
SEOT D IGPIZIS RS0 (Xit Zi+D),

k=1

where in the above the constant €; >0 will be taken sufﬁciently small. The needed
smallness will become clear momentarily. Since |u1]/[Jull2 < 15, it is clear that for
some absolute constant C >0,

(BR+X})?
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ZRZ2 2)2 _1Z R2Z}! QRZ 72
(BR+X?)? = m“—~ (BR+X}?)? ﬁR+X2

m m
kl k=1

Now take €, = 1000 By Lemma B.1, we can take R sufficiently small such that with

high probability

1
S e <1
m <= BR+XZ 100

All the other terms can be treated by taking R sufficiently small, and the desired
result follows easily. O

Lemma 3.4 (The regime |lu/s <1 with |{“|1|| > 15 18 OK). There exist a constant

Rs=R3(B) >0 such that the following hold: For mZn, with high probability it holds
that the loss function f= f(u) has no critical points in the regime

1
{u:\/}_ﬁl: 0<R<Rs 4€S"" and |ﬂ~61]>E}.

Proof. We assume that for 0 < R< 1 there exists some critical point. The idea is
to examine the necessary conditions for a potential critical point and then derive a
lower bound on R. Denote Xy =ay-e; and Zy =ay-t. By (3.2), we have drf =0
which gives

127”: 5Z4+224X2 Z5)(4+2X4Z2
E

(BR+X})? (BR+X})?
— —B,

On the other hand, by using 0, f(u) =0, we obtain

m

- Rl Zy Xy,
pur B Z (BR+ X2 QEZBRJFX,f

2322)(2 Rl o
_”Bulﬁz (6R+X2 B _ZBRJrX?'



J. Cai, M. Huang, D. Li and Y. Wang / Ann. Appl. Math., 38 (2022), pp. 62-114

Thus
1< BRZ} 1<~ ZPX,
— TR 2 T
R Z(BRJrX?) i m;6R+X,§
—4, — 4y
=P Z (5R+X2 ZBR+X2

k::l

~~
=:D9

7

Without loss of generality we assume u; > 1—10. Observe that for 0< R<1, we have

Thus with high probability By ~1.
Now by Lemma B.1, for 0< R<1, we have

1 «~ RZXX}? 12’": RZ}
m < BR+X2 5R+X2

Also for 0< R<1, we have

m

1 X} 1 & X}
i L. SR S N —t S
mz<6+X;3)2 ‘mz(ﬁfHX%)? -

where c1, ¢ >0 are constants depending only on 5. Thus with high probability we

have for 0< R« 1, By~ 1.
Now since

RAlth —RA2+RA3:BQ7
we obtain

A1+ B3 Ay = B3 As,
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where By=B;/Bs. Observe that A; >0, Ay >0, and

ZﬂRJrX?’

Tl Xp o\
125 i) (n 2 gmem)
=\m kz_; BR+X2) \m ; BR+X?
It follows easily that with high probability we have
Ap~1.

But then it follows from the equation RA; = B; that we must have R~ 1. Thus the
desired result follows. O

Theorem 3.2 (The regimes |[ul| <1 and ||ul|o>1 are OK). For m=n, with high
probability the following hold:

1. We have
8Rf2d17 VRZR17 vfaegn717
where dy, Ry are constants depending only on (3.

2. We have

1
Ouyu f<—2<0, YO<R<R,, YaecS" ' with |ﬂ-el|§1—0,
where Ry >0 is a constant depending only on [3.

3. The loss function f= f(u) has no critical points in the regime
1
{uzﬂ_za: 0<R<Rs, 4€S™ " and |ﬁ-61|>E},

where R3>0 is a constant depending only on (5.
4. The point u=0 is a local maximum point with strictly negative-definite Hessian,
> G&(0uf)(0)<—dy<0, VEeS™,
k=1
where dy >0 is an absolute constant.

Proof. This follows from Lemmas 3.1, 3.2, 3.3 and 3.4. O
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3.2 The regime ||u|2~1

Lemma 3.5 (The regime ||u||a~1 with €y <|tu-e;|<1—¢y is OK). Let 0<ep <1 be
given. Assume 0<c1<co<oo are two given constants. Then for m2n, the following
hold with high probability: The loss function f= f(u) has no critical points in the
regime:

{u:\/ﬁﬂ: g <R<ecy, o<t e] Sl—eg}.

More precisely, introduce the parametrization ii=e; cosf+etsinf, where 0€[0,7] and
et €S satisfies et-e;=0. Then in the aforementioned regime, we have

|86’f| Z aq > Oa
where o depends only on (B, €y, c1, C2).
Proof. See appendix. n

Lemma 3.6 (The regime |Ju|lz~1 with |a-e1| <€ is OK). Let 0 <e; <1 be a
sufficiently small constant. Assume 0<cy <cy <00 are two given constants. Then
for mZn, the following hold with high probability: Consider the regime

{uz\/ﬁﬂ: 1< R<eo, |a~61|§61}.

Introduce the parametrization @ = ejcosf+etsing, where 6 € [0,7] and et € S*1
satisfies et-e; =0. Then in the aforementioned regime, we have

Ogo f < —ap <0,
where ay >0 depends only on (B, €1, ¢1, ¢2).
Proof. See appendix. O

Theorem 3.3 (The regime |Julla~1, ||t-e1|—1| <€, |||ul]l2—1]| > (&) is OK). Let
0<R1 <1< Ry<o0 be given constants. Let 0 <eg << 1 be a given sufficiently small
constant and consider the regime ||ii-e1|—1|<eo with Ry <|u||3<Ry. There exists a
constant co=co(€g, R1,Ra,8) >0 which tends to zero as eg—0 such that the following
hold: For m>mn, with high probability it holds that (below u=+/'R1)

Orf<0, VRy<R<l—cy, YaA€S"™ with ||t-e|—1|<ep;
8Rf>0, Vl—f—CQSRSRl, Vﬁegn_l with ||ﬂ'€1|—1|§60.
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Proof. We first consider the regime R>1+c. Let ¢ € C2°(R) be an even function
satisfying 0<¢(x) <1 for all z, ¢(z)=1 for x| <1 and ¢(z)=0 for |z|>2. By using
(3.2), we have

Orf (3.4)
| o R 0) o 22 ) 4 2R (e 0) (%) 1)~ Blas-er) ~2ag-er) ag-0)?
%2 (BR+ (ax-c1)7) |

By taking K sufficiently large, we can easily obtain

E(1-0(“2)) 1+ (@-e)) <1,

where a~N(0,1,). For fixed K, it is not difficult to check that the lower bound
(3.4) are OK for union bounds and they can be made close to the expectation with
high probability, uniformly in R~1 and 4 €S""*. The perturbation argument (i.e.,
estimating the error terms coming from replacing ay -4 by ax-e; and so on) becomes
rather easy after taking the expectation. It is then not difficult to show that

8Rf>0,

for R>1+4c(e).

Next we turn to the regime Ry <R<1—c(ep). Without loss of generality we may
assume |1 —u-e1|<¢y. The idea is to exploit the decomposition used in the proof of
Lemma 3.4. Namely using Oz f=0 and 9,, f =0, we have

Z RBZ}+274X2

(BR+X?)?
~r g
Xi+2Xt72 e RZ} 73X
Zﬁ 2 2 —Ru,— Z 0 2 Z kz
(BR+X3) (6R+X BR+X
Z?él 271’42 —A3
1 & 2R22X2+X4 "
_5“1_; (BR+X2)? ZBRJrXQ
B,

It is not difficult to check that with high probability, we have B;~1, By~1, and

B
2 -1]<nle) <1, VR,SR<1, Vaes™! with Jie—1|<e,
1
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where 1(¢y) =0 as €g— 0. We then obtain
A= (1+0(n(e)) ) (— Az+ Ag),

From this it is easy (similar to an argument used in the proof of Lemma 3.4) to
derive that

A +As+]A5| S 1.
Now note that the pre-factor of Ay is 43 =1+0O(¢y). By using the relation
Aj+Ay— A3 =0(n(e0)),

we obtain

m

ZX
_Z 6R+X2 - _Z 5R+)k(2 Olnie))

By using localization, i.e., decomposing

st 2 (ool 2)x.

Holder and taking M sufficiently large, one can then derive that (with high proba-
bility)

‘ ZZ X4’ ’ ZZ X,C—X“‘
ﬁR+X2 BR+ X}
20(771(60)), VRQSRSL vaeS™ ! with |i-e;—1]<e,

where 11(e9) =0 as €g—0. It then follows easily that (with high probability)

1 < (Zp—X3)
‘_Z%{TXZ‘ O(na(eo)), VRy<R<1, VaeS" ' with |a-e;—1|<e,

where 1,(e9) — 0 as €g—0.
Now observe that for A;, we have
|Ze = X | <I 2= Xil (O(1 Z ) +O(| Xi]*))
<ClZy—Xi|"+e (O(| Z:|") + O(X5)),
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where C, >0 depends only on €. Clearly by taking € >0 sufficiently small and using
the derived quantitative estimates preceding this paragraph, we can guarantee that
(with high probability)

)Al—Bl‘<<1, VRy<R<1, VaeS"! with |i-e1—1]|<e.

It follows that we must have |[R—1| <1 for a potential critical point. By using
(3.2) we have drf(R=0)<0. By using (3.3) we have Ogrrf >0. Since we have
shown Orf>0 for R>14c(ep), it then follows that dr f =0 occurs at a unique point
|R—1| <1 and Orf <0 for R<1—c(€g) provided c(€p) is suitably re-defined. O

We now show restrictive convexity of the loss function f(u) near the global
minimizer u==e;.

Theorem 3.4 (Restrictive convexity near the global minimizer). There exists 0 <
e << 1 sufficiently small such that if m =mn, then the following hold with high proba-
bility:

1. If lu—e1|l2<€o and usey, then for é==9—eS"', we have

lu—exll2
D &&5(051)(w) =7 >0,
i,j=1

where 7y is a constant depending only on (3.

2. If [lu+e1||2<eo, then then for {=E1—eS" 1 we have

lluterll2
> &&(050) () =7 >0,
ij=1
where v is a constant depending only on [3.

3. Alternatively we can use the parametrization u= e, +t&, where E€S" L, and
|t| <e€g. Then with this special parametrization, we have

Z §i&j(0i f)(u) =~y >0.
ij=1
Note that this includes the global minimizers u==+tey.

In yet other words, f(u) is restrictively convez in a sufficiently small neighborhood
of tey.



J. Cai, M. Huang, D. Li and Y. Wang / Ann. Appl. Math., 38 (2022), pp. 62-114 83

Proof. See appendix. n
Proof of Theorem 3.1. We proceed in several steps as follows.

1. For the regime ||u|ls <1 and ||ul|2>>1, we use Theorem 3.2. The point u=0
is a local maximum point with strictly negative-definite Hessian. All other
possible critical points must have negative curvature direction.

2. For the regime ||u|la~1, ||G-e1|—1| > €y, we use Lemma 3.5 and 3.6. The loss
function either has a nonzero gradient, or it is a strict saddle with a negative
curvature direction.

3. For the regime |lulja~1, |G-e1|—1| <eq, |[Julla—1|>c(ep), we apply Theorem
3.3. The loss function has nonzero gradient in this regime.

4. Finally for the regime close to the global minimizers +e;, we use Theorem 3.4
to show restrictive convexity. This ensures that +e; are the only minimizers.

This completes the proof. n

4 Quotient intensity model 111

Consider for g >0, S5 >0,

1 — ((ap-u)?—(ag-x)?)?
0= e o T .

Theorem 4.1. Let 0< (1,02 <oo. Assume {ax}p, are i.i.d. standard Gaussian
random vectors and x #0. There exist positive constants ¢, C' depending only on
(61,02), such that if m>Cn, then with probability at least 1—e=“™ the loss function
f=f(u) defined by (4.1) has no spurious local minimizers. The only local minimizer
is £x, and the loss function is strongly convex in a neighborhood of +x. The point
u=0 1is a local maximum point with strictly negative-definite Hessian. All other
critical points are strict saddles, i.e., each saddle point has a neighborhood where
the function has negative directional curvature.

Without loss of generality we shall assume z=e; throughout the rest of the proof.
Thus we consider

15 ((ax-u)®—(ax-€1)*)?
F0 = 2 a4 Bu(an )+ Bularer (4.2)
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4.1 The regimes |ul;<1 and ||ul[2>1 are fine

We first investigate the point u=0. It is trivial to verify that V f(0)=0 since ay-e; #0
for all k£ almost surely.

Lemma 4.1 (u=0 has strictly negative-definite Hessian). We have u=0 is a lo-
cal mazimum point with strictly negative-definite Hessian. More precisely, it holds
(almost surely) that

> &4 (Ouf)(0)<—dy, VEeS™,
k=1
where d; >0 is a constant depending only on Ps.

Proof. We begin by noting that since almost surely a-e; #0 for all k, the function
f is smooth at u=0. It suffices for us to consider (write u=+/t¢)

2

_1 L (Hag-€)?—(ax-€1)?)
EZ

— t+tf1(ak-§)* + B2 (k- e1)?

By a simple computation, we have

1 (1428 1 &
GO0)=—m— == — > (ax-¢)°
The desired conclusion then easily follows. O

Write u=+v/Ra where 4.€ 5" ! and R>0. Denote X;=a-e;. Then

2
Lo (R(ak-a)2—X,3)
UChT Dy ey ey e el

Clearly
_ 1 & RQ((akﬂ)4+61(akﬂ)6)+2Rﬁ2(ak,&)4X]3_X;€1_(/61+252)(aka)2X];1
8Rf_; (R+RB1(a)-0)2+ B2 X2)? ; (4.3)
m (14 (ap-@)* (8148
Orrf= QLZ ( Lo 07 2)) w

< (R+ Ry (ar-0)?+ B2 X7)?
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Lemma 4.2 (The regimes |jul|;>>1 or ||u||s <1 are OK). There exist constants
R;=R;($1,52)>0, d;=d;(p1,02) >0, i=1,2 such that the following hold: For mZn,
with high probability it holds that

Onf>d, VR>R,, VaeSrt
Opf <—dy<0), Y0< R< R, VaesSn!,

Proof. Denote Z,,=a;-u. We first consider the regime R>1. Observe that

I & R*Z} 1 & Z}
— D Y — S— T 1R TS A
mkz:;(RJrR&Z,fnLﬁgXﬁ)QNm;(1+Z,§+X,§)2N

=1

where the last inequality holds for m 2 n with high probability. On the other hand
we note that

1 i Xi 1 3 X} ( . )
m & (R+RB Z}+ B2 X})? ~m &~ (R+X})? Xixpi<rt "X x> RE

1

k=
~ n—1
SR+ — ZX|X‘>R1<<1 vaes"

where again the last inequality holds for R sufficiently large, and for m2>n with high
probability. Similarly we have for R sufficiently large,

li (B1+262) Z7 X,
m —1 <R+R/6122+B2X2)

1
<R™! EZZQ ZZleXl <1, Vaes
k=1

Thus it follows easily that drf 21 for R>1.

Now we turn to the regime 0 < R< 1. First we note that the main negative term
is OK. This is due to the fact that for 0 < R<1, we have (for m 2n and with high
probability)

1 & 72X} 1 & 72X}
—> 2 ) o> Vaes"
m (R+RZ;+X})? mk:1(1+Zk+Xk)2
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On the other hand, we have (for m 2n and with high probability)

1 z’”: RY(Z!+Z%)
m e (R+RZ2+X?)?

1 1 RZ4
-m ; R+RZ2—|—X2 (X\Xk|>RZ\Zk| JrX|X1c|<l'%7*flzkl)

1 2 2
§R2EZZI€+EZZ]€X|XH<R%|ZH
k=1 k=1
L1 ¢ g, 1 - 2 IES 2
SR Zit—> Zixizpert— > KX end
k=1 k=1 k=1

H

if we first take K sufficiently large followed by taking R sufficiently small. The

4 yv2
estimate of the other term % is similar and we omit further details.
k k
Collecting the estimates, it is then clear that we can obtain the desired estimate
for Ogf when 0 < R 1. m

4.2 The regime |ul[z~1

Lemma 4.3 (The regime ||u|la~1 with €y <|u-e;|<1—¢p is OK). Let 0<ey <1 be
gwen. Assume 0<cy<co<oo are two given constants. Then for m2n, the following
hold with high probability: The loss function f= f(u) has no critical points in the
regime:

{u:\/ﬁﬂ: c1<R<cy, g<|l-e] Sl—eo}.

More precisely, introduce the parametrization i=e; cosf+etsinf, where 0€[0,7] and
et €S satisfies et-e; =0. Then in the aforementioned regime, we have

|89f’ >y >O,

where ay depends only on (3, €, c1, ¢32).

Proof. We first recall

(R(a 0)? X2>
ZR+51R(ak )2+ P X2

gh
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Clearly ay-i=Xycosf+(ay-et)sinf, and
Do (ay,-1) = Xj,(—sinf) + (az-e*) cosb;
Ogo(ag-1) =—(ay-0).
In particular, if € is away from the end-points 0,7, then
Op(ag-1) = (ay-u)cotd — Xycsch.

We then obtain (below Z=ay 1)

) R 2RZ4(~ X3+ RZR)- ((B1-+282) XP+ R(24 51 27) ) Xo
b =—csc EZ (R+B1RZ} + 2 X})?

k=1
| 2 2RZy(—X2+RZY)- ((,81+262)X,3+R(2+51213)>Zk
—|—cot9—z '

mel (R—f-ﬁlRZ]%—f-ﬁQX%)Q

Thanks to the strong damping, it is not difficult to check that for any e>0, if m2>n,
then with high probability we have

|00f —EOpf| <€, Ver<R<cy, VaeS' '
The desired result then follows from Lemma C.1. O

Lemma 4.4 (The regime |Ju|lz ~1 with |a-e1| <€y is OK). Let 0 <e; <1 be a
sufficiently small constant. Assume 0 <c; <cy <00 are two given constants. Then
for m=n, the following hold with high probability: Consider the regime

{u:\/ﬁﬂ: c1<R<eo, |ﬁ-61|§61}.

Introduce the parametrization i = e;cosf+etsind, where 6 € [0,7] and et € S*1
satisfies e-e; =0. Then in the aforementioned regime, we have

Opo f < —0p <0,
where ay >0 depends only on (B, €1, ¢1, ¢3).

Proof. This is similar to the argument in the proof of Lemma 4.3. By a tedious
computation, we have

m

1 2RG
Do f=—> .,
ma— (R+ By +[1RZ})
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where
Gr=—8B1RZ; (—X;+RZ}) (R+Bo X3+ B RZ}) (X — Zicosh)® csc® 0
—2(R+ B X2+ B RZ2)* (X,;*—?)Rx,fz,f —RZ}2X,Zy (X2 —3RZ2) cost
+ZH(XZ—2RZ}) 60829) csc? 0
+8y (X2—RZ2)’ (Z,f (R+ 5o X2+ By RZ2) +4By RZ2( X, — Zicosh)?esc®d
— (R+a X2+ B RZ2) (Xi— 7 cose)2csc29) .

It is then tedious but not difficult to check that that for any € >0, if m 2 n, then
with high probability we have

000 f —EDgaf| <€, Ver<R<cy, VaeS" .
The desired result then follows from Lemma C.1. O

Theorem 4.2 (The regime |ulla~1, ||G-e1|—1| <€, |[|ul]la—1] >c(eo) is OK). Let
0<c1<1<ey<oo be given constants. Let 0 <eg << 1 be a given sufficiently small
constant and consider the regime ||a-e1|—1| <eg with ¢; < ||ul3<co. There exists a

constant co=co(€p,c1,¢2,3) >0 which tends to zero as €g—0 such that the following
hold: For m>mn, with high probability it holds that (below u=+/Ri)

8Rf<0, VCQSRSl—CQ, V’[LESn_l with Hﬁ-el\—1|§eo;
Orf >0, Vidceg<R<c;, YaeS" ' with ||i-e|—1|<e.

Proof. We rewrite

1 & .
flu)=—2 g(R(ax@)*, X5),
k=1
where
(Ra—0)?
R.a,b)= .
9(f,a.0) R+ p1Ra+ B2b

It is not difficult to check that for R~1, we have
|(Org)(R,a,b) = (Org)(R,b,0)| < |[Oragllsc|b—al S[b—al, Va,b>0.
On the other hand, note that (Org)(1,0,b) =0, and for R~1,

20%(14+b(S1+B2))?

oGt iR "

(Orrg)(R,b,b)=
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Thus for R=1+n, n>0 we have
(aRg)(R7a7b> ZaRg(vaab)_’Yl’b_cd
>72:1-b—n1lb—al,

where 71 >0, 75 >0 are constants depending only on (51, B2, ¢1, ¢3). The desired
result (for Ogrf >0 when R— 1+) then follows from this and simple application of
Bernstein’s inequalities. The estimate for the regime R — 1— is similar. We omit
the details. O]

Theorem 4.3 (Strong convexity near the global minimizer). There ezxist 0 <ey< 1
and a positive constant vy such that if m 2 n, then the following hold with high
probability:

1. If lu—eql||2 <€, then

36605 )(w) =y >0, vees

,j=1

2. If |lutei||2<eg, then

36505 f) () =y >0, VEes

i,7=1

In yet other words, f(u) is strongly convex in a sufficiently small neighborhood of
:|:€1.

Proof. See appendix. n
Finally we complete the proof of Theorem 4.1.

Proof of Theorem 4.1. We proceed in several steps. All the statements below hold
under the assumption that m 2n and with high probability.

1. For u=0, we use Lemma 4.1. In particular u=0 is a local maximum point
with strictly negative Hessian.

2. For ||ulla<1 or ||ul]2>>1, we use Lemma 4.2. The loss functions has a nonzero
gradient (Orf#0) in this regime.

3. For [Julla~1 with ¢y <|G-e1] <1—¢p, we use Lemma 4.3 to show that the loss
function has a nonzero gradient (0pf #0) in this regime.
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4. For |Ju||a~1 with |G-e;] <e€p, by Lemma 4.4, the loss function has a negative
curvature direction (i.e., dggf <0) in this regime.

5. For ||ul|la~1, ||a-e1|—1| <eq, |||u|la—1] > c(€n), Theorem 4.2 shows that the
gradient of the loss function does not vanish (i.e., drf #0).

6. For ||uze;|| <1, Theorem 4.3 gives the strong convexity in the full neighbor-
hood.

It is not difficult to check that the above 6 scenarios cover the whole of R™. We omit
further details. O
5 Numerical experiments

In this section, we demonstrate the numerical efficiency of our estimators by simple
gradient descent and compare their performance with other competitive algorithms.
Our Quotient intensity models are:

QIM1:
1 m 2)\2
min f(u)= =3¢ “k“ W”.
ueRn m < (ag-x)?
QIM2:
. 1 ((ar-u)? — (ar-2)%)?
min f(u)=— :
0= T (e P
QIMS3:
1 & ((ar-u)*—(ax-z)?)
min f(u)=—
ueR" mz [ull3+Br(ar-u)+Ba(ar-x)?

We have shown theoretically that any gradient descent algorithm will not get
trapped in a local minimum for the estimators above. Here we present numerical
experiments to show that the estimators perform very well with randomized initial
guess.

We test the performance of our QIM2 and QIM3 and compare with SAF [5],
Trust Region [29], WF [3], TWF [7] and TAF [34]. Here, it is worth emphasizing
that random initialization is used for SAF, Trust Region [29] and our QIM2, QIM3
algorithms while all other algorithms have adopted a spectral initialization.
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5.1 Recovery of 1D signals

In our numerical experiments, the target vector x € R" is chosen randomly from
the standard Gaussian distribution and the measurement vectors a;, i=1,---,m are
generated randomly from standard Gaussian distribution or CDP model. For the
real Gaussian case, the signal o ~N(0,1,) and measurement vectors a; ~ N (0,1,)
for i=1,---,m. For the complex Gaussian case, the signal x ~N(0,1,,)+iN(0,1,)
and measurement vectors a; ~N(0,1,/2)+iN(0,1,,/2). For the CDP model, we use
masks of octanary patterns as in [3]. For simplicity, our parameters and step size
are fixed for all experiments. Specifically, we adopt parameter =1 and step size
=04 for QIM2 and choose the parameter 5; =0.1, Sy =1, step size u=0.3 for
QIM3. For Trust Region, WF, TWF and TAF, we use the codes provided in the
original papers with suggested parameters.

Example 5.1. In this example, we test the empirical success rate of QIM2, QIM3
versus the number of measurements. We conduct the experiments for the real Gaus-
sian, complex Gaussian and CDP cases, respectively. We choose n =128 and the
maximum number of iterations is 7'=2500. For real and complex Gaussian cases,
we vary m within the range [n,10n|. For CDP case, we set the ratio m/n=L from
2 to 10. For each m, we run 100 times trials to calculate the success rate. Here, we
say a trial to have successfully reconstructed the target signal if the relative error
satisfies dist(ur—x)/||z]|<107°. The results are plotted in Fig. 1. It can be seen that
6n Gaussian phaseless measurement or 7 octanary patterns are enough for exactly
recovery for QIM2 and QIMS3.

Example 5.2. In this example, we compare the convergence rate of QIM2, QIM3
with those of SAF, WF, TWF, TAF for real Gaussian and complex Gaussian cases.
We choose n =128 and m =6n. The results are presented in Fig. 2. We can see
that our algorithms perform well comparing with state-of-the-art algorithms with
spectral initialization.

Example 5.3. In this example, we compare the time elapsed and the iteration
needed for WF, TWF, TAF, SAF and our QIM2, QIMS3 to achieve the relative error
107° and 1071, respectively. We choose n=1000 with m=8n. We adopt the same
spectral initialization method for WF, TWF, TAF and the initial guess is obtained
by power method with 50 iterations. We run 50 times trials to calculate the average
time elapsed and iteration number for those algorithms. The results are shown in
Table 1. The numerical results show that QIM3 takes around 27 and 50 iterations
to escape the saddle points for the real and complex Gaussian cases, respectively.
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Figure 1: The empirical success rate for different m/n based on 100 random trails. (a) Success rate
for real Gaussian case, (b) Success rate for complex Gaussian case, (c) Success rate for CDP case.

Table 1: Time elapsed and iteration number among algorithms on Gaussian signals with n=1000.

Algorithm lo_fsieal Gaussmfo_lo . (()]_o;nplex Gaussll(z]iilm

Iter Time(s) | Iter Time(s) | Iter Time(s) | Iter Time(s)

SAF 44  0.1556 | 68 0.2276 | 113 1.3092 | 190 2.3596
QIM2 58  2.0589 | 117 3.7204 | 155 21.6235 | 314 37.1972
QIM3 88  2.4423 | 161  4.2229 | 211 30.2235 | 422 48.1972
WF 125  4.4214 | 229 6.3176 | 304 34.6266 | 655 86.6993
TAF 29  0.2744 | 60 0.3515 | 100 1.7704 | 211  2.7852
TWF 40  0.3181 | 87  0.4274 | 112 1.9808 | 244  3.7432
Trust Region | 21 2.9832 29 4.4683 33 19.1252 | 42 29.0338
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Figure 2: Relative error versus number of iterations for QIM, SAF, WF, TWF, and TAF method: (a)

Real-valued signals; (b) Complex-valued signals.
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Figure 3: SNR versus relative MSE on a dB-scale under the noisy Gaussian model: (a) Real Gaussian
case; (b) Complex Gaussian case.

5.2 Recovery of natural image

We next compare the performance of the above algorithms on recovering a natural
image from masked Fourier intensity measurements. The image is the Milky Way
Galaxy with resolution 1080 x 1920. The colored image has RGB channels. We use
L =20 random octanary patterns to obtain the Fourier intensity measurements for
each R/G/B channel as in [3]. Table 2 lists the averaged time elapsed and the
iteration needed to achieve the relative error 107 and 107! over the three RGB
channels. We can see that our algorithms have good performance comparing with
state-of-the-art algorithms with spectral initialization.
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Table 2: Time elapsed and iteration number among algorithms on recovery of galaxy image.

The Milky Way Galaxy

107 10710
Iter Time(s) | Iter Time(s)
SAF 92 202.47 | 148 351.21
QIM2 168  351.32 | 282  601.68
QIM3 173 371.59 | 296  709.21
WF 158 3817 | 277 621.63
TAF 65 223.89 | 122  368.22
TWF 68  315.14 | 145 566.84

Algorithm

5.3 Recovery of signals with noise

We now demonstrate the robustness of QIM2, QIM3 to noise and compare them
with SAF, WF, TWF, TAF. We consider the noisy model y; =|{a;,z)|+n; and add
different level of Gaussian noises to explore the relationship between the signal-to-
noise rate (SNR) of the measurements and the mean square error (MSE) of the
recovered signal. Specifically, SNR and MSE are evaluated by

dist”(u,z) 2imlai zf”

MSE = 1010g10 W

and SNR=10log,,

where w is the output of the algorithms given above after 2500 iterations. We choose
n=128 and m=8n. The SNR varies from 20db to 60db. The result is shown in
Fig. 3. We can see that our algorithms are stable for noisy phase retrieval.

Appendix A: technical estimates for Section 2

Lemma A.1. Let € C°(R) satisfies 0<¢(x) <1 for all z, ¢p(z)=1 for |z|<1 and
o(x)=0 for |x|>2. There exist €>0 sufficiently small, and N sufficiently large such
that

(a-£)*(a-e1)?

E
e+(a-eq)?

gb(%g) >0.99, VeeS,

where a~N(0,1,).
Proof. We first show that there exist ¢ >0, such that

(a-8)*(a-e1)?

E
6"‘(@'61)2

>0.995, veéest . (A1)
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Clearly it suffices for us to show

2
sup B8
cesn—1 €+ (a-ep)?

Observe that £ =se;++v/1—s2ef, |s| <1, et-e;=0. Thus denoting X and Y as two
independent standard Gaussian random variables with mean zero and unit variance,
we have

—0 as e—0. (A.2)

)2 2 2
e(a-€) e X T E €Y <t < e
cesn—1 €F(a-e)?™ e+ X2 e+ X2 e+ X2

where in the last inequality we used the fact that

dx ~
/|96|<1€+I2 T e

Thus (A.2) and (A.1) hold. Now ¢ is fixed. To show the final inequality, we note
that

(a-§)*(a-er)”
EWX\a§\>N<E(@ f) X|a§\>N<EX X\ x>~ —0,

as N tend to infinity. Thus the desired inequality easily follows. O

Lemma A.2. Let 0<ny<1 be given. Then if m=n, then the following hold with
high probability:

1~ (@)
_Z(“’f—u)yzmo, vaeS" ! with |li-ei|—1]>no.
-e1

Proof. Without loss of generality we write
t=set+vV1—s%e;, eteS" ! with et-e;=0.

Clearly |s| > so=s0(19) >0, where so(1) is a constant depending only on 7. Take
a~N(0,1,) and observe that

1<y<2,z€R e(1+y? )+$2

1 1 s
> ———dr>s8-0(e77)>200
=200 J 1 et a2 s0:0(e7) 2200,
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if €>0 is taken sufficiently small. Now we fix this €. Clearly for m = n with high
probability it holds that

m e (ag-e1)? ~m <= e(l+(ap-e)?)+ (ap-e1)?
>100, VaeS*™ ! with l|a-e1|—1] <np.

Thus, we complete the proof. O

Appendix B: technical estimates for Section 3

Lemma B.1. For any € >0, there exists Ry= Ro(5,e) >0 sufficiently small, such
that if m2>n, then the following hold with high probability:

R& aj-1)? e
—ZER(k—)<E, VaeS™ !, YO<R<R,.

Proof. Let ¢ € C°(R) be such that 0 <¢(x) <1 for all x, ¢p(z)=1 for |z| <1 and
¢(x)=0 for |x| >2. We then split the sum as

m

ay-1)* 1 ) ag- e 1 & A
S o) s S

—1 Mo

Clearly the first term is amenable to union bounds, and we can make it sufficiently
small with high probability by taking 7, small (depending only on  and €). The
second term is trivial since we can take R sufficiently small. Thus we complete the
proof. O

Lemma B.2. There exists Ry=R(8)>0 sufficiently small, such that if m2n, then
the following hold with high probability:

. 1
_Z (lk u alc 61 <CQ, VﬁESnil with ul.elzl—o, VO<R<R;.

In the above ¢y, co>0 are constants depending only on 3.

Proof. Denote Xj, =ay-e;. Write 4 = se; ++v/1—s2et, where s> 75 and et eSSt



J. Cai, M. Huang, D. Li and Y. Wang / Ann. Appl. Math., 38 (2022), pp. 62-114 97

satisfies et -e; =0. We then write
Z e
BR+X} 2
m 3
(ag- et )X}
+vV1-s2—
ZﬂRJrX 2 Z BR+X2

— BRXj,
ZBR+X2+V 1—s2— Zake )X —V1—s2— Zake ﬁR—l—Xz

For the first term we note that for O0<R<I,

_Z 5+X2 ZBRJrX? _ZX’f

Thus we clearly have for all 0< R<1

;35 S L < 5<1, with high probability it holds that

200 <s— ZﬁR—l—XQ —02

The second term is clearly OK for union bounds and with high probability it can
be made sufﬁciently small. For the last term, observe that with high probability,

BR’Xk’ 1 n—
Z|ake BR+X2NV Z|ake | <1, VeteS',
if R<R; and R1 is sufficiently small. The desured result then clearly follows. O

Proof of Lemma 3.5. Without loss of generality we consider the situation t=e; cosf+
etsinf with € <0< 75 —e, where 0<ey,eo<1. The point is that ¢ stays away from
the end-points 0 and 5. Denote X =az-e1, Yy =az-e* and Z,=a; 4. Then

1 cost

Zp=cost0X,+sinbY, = Y,.= @Z —SmeXk;
agzk——Sln@Xk—FCOS@Yk—COt@Zk—ka
We then obtain
Opf =4R*cotf iBR?X]z —4R2CSCG%§B}Z£§;§
I

m

@ 1 7. X}
—4 4 — —
Rcotf— ZBR X2+ RCSCQm;ﬁR—i—X,f
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Since R~ 1, it is not difficult to check that the third and fourth terms above are
amenable to union bounds', i.e., with high probability (for m=>n) we have

N ZEX}E N 7 X}
— k= k —mean+— ZEk _ mean <1, Vei<R<cy, YaeS' .
ZBRJrX2 ﬁR+X2

Next we treat the second term. Let ¢ € C°(R) be such that 0 <¢(z) <1 for all z,
¢(x)=1 for |x| <1 and ¢(z)=0 for |z|>2. We have
N ZiXi, N 7 X N ZiXi Z
ZBR—l—X2 ZBR+X2¢< > ZﬁR—i—Xz( (M(X,Q))’

J/

-

=:H1 =:Hs

where (z) = (14]z[?)2. It is not difficult to check that H; is OK for union bounds,
and with high probability it holds that

‘Hl—EHl <1, VaeS™ !, Ve <R<c.

For Hy we have (19 will be taken sufficiently small)
I~ X Z
i e (G
2= ZBR+X2 o m;ﬁR+X§ ST

X
< _Z k i _3i§:X2<1_¢< Zy, ))
—”Omkzlﬁmxg "o m ek M(X)))

vV
=:Ha, =:Hs

We first take ny sufficiently small so that H,, can be included in the estimate of H|
without affecting too much the main order. On the other hand, once 7 is fixed, we
can take M sufficiently large such that

|Hyp|+|EHyp| <1, VaeS™™, Ve, <R<cy.

Finally we treat Hy. Clearly

iﬁR+X2 <Zk>

—HOa

fThe union bound includes covering in @ and R.
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By taking K large, it can be easily checked that

sup |EHy—EH,.| < 1.

4eSr—1, c;<R<cs

On the other hand, for fixed K, clearly H,, is OK for union bounds. It holds with
high probability that

|Hoo—EH),.|<1.
Collecting all the estimates, we obtain
O0p f >E0y f +Error,

where |Error|<1. The desired lower bound for dp f then easily follows from Lemma
B.3 below. O

Lemma B.3. Let u=+vRi with 0<c; <R<cy<o00o and 4. €S" . Assume =
cosfe; +sinfet, where 0 € [0,7] and e+ €S"! satisfies et-e;=0. We have

Ef(u)=h(8,R,cos*0),
where

max Jsh(5,R,s) < —; <0,

0<s<1
1 >

Oglsglﬁssh(ﬁ,]%,s) > 9 >0.

Here v;=7;(B,c1,¢2), i=1,2 depend only on (3, ¢1, c2). It follows that

Edy f = a:(8, R,cos>0)sin(26);
Edgs f =2a, (5, R,cos®8) cos(20) +ay (5, R,0)sin?(20),

where
73<ai<57R75)§745 vse[oal]a 221727

and 3>0, 74>0 are constants depending only on (3, c1, o).

Proof. We have

1 (R(zcosf+ysind)>—x?)? 2442
I[‘Zf(u)—%/ﬂ%2 BRia? e 2 dxdy
1
m

o0 1 2
/ me_T-\/ 21h1 (R, z,cos*6)dx,
0 x
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where
hi(R,7,8)=3R*—2Ra*+a" +5(6R* —2Rx?)(—1+2%)+ R*s*(3— 62 +2%).
Integrating further in x then gives
1
Ef(u):\/27r«—-R(0152—|—2c23+03>, s=cos’0),
m

where the value of c3 is unimportant for us, and

>~ 1 o2
1 :R/o BRI e” 2 (3—62*+%)dr;

¢~ (3R—12%)(—1+2%)dx.

BR+x?

First we show that ¢y <0. By a short computation, we have

62_3;5 (8RVET e 7 /BRO+AE) Erfc(ﬁ)),

where

Br(y) = —= /

We then reduce the matter to showing
y<ey2(1+2y2)/ e Pdt, Vy>0. (B.1)
y

This follows easily from the usual bound on Erfe(y):

2 1
< Erfe(y)-e” -ﬁg— Yy > 0. (B.2)

1
Z/+\/Z/2+2 y+ /y2_{_%’

Thus ¢y <O.
Next we show that ¢; >0. We have

28¢1 =21 BR(5+BR)+e 2 m\/BR(3+BR(6+5R))- Erfc(,/ﬁf)

It amounts to checking

00 2
y? *t2dt>y(5+—2y> V> 0.
¢ /y ¢ 314y2(3+42) 7
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This follows from Lemma B.4 below.
Finally we show c;4c2 <0. We have

2(01+62)
3 R
VIrR(=248—BR)—e % 7 (=83 RS+ (BR)} +/BR—3R/BR Erfc(y/ﬁ ).
Denote y= % >(. We then reduce matters to showing

2?/2—23(1+92)<6y2-2y-(—2y2R—3R+1+2y2)/ e~ dt.
y
Since we have shown (B.1), we then only need to check
1+y? >ey2y(2y2+3)/ et dt.
y

This in turn follows from Lemma B.4.
Finally we consider the polynomial

h(s)=c1s>+2¢,s.

Since A/ (s)=2¢1542¢; and ﬁ’(02:202<0, W (1)=2¢1+2¢, <0, we have '(s) <0 for all
s€[0,1]. Since ¢; >0, we have h”(s)>0. The desired result then easily follows. [

Lemma B.4 (Refined upper and lower bounds on the Complementary Error func-

tion). Let
Erfe(z / ~qt for x>0.
\/_
Then
> NZ3 x(5+2x?)
L Erfe(r) ——> — ;
e” -Erfe(x) 5 >3+4x2(3+x2)’ V>0,
VT 1422

e* -Erfc(z)- V> 0.

3 = x(3+222)’
Remark B.1. In the regime y>1, one can check that the upper and lower bounds
here are sharper than (B.2). One should also recall that the usual way to derive
the lower bound in (B.2) through conditional expectation. Namely one can regard
e v /(\/_Erfc( )) as the conditional mean p; (y)=E(X|X >y) where X has the p d.f.
\/77 . Then evaluating the variance E((X —p1)?|X >y) >0 gives yu1+35—p2 >0.
This ylelds the upper bound for gy which in turn is the desired lower bound in
(B.2). An interesting question is to derive a sharper two-sided bounds via more
careful conditioning. However we shall not dwell on this issue here.
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Proof of Lemma B.4. We focus on the regime x>1. By performing successive simple
change of variables, we have

[e.e] o0 1 o
g(x)::€x2/ etht:/ 6—2xs€732d522_ 67867(5)2615

1 (2k)! _ 1 /1
-~ —(2k+1) = )k @kt 2 [ 2
z 5~ U2 (3

where in the last line we adopted Pochhammer’s symbol (a),=a(a+1)---(a+n—1).
Note that the above is an asymptotic series, and it is not difficult to check that

‘ Z k: o (2k+1) 1 1 ‘Sx—Qm—&l. 1 , Vm>1, Vz>0.
2\2/, 2 \2
0 m—+1

Moreover, if m is an even integer, then

m

1
g(x><2(—1>’“x‘<2’“+”5~(5) . Va>0;
k=0 k

and if m is odd, then

—_

m

1
g(a:)>2(—1)k.r_(2k+l)-§-(5) , Vo>0.
k=0 k

Now taking m =4, we have

Lo 1og 3o 16 105
2 1 8 16 327

—_

1 ., 1 43 o 16 . 105 _, 1+22
—— T ———
2 4 8 16 32 x(34222?)
Hence the upper bound is OK for x> 3.
Next taking m=>5, we have
I 1 33 5 15 ;- 105 4 945

glw)> e = qu g gt gyt

2 2
Loy 15,3 5 15 5 105 5 945 Ly a(5+20%)
2 4 8 16 32 64 3+1222+4a*
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Hence the lower bound is OK for x> 4.

Finally for the regime x € [0,4], we use rigorous numerics to verify the inequality.
Since we are on a compact interval, this can be done by a rigorous computation with
controllable numerical errors. O]

Proof of Lemma 3.6. Again denote X, =ay-e; and Z,=a;-u. Without loss of gen-
erality we assume 6 € [§ —n,5+n] for some sufficiently small n>0. By a tedious
computation, we have

m 4 m
Opo f =4R*(1+2c0s26) csc®— Z,BRZ X2—24R2(c0tecsc9 ZBR—l—ZX?

m

N9, ¢
+8R(cotbcsch)—
( Z 5

X327
+4R(csc?0) (3R —cos26)— ZBR 7

R+ X}

—4Resc?0— ZBR+X2

Note that the third, fourth and fifth terms are OK for union bounds. The second
and the first term can be handled in a similar way as in the proof of Lemma 3.5. The
only difference is that the sign is now negative in the regime ¢ — 7. Using Lemma
B.3 it follows that Jyg f <0 in this regime. We omit the repetitive details. O

Proof of Theorem 3.4. Without loss of generality we consider the regime ||u—e; |2 <<
1. Before we work out the needed estimates for the restricted convexity, we explain
the main difficulty in connection with the full Hessian matrix. Denote X, =ay-e;.
Then for any £ €S"!, we have

Hee :Zfzgj (auiuj f)(u)

12— Z(a’“ &) (ay ) (B.3)

— B||u||2+X2
1 (46X}
4 L Buli X2 (B4)
(ar-u)®(ap-&)(u-€)
T Z (Bl + X2 ()
+168— ZX2 ai-u)(ay-€)(u-¢) (B.6)

(Bllull3+X3)?
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1 A ((ag-u)?—X7P)?
—Z B.7
m (Blull3+X37)? (B1)

13 ()2 X2)?
8B2(£-u)?—
P DD B X2

(B.8)

First observe that if u=e;, then the Hessian can be controlled rather easily thanks
to the damping f|ul|3+ X?.

On the other hand, for u#e;, as far as the lower bound is concerned, the main
difficult terms are (B.7) and (B.5) which are out of control if we do not impose any
condition on ¢ (i.e., using (B.3) to control it). On the other hand, if we restrict £
to the direction u—ey, then we can control these difficult terms by using the main
good term (B.3). Namely, introduce the decomposition

u:€1—|—t£,
where t=||lu—e;||2< 1. Then for (B.5) we write
(ar-w)*(ar-€) = (ar-w)*(ax-e1)(ar-§) +t(ar-u)*(ar-£)*.

Since t < 1, the term t(ay-u)?(ay-e1)* (together with the pre-factor term in (B.5))
can be included into (B.3) which still has a good lower bound by using localization.
On the other hand, the term (ay-u)*(ax-€1)(ax-€) can be split as

(ar-u)?(ax-e1)(ax-€)
=(ar-w)*(ar-er) (a6 (=) (B.9)
+(ar-w)(an-er)(ar-§) (16 (%) ), (B.10)

where ¢ is a smooth cut-off function satisfying 0 <¢(z) <1 for all z€R, ¢(z)=1 for
|z| <1 and ¢(2)=0 for |z| >2. Clearly the contribution of (B.9) in (B.5) is OK for
union bounds. On the other hand, for (B.10) we have

(P lag-enllag-€l- (1-6 ()
< (au)e(a- )%+ apu)(@ee)* (16 (H2)).

Clearly this is under control (the first term can again be controlled using (B.3)).
Now we turn to (B.7). The main term is (az-u)?. We write

(ag-w)?(ax-u)* = (ag-u)*(ay-ex)* +1*(ag-u)?(ay-§)* + 2t (ar-u)* (ax-e1) (ay-§).
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Clearly then this is also under control.
By further using localization, we can then show that with high probability, it
holds that

Hgg Z EH&* —|—EI'I'OI',
where |Error|< 1. The desired conclusion then follows from Lemma B.5. [

Remark B.2. Introduce the parametrization u=+/R(e;cosf+etsinf), where et €
e1=0, |[R—1| <1 and |0| < 1. One might hope to prove that the Hessian matrix

(6RRf 8R0 f>
Orof  Ooof

is positive definite near u=e; under the mere assume m=>n and with high probability.
However there is a subtle issue which we explain as follows. Consider the main term
(write X =ay-e; and Y =ay-et)

) (R(Xc089+Ysin9)2—X2>2
f=f=

BR+X?

The most troublesome piece come from quartic and cubic terms in Y, and we consider

- RYisintg . R <4Y3X sin® 90059)
hl -

=" " 7 ho=
BR+X2 " 7 BR+X?

For hs we do not have a favorable sign and the only hope is to control it via hi. On
the other hand, for A;, we can take X =Y =1, =1, and compute

2

(3RREq)(5%eﬁ1)—(3R951)2:’—(1_an4

sin‘g- <3+4R+R2+(2+4R+R2)00529> .

In yet other words, the sign is not favorable and this renders the Hessian out of
control (before taking the expectation).

Lemma B.5. Let u=e;+t&, where £€S™ L. Then for [t| <1, we have
E@ttf(u) Z Co > 07 \V/g S Sn_l,

where ¢y >0 is a constant depending only on f3.
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Proof. Introduce the parametrization & = se;++v/1—s2et, where et-e; =0, |s| <1.

Then
u=e; +t<361+\/ 1—826l> =(1+ts)e; +tV 1—s2et.

Thus

Ef(u)

1/ (((1+t8)x+t\/1——82y)2—x2>2 2, 2

—=" dad
pp— e X .
27 B(1+42ts+t?)+z2 Y
—h(ty5,,0)

It is not difficult to check that

_ 822 (sx+v1—s2y)?

atth(ta87$7y>‘

t=0 B+a?
Thus it follows that
t=0,]s|<1

The desired result then follows by a simple perturbation argument using the fact
that Edy, f is uniformly bounded and taking [¢| sufficiently small. O]

Appendix C: technical estimates for Section 4

Lemma C.1. Let u=+vRi with 0<c¢;<R<cy<oo and 4 €S" . Assume 4=
cosfe; +sinfet, where 0 € [0,7] and et €S"! satisfies e*-e;=0. We have

Ea@f:al (ﬁl,ﬁQ,R,e)Sin(QQ);
where
,71<a1(517627R70)§727 V@E[O,W], ClSRSCQ;

and 1 >0, ¥9>0 are constants depending only on (51, B2, c1, ¢2). Furthermore for
some sufficiently small constants 6y=0o(51,Pa,¢1,¢2) >0, 01 ="0,(51,52,¢1,¢2) >0, we
have

V3 <Ky | <a, if 0<0<6y or m—0y <0<,

. ™
5 <—Ewf <y, if [0-3|<0u,

where v; >0, i=3,--+,6 depend only on (1, B2, c1, C2).
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Proof. We have

2
1 / (R(xcos@—i—ysin@)Q—xQ) g

E S — dxd
f(w) 27 Jg2 R+ﬁ1R(xcose+ysin9)2+52x2 vy
Denote
212
h(ab) = —B@ =0
R+ By Ra+ b
Then

Oy <h($COS€—|—ysin9,x2)> (—xsinf@+ycosh)0,h;
x(h(:ccos@+ysin9,x2)) O h-cosO+2x0,h;
y<h(xcos«9—|—ysin8,x2)> Oy h-sind;

( )=

2

<h xcosf+ysinb,x (yOp —z0 )( (xcos@+ysin0,a:2)> —2xy0Oph.

By using integration by parts, we then obtain

1 s
E@gf:;/ (—fcy)(abh)($0059+951n9,x2)e—%d$dy
R2
:z/ ((8bh)(ﬂb‘cos€—ysin9,x2)_(8bh)(xcosé+ysin0,x2))xyef%dxdy'
z>0,y>0

™

Now denote

(Ra—b)*
R+B1Ra+ 5320
It is not difficult to check that for a>0, b>0, 81,8, >0, R>0,

(1+a(Bi+B2)) - (b(B1+P2)+ R)
(B2b+R+pBraR)3

hi(a,b)=

Ouph1=—2R? <0.

Observe that
(Oph)(a,b) = (ph1)(a®,b).
Then if z,y>0 and 6 €[0,7], then
(Oph)(xcosf—ysind, x*) — (9yh) (xcosf+ysinb, z?)
=(0ph1)((wcosf—ysind)? x?) — (Jphy ) ((xcosf+ysinh)?, x?)

1
:—2/ (Oaph1) <(mcos€+ysin9)2 —47‘xycos€sin0,x2> dr-xy-sin(20).
0
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Integrating in  and y, we then obtain
Edy f =ai1(B1, 52, R,0)sin(260),
where a; ~1 and is a smooth function of 6. Differentiating in 6 then gives
EOpg f =2a1 (51,02, R,0)cos(20)+0gaq (51, Pe, R,0)sin(20).

Then second term clearly vanishes near ¢ =0, 7, 7. Thus the desired estimate for
Eaggf follows. ]

Lemma C.2 (Strong convexity of Ef when |ute;||<1). Let h(u)=Ef(u). There
exists 0 <eg<K1 such that the following hold:

1. If |lu—ey||2 <eq, then for any E€S™1, we have
> & (0:0;h) (w) =7 >0,
ij=1
where v, 1S a constant.
2. If |lu+ei||2<eo, then for any £E€S™1, we have
ij=1

Proof. We shall employ the same approach as in the proof of Theorem 2.5 in the
second paper of this series of work and sketch only the needed modifications. With-
out loss of generality consider the regime ||u—e;||2 <1 and introduce the change of
variables:

U= pu;

t=v1—s2e;+set, et-eg=0, eteS",

where [p—1| <1 and 0<s<1. Denote
hl(p,s):h(u):h<p(\/1—3261+seL)>,

where we note that the value of h(u) depends only on (p, s). Clearly

2
1 <p2(\/1—s2x+sy)2—x2> J2+y2d ]
S e 2 dudy.
21 Jra 2+ Prp? (V1 —s?w+sy)> 4+ Por?

=:ha(p,s,2,y)

hl(p7$>
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It is easy to check that

max Z |8’83h1 <1

3SP<2s<5

By a tedious computation, we have

2(3p% +p%) 2t +ky - 2 + kg
(Bax®+p?(1+ 12?))*

8pph’2 (p707'r7y) =
where

k1 =2(—B2+6B19°+6820"+3B2p" +2510°);
ko =2(—P1 B2 —2B5 4387 p* +61 820>+ 635 p° + 351 Bop™ + 55 p°).

Since p—1, it is clear that k1 >0 and &y >0, and thus
0,ph1(1,0) 2 1.

It is not difficult to check that dshq(p,0)=0 for any p>0. Clearly also d,sh1(p,0)=0
for any p>0. To compute Jssh1(1,0) we shall use Lemma C.1. Observe that (s=sinf
with 6 —0+)

hi(p,sinf) =Ef(u);
cosf0shy (p,sinf) =Edy f;
—sinfd,h (p,sind)+cos®00,.h1 (p,sind) =Edygy f.

Clearly it follows that
Ossh1(1,0) 2 1.

The rest of the argument is then essentially the same as in the proof of Theorem
2.5 in the second paper. We omit further details. O

Proof of Theorem 4.3. We rewrite

1 m
f(u) = EZG(HU||§7(CL1€U)27XI§)’
k=1
where

_ (b—0)?
G(a,b,c) —m
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Clearly for any £ €S" 1,

anfigjauiujf
ij=1
:%ﬁﬁ@ﬂwé (1)
LS oG ©2)
k=1
+%§§maa%ﬂmm®@w (©3)
=1
+%kiabbG'4(ak’u)2(ak‘f)2 (C4)
=1
+%i8bG'2<ak'§)2- (C.5)
k=1

In the above,
6GG:(aaG)(||u||§7(aku)27X13)
and similar notation is used for 0,,G, OwG, 0,G.

Estimate of (C.1) and (C.2). Clearly these two terms are OK for union bounds, and
we have (for m 2n and with high probability)

1
|(C.1)—mean|+|(C.2) —mean| <1, VeéeS™ !, V§ <ulls <2.

Estimate of (C.3). We have

2(b—c) (a-+ (B +Br)e)

(GuG) (@b ) === 5, 3

Consider the function

i _ 22— (a+(Bi+)o)
Gi(a,y,0)=—y (a+p1y?+Poc)®

Clearly for %Sa,dgl(], y,yER, ¢>0, we have |é1|§1 and

|G (a,y,¢) —G1(a,3,¢)| S la—al+|y 3.
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Then for any (u, @) with § <||ulls,[|@[2<2 and (¢, €) with £, €S, we have

(0arG) (I|ull2: (ar-1)*, Xi) (ar-u) (ar-€)
— (@G (l1all3, (ar- @)%, X7) (ar-@) (ax-€)
Slaw (=€) |+|ar-€|- (Jan- (u—a)|+[lu—ill2).

Thus the union bound is also OK for this term, and we have
1
|(C.3)—mean| <1, VEeS" Vé <ull2<2.

Estimate of (C.4) and (C.5). We begin by noting that (C.4) and (C.5) can be com-
bined into one term. Namely, observe that

H,
(a+B1b+Bac)?’

(0w G)(a,b,c)-2b+(0,G)(a,b,c) =

where

Hy =70 +a” (6b—2¢) +3 01 520%c+3b(57 +21 82 +203 ) — B (B14-22)
+@<35152+6(5l +22)be— (b1 +452)02> ~

We can then write
(C4)+ = 1 Em €) h Xk,
=— (a
m £ k* 3 U,ar-u k

where h3 is a bounded smooth function with bounded derivatives in all of its argu-
ments. Now let ¢ € C2° be such that 0 <¢(z) <1 for all z, ¢(z)=1 for [2|<1 and
¢(x)=0 for |x| >2. We then split the sum as

%Z(akf)QhS(uaak'uan)a

e
Il
—_

S PO g X0

%))-hg(u,ak-u,Xk),
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where K will be taken sufficiently large. Clearly the first term will be OK for union
bounds. On the other hand, the second term can be dominated by

const-%zm:(ak-f)Q (1—(15(%{))7

k=1

which can be made small by taking K large. Thus we have
1
(C.4)+(C.5)—mean| <1, VéeS™ 1 V§ <|ulls <2.

Collecting the estimates, we have for m 2n and with high probability,

- 1
3 6B () —mcan| <1, WES™, VA < ulla<2.

i,j=1

The desired result then follows from Lemma C.2. OJ
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