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Abstract. We study the homogenization of a boundary obstacle problem on
a C1@-domain D for some elliptic equations with uniformly elliptic coefficient
matrices 7. For any eeRy, dD=TUX, I'NX=( and S.C> with suitable assump-
tions, we prove that as e tends to zero, the energy minimizer u¢ of [ D |yVu|?dz,
subject to 4> on Se, up to a subsequence, converges weakly in H'(D) to ,

which minimizes the energy functional

/DIWuIQJr/Z(u—w)%(w)de,

where () depends on the structure of S and ¢ is any given function in C*°(D).
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1 Introduction
Let DCR™ (n>2) be a bounded open subset, whose boundary satisfies
OD=TUY, I'nY=) and 0DeC™*, (1.1)

for some constant a€(0,1). For any e€R,, let S, be a subset of ¥ with some special
structure, which will be specified later. Throughout, we assume:

(al) vy(x)=(7ij(2))nxn Is an nxn symmetric matrix-valued function on D and there
exist two positive constants a and b with a <b such that

al <~v(x)<bl, z€D,
where [ is the identity matrix;
(a2) ¢ and 1 are both smooth functions defined on D.

Consider the following variational problem

inf J(v), (1.2)
where
J(U)::/ Iy Vo|*d, (1.3)
D
and
K:={ve H'(D):v|r=v¢ and v|s, >p}. (1.4)

Let u¢ be the solution to the variational problem (1.1)-(1.3). Here we focus on the
study of the asymptotic behavior of 4 when e— 0 under suitable assumptions on S,
and X. That is, we are concerned with the boundary homogenization associated with
the variational problem (1.2). This is an important problem with many practical
applications. For instance, (1.2) can be used to describe the mathematical model for
semipermeable membranes, where the function ¢(z) signifies an external pressure,
and the set S, is considered as a subset of the boundary composed of the part through
which the liquid passes on the semipermeable membrane. Interested readers may
refer to [9] and the references therein for more details.

In case that y(z) is the identity matrix 7, there is a long history in studying (1.2)
with rich results in the literature. When the set S, lies inside D, the problem can be
viewed as the homogenization of a variational problem on a perforated domain. For
this problem, [6,7] firstly considered the periodic homogenization and established
that the limiting energy functional contains a strange term which depends on the



