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1 Introduction

Simple waves, as a fundamental model of wave phenomena, have significant ap-
plications across multiple fields. In physics, they are used to study classical wave
behaviors such as sound and light waves [1], providing a theoretical foundation
for understanding wave propagation, reflection, and interference. In engineering,
simple wave models are widely applied in seismic wave analysis, underwater sonar
detection, and structural vibration control, helping optimize technical solutions and
improve system stability [2]. Additionally, fields like meteorology (e.g., atmospheric
wave studies) and medical imaging (e.g., ultrasound technology) rely on simple wave
principles [3]. The importance of studying simple waves lies in their role as a starting
point for analyzing more complex wave phenomena. By using simplified mathemati-
cal models, they reveal essential wave characteristics, offering key theoretical support
for interdisciplinary technological advancements. A deep understanding of simple
waves not only advances fundamental science but also provides practical tools for
solving real-world engineering challenges.

The foundational theories developed for one-dimensional simple waves provide a
crucial framework for exploring more complex scenarios [4], including multidimen-
sional flows and their connections to nonlinear partial differential equations such as
the Monge-Ampere equation. We begin by revisiting the basic properties of one-
dimensional simple waves, which serve as the building blocks for extending these
concepts to higher dimensions.

1.1 Basic properties of one-dimensional simple waves

In one-dimensional unsteady isentropic flow or planar unsteady flow, for a reducible
system of two unknown functions u,v with two variables z and y the system is given
by:

ou ou ov ov

A +B18y+018 +D18y 0, (1.1)
au 8 ov 81}

Ay Bag +Cagy+ Do =0, (1.2)

where A;,B;,C;, D; are functions of u,v. For one-dimensional unsteady flow, simply
replace x with ¢, y with z. If J= 38;; =0, that is u,v are related. Functions

u=u(z,y), v=v(x,y) map a region (z,y) €G to a family of curves. The solutions
or flows of such equations are known as simple waves. These waves arise in many
practical mechanical models, including planar detonations, two-dimensional steady
flows, and one-dimensional isentropic flows, among others. This property has an
intuitive physical interpretation.
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(1) The two families of characteristic lines in the region (z,y) of Egs. (1.1) and
(1.2) are

d d
C+:d_i:)\1(u’v)7 C_:d—i:)\g(u,'l]), (13)

Bi—AN Di—ChA

where \;(u,v) is the distinct real roots of det Bo— Aoh Dy Cy) =0. The two
families of characteristic curves corresponding in the (u,v)-plane are
[} :¢p(u,v)=const, I'_:1(u,v)=const, (1.4)

where ¢ and i are Riemann invariants. They are integrals of the characteristic
relation

d
Td—zzs—axi (i=1,2), (1.5)

where S=[DA|, T=[AB], a=[CA] and [zy| =21y —T2y1.

In the case of simple waves, the image of the characteristic lines reduces to a
curve. Consequently, one family of characteristic lines maps onto an arc of either
7, or 7_, while the other family collapses to a single point. As a result, v and v
remain constant z(a{long this latter family of characteristic lines, which must therefore

y_

be straight, i.e., £ = A(u,v)=const.

For example, the one-dimensional unsteady flow

prtupz+pu, =0,
ut—l—uum—i—%pxzo, (1.6)
St—i—uSz :0,

where u denoting the velocity, p is density, 02:(%—1;) S—constant, C 1S the acoustic speed,
P=P(p,S) is pressure and S is entropy.
The characteristic determinant is as follows,

u— p 0

dt i
x —
(e 0 =0.

n
0 0 u—9z

The characteristic lines are

d

c+:£—A1—u+c, (1.7)
d

c_'—m—/\Q—u—c. (1.8)
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The streamlines are

dx

= A= 1.

dt 3=1U, ( 9)
along ¢y, I'y:u+l=¢(u,p)=const, (1.10)
along c_, I'_:u—Il=1(u,p)=const, (1.11)

where l:fp’;ﬁdp. For ideal gas, fﬁdp: %c, where 7> 1 is a constant. ¢ and
Y are called Riemann invariants, sometimes v= %, —S :% also called Riemann
invariants. For a polytropic gas, the characteristic lines and streamlines of one-
dimensional unsteady flow can be solved analytically. The characteristic lines is c¢_:
t=1e 27 [ 71¢(B)dB+C and the streamline is t=—e 2~ [er "~1¢(B)dB+C,
where p? = % Thus, £(/) is the parameter of the point through which the straight
characteristic line x=§+ (u+c)t,(£(5),u=u(B),c=c(f)) passes.

In the case of planar steady potential flow, its basic equation is

- ac:()a
{“y ! (1.12)

(A —u?)uy —uv(vy+uy)+ (2 —v?)v, =0.

Its characteristic lines are cy : % =pi(u,v) and c_: j—z =p_(u,v), where p,+p_=
2 2 . . . .
—622_%, p+p-=5%—=. The corresponding characteristic relations are
du du
ry: —=—p_, I'.: —=—p,. 1.13
o P do P+ ( )

In the case of a simple wave, ¢, is the point characteristic line and its equations
can be written as

r=a(o)—rsinw(r), 1.14)
y=>b(c)+rcosw(r), (1.15)

where a, b, w are arbitrary parameters of ¢ and r is coordinate along the line
o =const, w is the angle between the straight characteristic line and the positive
y-axis. Along c,, u, v are constants, c_ is referred to as the line crossing the Mach
line. The angle A between the streamline and the ¢, characteristic line is called the
Mach angle. For polytropic gas flow, the streamlines and characteristic lines can be
solved analytically.

The streamline is r:Rcos*VQ(w—w*), where R is an appropriate constant.

The crossing Mach line is r:Rcos_%’ﬂ,u(w—w*)sin*%,u(w—w*), thus, p*= 1—3,
w, are arbitrary constants. In planar steady flow, the images of ¢*,c¢™ characteristic
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lines in the (u,v)-plane correspond to epicycloid of a sonic circle u?+v*=c? and a
circle u?+v? = %cz Especially for simple waves, there is only one epicycloid.

(2) Another important property of simple waves is that any region adjacent
to a constant state must itself be a simple wave region. In other words, a weak
discontinuity solution connected to a simple wave state must also be a simple wave
solution.

(3) In the entire region, either ¢(u,v), ¥ (u,v), or r,s must remain constant. As
a result, all physical quantities are constant along the straight characteristic lines.
In this sense, this property can also serve as a definition of simple waves.

(4) Central simple waves exist [5], where the straight characteristic line ¢t of
the simple wave originates from a single point at a specific time. Simple waves
appear in many mechanical systems—a classic example is the gas flow induced by a
moving piston. Consider an initial state with uniform velocity uy=const, pg=const
(Fig. 1(a)). When the piston is gradually withdrawn, the characteristic lines remain
straight in the static region, while the ¢t characteristics diverge in the simple wave
region. If the piston is suddenly pulled back, a central simple wave (rarefaction
wave) forms (Fig. 1(b)). Conversely, if the piston is abruptly pushed forward, a
compression wave arises (Fig. 1(c)), leading to a discontinuous solution. The above
situations are shown in the following figures.

t !
Ho, Po /
€T X . X '
(c)

(b)

-

—~
Q
~—

Figure 1. (a) Piston. (b) Simple wave. (c) Compression wave.

1.2 The extension of one-dimensional simple waves

The study of one-dimensional simple waves naturally leads to the question of whether
multidimensional simple waves exist, for instance, in two-dimensional unsteady
flows. If such solutions exist, do they share the same properties as their one-
dimensional unsteady or two-dimensional steady counterparts? These questions
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have garnered significant attention in the field. Partial answers have emerged
through both the observation of physical phenomena and rigorous mathematical
analysis. It should be particularly noted that N.N. Yaneko [6,7] and D. Naylor [8,9]
have conducted systematic, meticulous, and in-depth research and have achieved
good results.

First, we give a clear definition of multidimensional simple waves, which should
be a mathematical extension of the definition of one-dimensional simple waves. Sup-
pose that there is a system of equations A;jj(u1, -, um) Ou; =0, (i,j,k=1,2,---m). If

Dz,
8(“17"’7“777,

8(961,.“’%”; #0, by applying the hodograph transformation, the system can be con-
verted into a linear set of equations. If the determinant %:O and its rank is
r, it is called a simple wave of rank r. In other words, the functions uy,---,u,, are re-
lated and must satisfy m—r independent functional relationships ¢q (uy, -, 1, ) =0,
(a=1,---,m—r). D. Naylor [8] studied the simple wave problem of two-dimensional
unsteady flow (in gases), that is, rank r=2 and r=1 (7,7,k=3), q=q(\,1), a=a(\,1),
A=A(z,y,t). In [9], he studied the simple wave problem of three-dimensional un-
steady flow, that is, q=q(\,pu), a=a(\,u,t), A=\ (z,y,t), p=p(z,y,z,t) and conical
flow q=q(r/t). Here, it is particularly noteworthy that a=a(\,u,t) is related to
the independent variable ¢. For Aijk(“l,"‘,um)%, i,j=1,---m, k=1,---,n, n<m,
when n=2, u;+A(u)u, =0, P.D. Lax [10] obtained a positive conclusion. Other
Cauchy problems for simple waves-including their geometric interpretation, appli-
cations to detonation waves, and hodograph mapping—have also been extensively

studied, yielding significant theoretical and practical results.

In this paper, we extend the classical theory of one-dimensional simple waves to
multidimensional settings. We first introduce a rigorous mathematical definition of
multidimensional simple waves and establish their fundamental connection with the
Monge-Ampere equation. For two- and three-dimensional unsteady potential flows
of ranks 2 and 3, respectively, we derive explicit simple-wave solutions by reduc-
ing the governing nonlinear systems to solvable Monge-Ampere-type equations via
Legendre and Hodograph transformations. The existence of genuinely unsteady cen-
tral simple waves is also examined. We further develop a Cauchy-integral approach
to obtain general integral representations of simple waves in unsteady potential
flows, accompanied by detailed analyses of their envelopes, singularities, and physi-
cal admissibility. The proposed framework is then applied to construct self-similar
solutions for two-dimensional detonation waves propagating around a corner. Fi-
nally, we discuss extensions to more complex systems involving radiation, chemical
reactions, and non-reducible structures.
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2 Main work and research method

Simple waves of the form
Ou,

5. =0 (2.1)

aijk(ula" JUm) 5
with rank r=m—1 were studied in [4]. These solutions satisfy w,=¢(u1,us, -, Um—1),
implying that the functions us(z1, - ,2,,), (a=1,---,m), are constant along charac-
teristic curves. These curves are defined by the system

= i =1,2, o m— 1, (2.2)

along which any function f= f(us,---,u;,) remains constant. Thus, the relation
Qui — A, 88;”; holds. Substituting this into Eq. (2.1), we obtain

oxy,

Oug,

L, Amga v

=0, (i=1,2,-,m, a,f=1,--,m—1), (2.3)

where Ajop = ias—AiamDs+AimpPa—GimmPals. Since Eq. (2.3) holds identically

for all x,,, it follows that aL’i =0. From these relations, we derive the operator

identity 6L; =0, where 5— —|—AT 87"’ which expands to dL; = Azaﬁ gza =0, with
coefficients given by Aga 6_5’41045 AW, a . This immediately implies the vanishing
of higher-order derivatives: ‘?mfl =0 (s=2,3,--+) and
(© o _, 2.4
iaf axﬁ ’ ( : )

where AP, =5A Y Al V2%

iaf ior Oz,

For Eq. (2.4), the functional dependence of A, determines the equation’s char-
acter: When A, depends explicitly on (z1,---,x,,), the equation is quasi-linear in w,,
and .. If A=A (uy,ug, Upm_1,T1,T2, -+, Tp,), the equation becomes an (s+1)-

order nonlinear equation in 2“7‘; For A, =A,(u,) is only, the equation reduces

to a generalized quasi-linear form in u,. The system (2.4) is compatible because
Az(g)ﬁ = A,np, which ensures it encompasses the simple wave solutions of (2.4). The

general solution of (2.3) requires additional constraints on ¢, and A,—specifically,
appropriate boundary conditions—to determine a unique solution.
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2.1 Two-Dimensional Unsteady Potential Flow and Simple
Waves

The simple wave solution for two-dimensional unsteady isentropic potential flow (a
rank-2 case) was explicitly investigated in [7]. The equations are

Ptk ) T o =0, (2.5)
% tup 2+ (y—1)052 =0,
where (y—1)0=c*= %—1;, P= %p”f, and + is the adiabatic index.
Let 0=0(uy,us) =p(u1,us), substituting it into (2.5), we obtain
Qup _ duz _ ()
Ory 011 ’ 5 5 5 279 (26)
(v =1 =i 52 —pr102( G2+ F2) +[(y— 1) — 93] 522 =0,

where p,=A,—u,=const, a=1,2, A,= ‘M , A= gp+u1+u2 Then L, —afjgu’ (i,7,s=

1,2). Due to §L; =0, we obtain the nonhnear equation about a”“ . From 6Ly=0, we
get KL((,D) =0. ThUS, K:wnwgg—w%z and

L(p) = (e +D[(v—1)o— @3]+ 20102012+ [(7— 1) o — 7] (22 +1), (2.7)

oY 9’0
where e = Uar Pij = Fusgu: -

Suppose that K #£0, the second-order quasi-linear equation of ¢ is obtained,
L(p)=0. (2.8)
If K=0, then 8(1:;1 ZQ;, we get a simple wave of rank 1. According to this, we
have 0Ly =0, that is KK 1Ly =0, (K;=A11A—A%,, where Ay = %). Thus
(SSLQIO (S>1)
For the determined solution ¢(uy,us) of (2.8), we obtain a rank-2 simple wave

solution satisfying (2.3). Since K #0, we apply the Hodograph transformation to
(2.8)

axa — (_1 Or‘rﬂiaug*a
6u5 K 8$5_57

Oz __ Ozp
Ous ~ Oui’

tential functions x,(u1,us) = aaTx be the potential function, then it can be obtained
that y(uq,us) satisfying

for potential flow, this yields the symmetry condition Defining the po-

0%y 0*x 0y
[(y—=1)e (pl]au%+2§01902aulau2+[(7 Ly 902]8u% 0. (2.9)
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Given ¢(uq,u2), (2.9) becomes a linear equation in u,, from which the potential
X(u1,us) can be determined. The solution u,(x,22) is then obtained through inverse
transformation, with the corresponding characteristic speed given by A=p(Uy,Us)+
UZ+U?2

2

by

. On the plane t=ty, each point (x19,790) admits a characteristic line described

T1—T10 To— T2 t—to

AUy (210,290),Us(210,220)] - Ay (Uy,Us) 1

Along the characteristic line passing through the point (x19,220,%0), the quantities
U (2,t) = Uy (210,20, t0) and 0=p(Uy,U;) remain constant.

For rank-2 simple wave solutions in conical flow, all straight characteristic (moth-
er) lines intersect at a common point in physical space (x1,x2,t). This geomet-
ric structure is analogous to the degenerate case of one-dimensional central simple
waves. The conical flow condition is: %ﬁ; :%312 =0, %ﬁ; :%—ﬁj:o, that is, Ay=Aq(x1),
Ao =Ay(z3), Ay =A). This condition should be compatible with (2.6). It can be
obtained that A,3=0, (o,f=1,2), and

1
<p:co+clu1+02u2—§(uf—i—u§).
Generally speaking, the solution L(¢)=0 does not satisfy the conical flow condition.
However, if A,57#0, a solution to (2.9) exists for any .

Theorem 2.1. If ¢(uy,us) satisfies (2.8), then the corresponding simple wave so-
lution 1s characterized by two arbitrary functions of a single independent variable,
which are determined via integration of (2.9).

Theorem 2.2. When the potential function takes the form ¢ = co+ciuy+cous—
%(u%#—u%), all traveling wave solutions satisfy conical flow conditions. For general
solutions ¢, the flows are typically non-conical; however, for any such ¢ there exists
a solution X to Eq. (2.9) that defines a conical flow..

2.2 Three-Dimensional Unsteady Potential Flow and Sim-
ple Waves
The simple waves of rank 3 and rank 2 of three-dimensional unsteady potential flow

were mainly studied by use of Legendre transformation which reduces the number
of independent variables by itself. The equations are

B+ Y g+ 2 =0, (i=1,2,3)

RGO Go kD up =0, (2.10)
rotu=0,
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where k= ﬁ, 0=c?, cis the acoustic speed. The potential flow has the Cauchy
integral

0 1

af —(uf+us+u3)+kl=F(t), (2.11)

where F'(t) is an arbitrary function, ¢ is the velocity potential, and %:ui (1=1,2,3).
Introduce the potential function

V((U17U2,U3,t)):Zxkuk—ﬁte—% (2.12)

which establishes a correspondence between the coordinates (z1,z2,23,t) and (uy,us,
us,t). The differential of V is given by

Iy
dV = —Ktly)duy, — (== +r0)dt
> (wx— k) duy (5 tro)dt,
from which we obtain the partial derivatives gv =ux;—Kt#; and %—Y = ———k:@
From equation (2.11), we obtain the partial derivative:
ov 1
Integration yields V=1 (uf+ud+uj)t+®(u1,uz,uz)+F°(t), where FO(t)=— [F(t)

and ®(uq,us,u3) is an arbitrary function of integration. The functlon ® can be
expressed in the specific form ®(uy,ug,us) =3 (ui+uj+u3)+rIl(u1,uz,us), thus

oIl

i =kl +u+ (k0 +w;), Th=——.
z; =kl +u;+t (k6 +u;) 9u.

(2.13)

Given that the Cauchy integral is satisfied, the Euler equations automatically hold.
Consequently, only the continuity equation remains to be solved. By using % =
> 0k agt’“, o Z@k‘gzk, we get
auk
where Azk—ézké k29 9k7 (Z k= 1,2,3)
Under the assumption that the Jacobian determinant A= 8&% #£0, we ap-
ply the Hodograph transformation to equation(2.14). Combining this with relation
(2.13) yields the quadratic equation in time: ['g+IT'1t+T5t? =0, where the coeffi-
cients I'g, I'1, and I'y are determined by the transformation. For any ¢, we have
I'y=0, I'y=0, I'y;=0, where Fj:zikAikL"gk (7=0,1,2), Lgk is the function of Iy, 6;.
The condition I'y =0 yields a second-order linear partial differential equation
that depends solely on . Furthermore, the function II can be specifically chosen to

~0, (2.14)
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simultaneously satisfy both I'y=0 and I'y=0. Consider the ansatz [1=0+> cyux+co
(ck,co constants). The constants are uniquely determined as the solution to the
system ['y=0, I'y=0. A rank-2 simple wave solution is obtained through the ansatz
ug =1 (uq,uz). Introducing the potential function V => ugzr—p, and applying
the Hodograph transformation (uy,us)— (21,22), while treating z3 as arbitrary, we
derive the system of equations I'; =0, (i=0,1,2), where ['y,[';,['y are functions of

uy,us,t and
2 2 2 2
I's=Ry 81/18"4[}_( oy ) ]:O, (2.15)

81@ 8u% aul 8u2

where Ry=F" (t)+a;t¥. Equation (2.15) yields two distinct cases: First case is Ry=0.
The system reduces to F(t)+%—Y:/\(u1,u2), with solution V=\(uy,us)t+x (u1,u2)—
[ F(t)dt, where \,x and ¢ are arbitrary functions. Second case is degenerate con-

924 824 (a?w

dition. The relation 502 92— \ Burous
to a developable surface in the parameter space.For solutions beyond the cylindrical
case f(u,uq)=const, the potential V(uy,uq,t)must satisfy I'y=0. To ensure compat-
ibility, the function 1) can be chosen appropriately. For instance, the linear ansatz

=ayu;+asus+ag, automatically satisfies ['y =0 (since I'; depends on second-order

2
this case, the remaining condition I'y=0 must still be imposed. Let V1 =a1, s =ay
(where oy, are constants). In this case, the characteristic curves degenerate into
straight lines (i.e., the characteristic busbar becomes rectilinear). In [8], the au-
thors investigated three-dimensional unsteady potential flows characterized by the
velocity field q(A, i), sound speed ¢(\, u,t), and phase variables A= \(x,y,z,t), and
pw=p(x,y,z,t). When the sound speed reduces to a=a(\,u), the flow is termed a
double wave (satisfying®;; =0 as defined in [11]). Their analysis further addressed
cases conical flows are absent, and the velocity field simplifies to q=q(\) (i.e.,
dependence on a single phase variable).

2
) =0 holds, which geometrically corresponds

derivatives which vanish identically for this choice 1) with respect to u;). In

3 Monge-Ampere Equations and Their Applica-
tions in Simple Waves

The basic equations are

the continuity equation: c*divq=g¢q-gradg+2qq:+ du., (3.1)

2 2 2
the motion equation: 5 + po—) +o,= R (3.2)
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-

op\ 2
op
transformation of ¢, defined as

where C' is a constant, ¢= ( is the acoustic speed, where ® is the Legendre

D\, u,t) <> P(x,y,2,t), gradd=q, q=q(x,u). Calculating total differential of @, it
can be obtained that
(I)/\‘H"q}\ :Oa
®y++r-q,=0, (3.4)
q)t = (bt’

where q(A,u) is a curve with two parameters. When \ = const, u = const, the
velocity field reduces to q = const. By differentiating equation (3.4), we derive
explicit expressions for the spatial gradients grad\, gradu, and the time derivatives
At e in terms of the quantities qug, Ao, Pat, Pos. Substituting these into (3.1),
the governing equation can be rewritten as

(a’ar—qqrq)-grad A+ (*q, — qq,q) - gradp (3.5)
=D+ (Pre+2q90) A+ (Pt +29q, ) -

Using the derived expressions for VA, Vu, A; and p;, we obtain a system of
nonlinear partial differential equations for the velocity gradients q.s, where the
coefficients are given by the second derivatives ®,3. Consider the position vector
parametrization r=p(\, i, t)+0n(\ 1), where p satisfies the compatibility conditions
®\+p-qy=0and ®,+p-q,=0. The scalar 0 is governed by On-q=¢—P—pq. The
normal vector n is defined via n=qy xq,, n-q#0. The vectors q,q,, and q, are
necessarily coplanar. Substitution of these relations into Eq. (3.5) yields a quadratic
expression in the variable . Under the assumptions that a?, ®, q are independent
of . This condition yields three distinct relationships connecting ® and ¢. From
the term of 62, we can obtain ®y[(n-qx\)(n-qu,) — (n-qy,)?]=0.

When &, #0, then q=const is a developable surface. Especially let A=u, p=w,
w=w(u,v), from (3.5), three Monge-Ampére equations about w(u,v), ®(u,v,t) can
be obtained

Oy (Wyntony —w?, ) =0. (3.6)

a?[(14+w?)wWyy — 2w Wy + (1w Wy
= — Py [ W Poo — 200 oo + W Pri] + Waes (Pt +40)? (3.7)
— 2w (Pt + 40 (Pt +4q0) +wou(Pur +44u)°,
AP [(1+w2) @y — 2w, Wy Py + (1+w2) Dy ] = Py (B2 — Py Do)

3.8
+®uv(¢vt+qu)2_Qq)uv(q)ut+un>(q)vt+QQU)+(I)vv((1)ut+qQU)2 ( )
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Now, we will discuss the two situations respectively.
(1) By £0.
From (3.6), we get wy,wyy —w
general integral is expressed as

w=uf(A)+vg(A)+h(N). (3.9)

Thus, 0=uf'(A)+vg (A\)+h (), f(N),g(N),h()) are arbitrary functions, where A=

AMu,v), w=w(u,v). Let J= g((zo;)) #0 and (u,v) > (\,w), we have (14+w?)w,, —

1

2.2 5

2w, Wy Wy + (1+w?)wyy = — AJ?V?, where b()\) = (1—1—(]0;;_%) .
Substituting (3.9) into (3.7), and exchange ® with ¥, v =—d—1(¢*—C?), *=

(v—1)4, we have
—AJ26L2 b2 - _(I)tt (Wuuq)vv - Qwuvq)uv +Wuv(buu) +W’vait - 2wukutwvt +wuu¢12)t’ (3 ]'0)

2

-, =0 and ¢'=const is a developable surface, its

The characteristic equation of the coefficient of @y is Wi, dv? + 2wy, dudv 4wy, du? =0.

By the definition of A(u,v) given in (3.9), we know that (\,du+\,dv)?>=0. By
introducing the function A(u,v) as a new variable and performing the transformation
(u,v,t) > (A\,w,t), we obtain

wuuq)vv - 2wuv (I)uv + W q)uu - _AJQ(I)wwu
wvvw@%t - 2wukutwvt +wuu¢12;t = _A']sz;ta (3 ]_1)
02:V2¢t, V2:’7—1.

By (3.10), we can obtain

wwwwtt_wit+b2(t¢tt+y2wt) :O, (3.12)

which is the Monge-Ampére equation for /(A ,w,t). Since derivatives with respect
to A appears only in the coefficient b=0(\). Eq. (3.12) can be transformed into an
Euler-Poisson equation, which admits analytical solutions through standard meth-
ods. This structural simplification arises because the A-dependence is confined to a
parametric coefficient rather than differential terms.

Let £ =1, and n=1),, denote the partial derivatives. The characteristic curves
of Eq. (3.12) satisfy

Vri€w?—de? =0, dndw+dédt+b*tdw?=0. (3.13)
Introducing characteristic variables r(\,w,t), s(\,w,t), we have

buw, —E 26, =0, brw,+E2E,=0,

1 2 1 9 (314)
Nr+bvé2t, +b"tw, =0, ns—bv&2t,+b"tws,=0.
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With the choice r:buw+2§%, s:buw—%%, we have

4
(%)m—l—yz(r—s)t?«—l—%:o,
4 (3.15)
v 2
(T)ns—y (r—s)ts+2t=0.
Upon eliminating n and ¢, we arrive at the Euler—Poisson equation

(r—s)t.s—n(t,—ts) =0, (3.16)
(r—=8)1rs —m(n, —ns) =0.

Thus, 2n:l’2+2—1+1 2m=2n—2=24%= v> —3=7 and for y=1, we have n=3, m=2.

Eq. (3.12) can also be solved by means of a contact transformatlon

_Defining ) =1)— ty, & =1, we have the identities ¢tt¢§§ -1, @/{wﬂ;gg:
— e, VosVee = Vi ee — Y2¢. Using these in (3.12) yields b*(v 260pee +1e) =i =0.

Proceeding in the same manner as for r and s, we arrive at the Euler-Poisson
equation

(T_S)I;rs_m(lﬁr_lzs)zo‘ (317)

When m =2, the general solution of (3.17) is ¢ (r,s,\) = Ny (A(T”\Z:E(S’A)>, where
A(r,\),B(s,\) are arbitrary functions.

Since 2 = (y— 1)ty = (y—1)€ = 2, we have r = brw+2£2 = i/( 72_01), 5=

V[bw— = 2¢.], where b="0b()). If \=const, then, r and s take the same form as

the Rlemann invariants of one-dimensional unsteady flow: r = 72_51.

In this case r and s remain constant along the characteristic curves defined by

1
f2+ 2 3
—and b(\) = (1+ﬁ) , we

-, S=u—

A=const. Particularly, let U=w;y £

——, V=W
gr—9gfx’

fax
have bw=(u?+v2+w?)z =q.

From the above analysis, we can derive several key observations:

(i) For unsteady flow described by the solution form q(A,u), the state surface
q(u,v) constitutes a developable surface. Consequently, the isospeed curves degen-
erate into a family of straight lines.

(ii) The developable surface admits a general integral solution of the form

w=uf(X)+vg(A)+h(N),

o=uf'(N)+vg' (N)+h'(N). (3.18)

For each constant-value characteristic line A\ =const in parameter space, the corre-
sponding line in physical space consists of points sharing identical flow velocity.
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(iii) Along each characteristic line A =const, the Riemann invariants r and s
remain constant. The general solution for the unsteady degenerate flow problem
admits the representation f(A),g(\), h(X), A(x,r),B(s,\), where these functions
must be constrained by the requirement that the resulting w(u,v) and ®(u,v,t)
satisfy the Monge-Ampere equation (3.8).

(I1) &4 =0.

When condition (3.6) is automatically satisfied, the developable surface integral
becomes nonexistent, rendering ¢ (\,w,t) inadmissible as a solution. Instead, the
system must comply with constraints (3.7)-(3.8). The Cauchy integral condition
&, =0 further reveals that the coefficient a=a(\, ) exhibits no temporal dependence.
This particular solution structure is classified by Gieze as a double wave.

Given the potential function ®=tI"(u,v)+\(u,v), consider the point (—®,,—®,,,0)
in the (x,y)-plane, The characteristic ray emanating from this point in the direction
(Wy,wy,—1) satisfies the equation

T+ 2w, +P,=0, y+2w,+P, =0, (3.19)

or
tr'y+Ay+r-q,=0, tI'y+ A, +r-q,=0. (3.20)

Especially when A is a constant, we have
try+z+2w,=0, tI'y+y+ 2w, =0. (3.21)

The system admits a solution where (u,v,w) depend solely on the similarity variables

(x/t,y/t,z/t). his corresponds to a conical flow with the potential ansatz ®=tI"(u,v).

As established in [9], such solutions represent three-dimensional simple waves of the

form q=q(A), where the flow quantities depend on a single characteristic parameter.
The continuity equation (3.1) takes the form

(Par—qqnq) - gradd = &+ (Pay+2qgr ) \s, (3.22)

where ¢=|q|. Through elimination of the gradient terms grad\, \;, we obtain the
fundamental characteristic equation:

= (Pa ) = P (Par+1-ahn ) (3.23)

Through Eq. (3.4), we derive the constraints ®)+r-q,=0 and ®=®(\,¢), demon-
strating that the solution constitutes a single-parameter family of planes. The con-
dition A =const coupled with the constancy of q(\) explicitly confirms the flow’s
essential planarity, as all flow quantities remain invariant within each characteristic
plane.
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For the case ®;;#0, Eq. (3.4) yields:
F(A)+r-qan=0. (3.24)
Differentiating this relation gives:

(Ex+r-qun)gradA+qa, =0,

3.25
(Par+r-qin)gradA+qy=0. ( )

Through vector comparison, we obtain the orthogonality condition qy xqxy = 0.
Integration yields the general solution: ¢(A)=bf(\)4+c where f is an arbitrary
scalar function and b, c is an arbitrary scalar function and q lacks any component
in the direction bxc.

(IT) &4 =0.

From the characteristic condition (3.23), we obtain the simplified relation: c*q3=
(®y:+qqn)?. Integration yields the general potential form: ®(\t) =t(\)+K(N)
where 1, K represent arbitrary functions of the characteristic parameter. Substitu-
tion then gives the modified characteristic equation: c2q3 = (1¥x+qqy )%

The energy equation %—1—70_21 +d, = %2 yields the relation 2¢* =v?(C? —q¢? —24))
when 72% (V2= %) Setting K =0 and imposing the characteristic condition t1;+
r-gA=0 with A=\(z/t,y/t,z/t), we obtain the planar wave solution characterized

by: (i) the velocity gradient constraint

u3 +v34ws =25¢3. (3.26)

And (ii) the plane wave equation —) = uuy+vvy+wwy+5aay derived from the
A-differentiated form of the energy relation.

Equation (3.26) establishes a constraint relationship among the variables u,v,w,
a, where any three of these quantities may be treated as independent functions.

In their study of two-dimensional unsteady gas flows, Naylor [9] derived an exact
velocity potential solution ¢(z,y,t) for planar flow. The analysis demonstrated that
the characteristic curves q(A,t), A(x,y,t)=const form straight lines that typically do
not converge to a singular envelope point, thereby precluding the existence of cen-
tral simple waves in unsteady potential flow. The author proved that any scenario
admitting a central simple wave must inherently represent either steady flow or ra-
dially symmetric flow with constant expansion velocity. Special cases were explicitly
solved, including: (i) the condition h(A)=a=t+*=0 and (ii) uniformly acceler-
ated flow with A-line envelope g=0bcosA The methodology employed hodograph and
Legendre transformations, treating the velocity potential and flow velocity as inde-
pendent variables. Through £ transformation the governing equations reduced to
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three simplified Monge-Ampere equations expressed solely in terms of \,¢ achieved
via the variable transition (z,y,t) <> (\,,t) = (\t).

Two of the Monge-Ampere equations are parabolic with A= const being one of
their characteristic rays. By appropriately selecting A, the solution of the system of
equations is expressed as four time ¢ cubic functions with A functions as coefficients.
These arbitrary functions are determined by the compatibility equations. Owing to
the non-uniqueness inherent in the A-line determined solutions, the resulting flow
field is not uniquely specified. Two distinct flow configurations are explicitly derived
to demonstrate this multiplicity.

4 Cauchy Integral Method and Exact Solutions
for Simple Waves

Similarly to [8], using the Cauchy integral method, the basic equation is transformed
into the continuity equation,

a2q§ = ((I)At+QQA+r'QAt>2_ (Par+r-qun) (Pu+2qq+1-qur), (4.1)

where ®+r-q=¢, q=grad¢p, q=q(\,t),A\=A(r,t). The governing equations express
the higher-order derivatives of q as linear combinations of its
A+ A1q+B1gy=0,
A+ A2+ Baqy =0,
qi+Azq+Bsqy=0,
q:+A19+Bsqy =0,

(4.2)

where the coefficients A;, B;(i=1,2,3,4) are functions of the flow variables (g(X),0(\),
t). This formulation demonstrates that all second-order derivatives and the first-
order time derivative are linearly dependent on q, q,. By taking the dot product of
these equations with the position vector r and subsequently eliminating the terms
r-qx, r'Qy, r'qy, and r-q; from equation (4.1), we obtain:

XA+ (@—)Y (N t)+(D—10)2Z(\t) =0, (4.3)

where XY, Z are functions of ®(\,t) and q(\,t), their inverse relations exhibit no
dependence on ¢. The independence of ¢, and A, then yields

X=Y=27=0,

where

Z(\t) = Al Ay Ay, (4.4)
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XA )=(Prs+Ba®r+qq\)* — (Por+B1®y) (P + B3y +aqq)
1
—(y—=1) [5(02 —¢*) =Py — B4 q3,

Y (A1) =2A5(P i+ Ba®Pr+qqn) — A1 (Py+ BsPr+2qq;)
— A3(Pan+B1®y) + (v—1) Auq.

For Eq. (4.4), the ansatz ¢g=\, ¢,=0, z=logq, u=0,,v=~0, transforms the system
into a Monge-Ampere-type equation.

(4.5)

(4.6)

0.0 — 02, +uv?0... +u(1+u?)0y —20(1+u?)0. —v* (1+u*) =0. (4.7)
Its characteristics are
du+u(1+u?)dz+mdt =0,

: (4.8)
dv+mdz4uvdt =0,

where m satisfying m? —2muv(1+u?)+v?(1+u?)?=0.

Introducing the substitution m=wv(1+u?) , integration yields the first integrals:
U2622 _
14+u2

t+2=q, b, (4.9)
v

where a, b are integration constants. This leads to the intermediate integral:
026222(1—|—u2)f(t+%), (4.10)
with f denoting an arbitrary function of the characteristic variable. Thus, we have
Q—A:cos_l[(a—t)b%e_z], (4.11)

where A is the integration constant. The parameter A is chosen to satisfy the orthog-
onal decomposition: gcos(f—\) =0, and gsin(0—\) =, which inherently implies
the differential constraint: gycos(6—\)=qb#\sin(6—N).

The solution takes the functional form: B(\,t) = [A(A)—tlg(N), a=h()\), b2 =
g(\), A=0—cot™'(gbx/q»), where h and g are arbitrary functions of the character-
istic parameter A. The A-characteristic line, defined by the condition ®,+r-q)=0,
intersects the streamlines at an angle T'(z,t) satisfying: cotT'=¢f)/q\, T =60—),
q* =B+ p5.

When A=gq in Eq. (4.6), the condition A;A3= A2 defines a parabolic system.
This parabolicity implies that the characteristic curves degenerate to A(g,t)=cosnt.
Given that )\ satisfies the previously specified selection criteria, we derive

Dy +2qq:=(v—1)g(B+B)- (4.12)
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Through direct integration of this system, we obtain
PN t)=k(N)+f(N)(h—t)+E(\)(h—t)*+G(\)(h—t)?, (4.13)

where f(\), k(\) are arbitrary, F, G is related to g, h and their derivatives.
The functions f(A), g(A), h(A), and k(X) are functionally dependent and must be
constrained to satisfy equation (4.5). Substituting these functions into (4.5) yields

1
(HOy— H, @)+ LH?)?=(y—1)H?*[gH®)\— (gH)A<I>)\+§H2(02—q2—2q)t)], (4.14)
where L(\t) =8y, H=8+x, ¢*=8*+3% and B8=g(h—t).
Generically, the A-characteristic envelope is nondegenerate, with characteristics
exhibiting nonzero divergence and nonvanishing curvature. The envelope conditions

(I)A+r'qA207

(4.15)
Oy +r-qun=0,

determine the singular solution

r(A\t) = (PrQox—Pan @) ax x| Y, (4.16)

where Q= (—gsin#,qgcosf). Introducing the unit vector field b(\)=isinf+jcosf, the
envelope of characteristic lines is given by the position vector: ro(At) =WV, b—Ub,,
where ¥ = %CI) »- BEach A-characteristic line satisfies the orthogonality condition:
U+r-b A= 0.

It can be rigorously demonstrated that for the case of a central simple wave,
characterized by the conditions: Wy\+W=S5,=0 and r=rg(t), the following properties
hold

B=go(ho—t)+a;cos\+bysin,

U= (ag+ast)sinA\— (bo+bit)cosA,
q=qo+go(ho—t)b(}A),
Wy —gx=0,

(4.17)

which means that describes a fluid undergoing radial motion from the central point,
where the radial velocity at any time ¢ is given by go(ho—t). The flow exhibits
steady-state properties with: (i) f and ¥; being time-independent, and (ii) the
velocity field reducing to q=q(A). The instantaneous streamlines coincide with the
A-characteristic lines, along which the velocity A-characteristic lines, along which
the velocity q remains spatially constant.
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We derive the position-velocity relation: f(r—rg)=(8\V -5V, —P+¢)b where
r denotes an arbitrary point on the A-characteristic line, ry represents the enve-
lope position vector, and b is the unit tangent vector along the A-line. From this
formulation, the instantaneous streamline curvature can be obtained as

k= BB(8+Buw)(B+52) 2 uY, (4.18)

where p is the distance of r—rg, that is Su=p\V—pFV,\—P+¢. The trajectory of
the mass point is determined by r;=q.

If W(At), B(A,t) are known, the characteristic parameter A(t) is governed by the
nonlinear ordinary differential equation:

(Wi4Ba) A = 2Ware+ B — )N+ (Tan+T)A 4 (Pre+Bae) Ar (4.19)
The corresponding particle trajectories are then determined by the position vector:
P:[\I’)\—I—(\I’t—i-ﬁ)\)t)\]b—\lfb)\. (420)

In their seminal work, Naylor [9] derived exact analytical solutions for three
distinct classes of problems. These solutions include:
(I) When the integration constant satisfies a=t+%=h(\)=0, indicating a degenerate
case of the Monge-Ampere equation, we derive

4
A-line: ycosA—xsin \+ gbntze”’\:(), (4.21)

q=Dbte™ csc\g[isin(A—N\g) —jcos(A—Xo)], (4.22)

where n=cot Ay, n*=1.

The envelope of A-characteristic lines are

4
:v:gbntQG")‘CSC)\OCOS()\—)\O),

i | (4.23)
ysznt e escApsin(A— o).

The evolution equation for the characteristic parameter A(t) is governed by the
nonlinear ODE

29
Nty :6nt2)\f+?t)\t2+u/\t, (4.24)
which, upon integration, yields the implicit solution

2= (are™ 2 fage N2, (4.25)
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where a; and as represent fundamental flow invariants determined by initial /boundary
conditions. The mass point trajectory equation is

5 1
o= —dn(aze”* +aze™*" )by + 2 (32a,e " —Ta,e"Mb, (4.26)

and the instantaneous streamline are

4
a::gnbtzseCQ)\oe")‘sin()\—%\o)—i—C’e’\/"cos)\,

4 2 n\ A/mg; (427)
y:—gnbt sec2Ape™ cos(A—2Xg)+Ce™"sin .

In this configuration, the envelope forms a logarithmic spiral where tangent lines
exhibit multiple intersections, resulting in non-unique velocity determination due
to the breakdown of the A-line definition (multi-valued \). By restricting A-line
segments to single envelope intersections, the velocity field becomes well-defined
but with infinite acceleration—characteristic of supersonic flow. The flow topology
further bifurcates based on the parameter C: (i) for C'<0, instantaneous streamlines
form convergent spirals without singularities; (ii) for C'>0, streamlines develop cusps
at the envelope, which asymptotically evolves into a source-like curve at infinity,
effectively creating a void where fluid is absent or expelled.

(IT) For the case of a uniformly accelerated envelope with constant slope, where
the acceleration profile is given by g(A) =bcosA (b= const), the corresponding -
characteristic lines satisfy

1
y—xtan)\+b[@/}+§(h2—t2)tan)\]:0, (4.28)
where . )
P(\) = 3 / (6h3 —14hhytan A +5h*tan® A — %sec2)\)d)\,
h 1 5 O A (4.29)
=3 (5sin? A —3)(secA)2 + gx/ﬁtan)\.sd_l (\/§tan§),
1

and h; is constant.
The envelope of the A-line is

2 2
(2bx+c* +-b*t?)sec’ \=6(X + gXAtam)\)2 +(XtanA— gX,\)Z, (4.30)
where X (A) =221 [2tanA(secA)?++/2sd ! (v2tan3)].

(III) The velocity field q(\) generates A characteristic lines described by the
transcendental equation: Rsin(p*12—¢—2lp) =cosz where R=r(pbt)~! represents
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the scaled radial coordinate, p? = Z—;é defines the compressibility parameter, ¢* =

b?(sin® 2+ p?cos?z) governs the velocity magnitude, (r,1)) correspond to the polar
coordinates in the (z,y) plane.
The envelopes are

1 1 T 3w
Y=p z—tan  (ptanz) 2p+ 5 (4.31)
R*=cos?z+p’sin’z,
where z is a parameter.

The modulus r=Rpbt exhibits linear radial growth. The instantaneous streamline
initially forms a right angle with the envelope tangent at z=0, then asymptotically
approaches parallelism. At thez=7/2 tangent point, the A-characteristic originating
from z=0 generates uniform normal flow with velocity pb, maintaining this kinematic
condition throughout its trajectory.

5 Quasilinear Systems and Hodograph Transfor-
mations in Wave Theory

Hodograph transformations are a powerful mathematical tool that involves inter-
changing dependent and independent variables. These transformations are par-
ticularly valuable in solving nonlinear problems, as they enable the conversion of
many nonlinear partial differential equations (PDEs) into variable-coefficient linear
PDEs [6,12-14]. Such methods transform inherently complex nonlinear systems into
forms amenable to systematic analysis and solution.
Consider the following three sets of quasilinear equations:
ou  Ou  Ov v
ai——H)i——i-ci——i-d,-—
Jdr Oy Ox dy
where (u,v,w) are functions of (x,y) and a;,b;,..., f; are functions of (u,v,w). For
each solution of system (5.1), there exists a functional relationship F'(u,v,w)=0. For
clarity, we assume the relation admits an explicit solution in the form w=w(u,v).
Let dw=pdu+qdv. Substituting this differential form into Eq. (5.1) yields

ow ow ,
+618—x—|—fza—y—0, (Z—1,2,3>, (51)

ou ou ov ov .
(Gﬁ—pei)%‘i‘(bi+pfi)a—y+(0i+q€i)%+(di+61fi)a—y =0, (i=1,2,3), (5.2)

Set ggzg #0, and perform a Hodograph transformation, we get

ox ox y oy

A +D;22=0, (i=1,2,3), (5.3)



B. Guo et al. / Ann. Appl. Math., 41 (2025), pp. 267-294 289

where A;=d;+qf;,Bi=—(b;i+pf:;),Ci=—(ci+qe;), and D;=a;+pe; are functions of
w and v. Assume the rank of (5.3) is 3, we can get
o Qx  Oy Oy
ou v ou v
= == =22 = 22 = 5.4
Al AQ A3 A4 22 ( )

where p is the common ratio, and

Bl Cl D1 Al Cl Dl
Aij=| By Cy Dy |, Ag=—| Ay Cy Dy |,
Bs C3 D As C5 D
3 U3 U3 3 U3 U3 (5.5)
Al B1 Dl Al Bl Cl
Az=| Ay By Dy |, Ay=—| Ay By (%
A3 Bg D3 A3 B3 C3
The integrable compatibility condition is
J(A (A

ov ou

Here Eq. (5.6) constitutes a second-order partial differential equation governing the
function w(u,v).

If the rank of (4.5) is 2, then the solution of the equation is determined by two
arbitrary functions and cannot be determined on w=w(u,v). Consider the Euler
equations of one-dimensional unsteady isentropic flow

@4_@:07 @+bp—x@:0’ @:

ot Ox Ox ot ot
where t is time, x is the Lagrangian coordinate, v is the velocity of gas particles, p
is pressure, and b is a function of entropy. Its two sets of specific solutions are

(i) b=g(p),v=cit+c2,p=—crz+cs,

(i) v="n(b), [ $1' (b)db=csz+c5,=p' " = —cat+cs,
where g(p) and h(b) are arbitrary functions, and ¢;(i=1,...,6) are arbitrary constants.
And the solution of the Cauchy problem is also can be found.

0, (5.7)

6 Two-Dimensional Detonation Waves Around a
Corner

The motion of two-dimensional unsteady detonation waves and detonation products
is a very complex issue [15-17]. The simplest case should be self-similar motion. If
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all boundaries (solid walls, free surfaces, interfaces between different media) are
planes passing through the origin, they are parallel to each other in the direction of
the z-axis and intersect at an angle in the x, y plane. It is also assumed that the
detonation starts at infinity or on a plane parallel to the z-axis or on the z-axis. In
this way, a two-dimensional self-similar detonation wave can be obtained. Since both
the boundary conditions and detonation conditions are inherently nondimensional,
all physical quantities must exhibit self-similar behavior, depending solely on the
dimensionless similarity variables ¥ and ¥.

Introducing the similarity variables {=7, =4, which have dimensions of velocity,
we consequently derive

0

= (6.1)

0 9 10, 1(0 0

~ v \Cae oy )
In the (£,m7) coordinate system, the fluid dynamics equations can be written as
follows:

(i) The continuity equation

(a—€)Vep+pVe-q=0. (6.2)
(ii) The motion equation
1
(q—f)Veqz—;VeP (6.3)
(iii) The isentropic equation
(q—§)-VeS=0, (6.4)

where q is the particle velocity of the fluid,

§=_Ei+nj,
0. 0. (6.5)
Vg—a—gl—i-a—n .

Introducing the pseudo-velocity U=q—& =Ui+Vj, the fluid dynamics equations
can be expressed as

U-Vep+pVe-U=-2p,

U-VeU+ VeP=-U, (6.6)
U-VS=0.
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If the term on the right side of (6.6) is neglected, then (6.6) is formally the same as
the steady flow equations. As long as U is regarded as the particle velocity and & is
regarded as the spatial coordinate, owing to the self-similar nature of the equation
system’s solutions, this is conventionally termed the pseudo-steady flow equation
system.

Due to the nature of the equation system and the right side term being unrelated,
it is easy to prove that when ¢ <U?+V?2, the equation system (6.6) is hyperbolic,
when ¢®>U?+V?, the equation system (6.6) is elliptic and when ¢?=U?+V?2, the
equation system (6.6) is parabolic.

When the flow becomes supersonic ¢?<U?+V?2, the system admits characteristic
lines with associated Riemann invariants. The characteristic equations equivalent

0 (6.6) take the form

dS=0,
d
an_v (6.7)

AU +3V24i)=— (U4 V) E=—(U*+V?) 2,

and

{jg e (letcx/m) 63)

QUYL - 1 (VdE-Udy),

where 7 is the fluid’s enthalpy and dS =0 represents the isentropic condition indi-
cating that entropy is conserved along the streamline.

Ir{tr(')ducing .the Mach number m and tanm= \/ﬁ, then the last two char-
acteristic equations can be written as follows,

dn

i —tan(éj:m) (6.9)
P

quy_cotm dP - dl (6.10)

U24+V2 dp VU212
where dl =sinfd¢ —cosfdn is the arc length element along the characteristic line, 6
is the angle between the streamline and the coordinate axis. Under certain special
conditions, the flow is both irrotational and isentropic, which means it is a steady
flow with constant entropy and no vorticity. At this point, we have

VexU=0. (6.11)

Introducing the potential function ¢ such that U=V,p, which allows the motion
equations to be integrated into the form

1
+§(V§<p)2+izconst. (6.12)
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Assuming a polytropic equation of state and under the condition of constant entropy,
we have

dp 2 de
L= 6.13
p k—1c ( )
1
i= k_lcz. (6.14)
The equation can be represent as an equation of ¢,
1
EV&@‘V£CQ+CQV§S@:—202- (6.15)
By direct computation, we have
2 2 2
{(02—U2)g—£‘§—2UV§—&9‘%+(02—V2)g—U‘§:U2+V2—2c2, (616)
o 0 :
U= 5‘5, V= 55:7—’.

Under isentropic irrotational supersonic conditions, the characteristic equation is
the same as discussed above.

7 Main Results

The main research results can be summarized as follows:

(1) For two-dimensional unsteady potential flow (in gases), the simple wave has
the form q=q(\,t), where A= \(x,y,t), and A =const is composed of a series of
straight lines. These straight lines are generally not degenerated into a single enve-
lope composed of. Along these lines, q=const. The ‘central simple wave’ generally
does not exist in unsteady flow.

(2) For three-dimensional unsteady potential flows, we have derived simple wave
solutions of both rank 2 and rank 3. The velocity field q admits solutions of the form
a=q(\,p)a(A,u,t) where A=X\(x,y,z,t) and u(x,y,z,t) are simple wave solutions. In
particular, for the case of A=y, u=v, w=w(u,v), the following points were obtained:

(1) q(u,v) is a developable surface and its generators are composed of straight
equal velocity lines;

(i) Selecting the appropriate developable surface (straight-line surface) param-
eter A\, then on the characteristic line A=const, the generalized Riemann invariants
r,s are constants. For the degenerate case, the conditions for conical flow (i.e.,
similar to one-dimensional central simple waves) are obtained.

(3) Building upon the theoretical foundation of one-dimensional simple waves,
we developed a qualitative research framework for multidimensional flows. This ap-
proach introduces two key classifications: (i) the k-th kind Riemann invariant, which
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generalizes the classical characteristic quantities, and (ii) the k-th kind simple wave,
extending the unsteady wave solution paradigm to higher-dimensional configura-
tions. That is, the function v=v(uy,us,--+,u,) that satisfies the condition Yi- Vo=0
for all u (where 7 is the k-th kind characteristic vector of A(u), 24+ A% =0) is
called the k-th kind of Riemann invariant of the equation group. And for all the
k-th kind of Riemann invariants that are constants on a region in the (x,t) plane, it
is called the k-th kind of simple wave. He proved the following results.

(i) The solution connected with the normal state is a simple wave.

(ii) For the k-th kind of simple wave, the k-th kind of characteristic line is a
straight line and the solution is a constant along this straight characteristic line.

The Cauchy problem for simple wave uniform motion was specifically solved for
the case when n=3, resulting in the derivation of its compatibility condition, which
was subsequently applied to one-dimensional non-isentropic flow.

8 Conclusions and Discussions

In summary, the multi-dimensional simple wave has been studied in many aspects
and achieved some important results. However, from the perspective of the devel-
opment trend of the entire research work, there is not enough researches closely
surrounding the actual problems of physics and mechanics. The research achieve-
ments in this area are also quite scarce. The following are several tasks that still
need to be undertaken in research.

(1) For non-reducible systems such as those with free terms (one-dimensional
unsteady flows of spheres and cylinders), when a;;(z, uz)gx
dependent variable x, how to determine the simple wave?

(2) For a”k(uz) =0 (4,j=1,2,---m; k=1,2,---n) and general m, n, how to de-
termine the sunple Wave7 For the general three-dimensional unsteady aerodynamic
equations (n=4,m=>5), when n<m or m<n, how to determine the simple wave?

=0, a;jx(r,u) with in-

(3) How to determine the simple wave for a system of fluid dynamics equations
with radiative heat transfer?

(4) Ho to determine the simple wave problem for a system of mixed equations
with certain chemical reactions?

(5) From a physico-mathematical perspective, how should the Cauchy problem
and boundary value problem for solitary waves be properly formulated to ensure
well-posedness? What types of boundary conditions would inherently preclude the
existence of solitary wave solutions?
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