Ann. Appl. Math. Vol. 41, No. 3, pp. 313-376
doi: 10.4208/aam.0A-2025-0028 August 2025

On Residual Minimization for PDEs: Failure of
PINN, Modified Equation, and Implicit Biase

Tao Luo'2, Qixuan Zhou »*

' School of Mathematical Sciences, Shanghai Jiao Tong University, Shanghai,
200240, China.

2 Institute of Natural Sciences, CMA-Shanghai, MOE-LSC and Qing Yuan Re-
search Institute, Shanghai Jiao Tong University, Shanghai, 200240, China

Received 12 August 2025

Abstract. As a popular and easy-to-implement machine learning method for solving
differential equations, the physics-informed neural network (PINN) sometimes may fail
and find poor solutions which bias against the exact ones. In this paper, we establish
a framework of modified equation to explain the failure phenomenon and characterize
the implicit bias of a general residual minimization (RM) method. We provide a simple
way to derive the modified equation which models the numerical solution obtained by
RM methods. Next, we show the modified solution deviates from the original exact
solution. The proof uses a by-product of this paper, that is, a necessary and sufficient
condition on characterizing the singularity of the coefficients. This equivalent condi-
tion can be extended to other types of equations in the future. Finally, we prove, as
a complete characterization of the implicit bias, that RM method implicitly biases the
numerical solution against the exact solution and towards a modified solution. In this
work, we focus on elliptic equations with discontinuous coefficients, but our approach
can be extended to other types of equations and our understanding of the implicit bias
may shed light on further development of deep learning based methods for solving
equations.
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1 Introduction

The application of machine learning, particularly deep neural networks (DNNs), has
gained significant attention in recent years for solving partial differential equations (PDEs)
[1-7]. Compared with traditional numerical schemes, such as finite difference, finite ele-
ment methods, and spectral methods, which are often limited by the “curse of dimension-
ality,” DNNs have demonstrated success in solving many high-dimensional problems [8].
Although the traditional numerical methods are powerful for low-dimensional problems,
it can be challenging to design a proper scheme to solve low-dimensional problems with
low-regularity solutions or boundaries [9—14]. Therefore, DNNs are also promising in
solving low-dimensional problems with low-regularity solutions or complex boundaries,
such as problems with discontinuous elastic or dielectric constants in composite materials.

A widely used approach to solving PDE:s is to utilize DNNs to parameterize the solu-
tion and optimize the parameters in an objective function, which is usually formulated as
a least-squares or variational loss function (also known as a risk function). The physics-
informed neural network (PINN) method was first proposed in the 1990s [15], later stud-
ied by Sirignano and Spiliopoulos under the name Deep Galerkin Method (DGM) [16],
and popularized as PINN by Raissi et al. [6]. In this method, a DNN is trained to min-
imize the sum of the residuals of the PDE and the boundary condition. The Deep Ritz
Method (DRM) [1] instead adopts a variational formulation, minimizing an energy func-
tional. Many other approaches have also been proposed for solving PDEs with neural
networks [17-19]. For further advances in PINN, we refer readers to the review arti-
cles [20,21] and the references therein.

For completeness, we also mention that operator learning has shown promise in solv-
ing both forward and inverse PDE problems [22-25]. Despite this growing diversity,
PINN has received particular attention due to its simplicity and ease of implementation:
its risk function is merely the residual of the PDE and boundary conditions, without re-
quiring the variational form needed in DRM, which is often unavailable in practical ap-
plications.

A theoretical study of DNNs is crucial for understanding and improving PDE solvers
based on neural networks. For instance, the universal approximation theorem [26] guar-
antees the ability of wide networks to approximate continuous functions. Subsequent
works have extended this by quantifying approximation rates [49], and analyzing PINN
approximation errors in the case of smooth elliptic problems [27]. Several studies have
derived generalization bounds under strong regularity assumptions [28-31], supporting
convergence results when the solution is smooth and the network is sufficiently expres-
sive.

However, many real-world PDEs involve solutions of low regularity, due to disconti-
nuities in coefficients or domain geometry, etc. Several recent studies have investigated



T. Luo et al. / Ann. Appl. Math., 41 (2025), pp. 313-376 315

the failure modes of physics-informed neural networks (PINNs) from a numerical opti-
mization perspective. For example, Basir [32] identifies challenges such as gradient con-
tamination due to high-order derivatives, sensitivity to regularization parameters, and data
scarcity in forward problems, which together contribute to poor trainability and instabil-
ity in classical PINNs. To mitigate these issues, the author proposes a dual unconstrained
formulation that avoids higher-order derivatives and enhances convergence. Similarly,
Krishnapriyan et al. [33] systematically categorized potential failure modes in PINNs,
highlighting the non-convexity of the loss landscape and the complexities in optimization
paths. They proposed strategies like curriculum regularization and sequence-to-sequence
learning to improve training stability and accuracy.

In contrast, our work investigates a distinct but equally fundamental issue: can resid-
ual minimization (RM)-based methods fail to approximate the correct solution even when
training succeeds? We establish a theoretical framework showing that, for PDEs with
discontinuous or low-regularity coefficients, RM-based methods are structurally biased
toward solving a modified equation. This phenomenon arises not from numerical insta-
bility, but from an inherent limitation in the RM formulation itself.

As low-regularity problems offer a potential application for DNNs, we focus on the
use of neural networks with least-squares risk functions to solve linear PDEs whose solu-
tions exhibit low regularity. This is a challenging regime due to several factors. First, the
true solution is often less regular because of discontinuous coefficients. Second, the func-
tion space represented by neural networks is typically more regular than the true solution,
owing to the derivatives involved in training. Third, the risk function is only defined via
discrete sampling, which further complicates the analysis.

We begin with 1D numerical experiments using PINNs and then develop a continuum
model to explain the observed behaviors. Empirically, for elliptic equations with discon-
tinuous coefficients, the learned solution consistently deviates from the exact one. With
strong numerical evidence, we model this output as a solution to a modified PDE, which
we derive heuristically. We then rigorously prove that such deviation is not an artifact of
training, but a generic outcome under mild assumptions. Moreover, we derive necessary
and sufficient conditions for this discrepancy to occur, and prove that even starting from
an excellent initialization, training drives the solution toward the biased one.

This form of failure is independent of neural network architecture and applies to any
residual-minimization (RM) method, including but not limited to PINNs. In this regard,
our results fundamentally differ from earlier works that rely on high regularity to prove
convergence as network size and sample number increase [28-30, 34]. We emphasize
that even under perfect optimization, a gap persists between the true solution and the
limit of RM training. This reveals a theoretical obstruction—distinct from trainability
issues—and demonstrates that residual minimization can structurally bias the solution.

While several PINN variants (e.g., curriculum-training-based strategy [35], adaptive
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sampling [36]) aim to improve empirical performance, they remain within the RM paradi-
gm. Our findings suggest that these improvements, while useful, cannot overcome the
fundamental bias present when dealing with low-regularity PDEs.

We believe this failure phenomenon is known to some extent among practitioners
and has motivated partial solutions. For example, the first-order system least-squares
(FOSLS) formulation [37] recasts elliptic PDEs into equivalent systems that may avoid
this bias; alternatively, DRM can yield accurate results when a variational structure is
available. However, the mechanisms behind this failure remain poorly understood. Our
primary contribution is to build a rigorous theoretical foundation that identifies conditions
under which RM fails, quantifies the error, and characterizes the function space of “bad”
residuals that induce this behavior.

In summary, while prior works aim to improve the trainability of RM methods by ad-
dressing numerical and algorithmic challenges, our study addresses their representational
correctness by identifying structural limitations in the learning objective. Both perspec-
tives are essential: one highlights practical barriers to convergence, and the other reveals
theoretical obstructions to correctness—even under perfect optimization. Together, they
form a unified picture of the challenges inherent to residual minimization frameworks.

The remainder of this paper is organized as follows. Section 2 provides a brief in-
troduction to PINNs and illustrates the failure phenomenon with numerical examples. In
Section 3, we summarize our main theoretical contributions and provide a roadmap for
the reader. Section 4 develops a theory of removable singularities in BV-type equations.
Section 5 proves that deviation from the true solution is generic and rooted in the RM
formulation. In Section 6, we provide a numerical method by relaxation on the regularity
constraint to mitigate the known issue. The appendix contains standard definitions and
references for elliptic equations. While we focus on linear problems here, the ideas can
naturally extend to quasilinear cases [38].

2 Preliminaries

We begin this preliminary section by introducing basic concepts of deep neural net-
works and deep learning based methods for solving PDEs, in particular, the method of
physics-informed neural networks (PINN). Next, by a one-dimensional example, we il-
lustrate that PINN can fail even in an extremely simple situation. The last subsection is
left to depict the general setting, namely the linear elliptic equations and systems with BV
coefficients, under which we will derive a continuum model for the numerical solution
and thus prove theorems based on this model.
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2.1 Deep neural networks (DNN)

An L-layer fully-connected neural network function ug : R¢ — R¥" is defined as for
each x € RY

ug(x) = WE oW g (.. (Wlla (WOl 4+ pl0 £ ply...) 4 plL=2)y 4 pll=1(2.1)

where the matrix W/l € R™+1%m1 and the vector bl!) € R™+1 are called parameters, m; €
N is the width of the /-th layer, and the (nonlinear) function o : R — R is known as the
activation function. With a little bit abuse of notation, o applied on a vector means entry-
wise operation, namely (o (z)); = o(z;) for any subscript i. The matrices are usually re-

shaped and concatenated into a column vector 6, that is, 6 = vec <{Wm }ZLZ_OI, {pl }IL:_OI>

Note that the input dimension d = my and the output dimension d’ = m;.

2.2 Residual minimization (RM) and physics-informed neural net-
works (PINN)

In our numerical experiments to be presented in the next subsection, the PINN is
used to solve a given boundary value problem (BVP) of a PDE. We emphasize that the
phenomenon recognized and analyzed in this work will remain the same if we replace
the PINN by any other residual minimization method. Here the residual of an equation
refers to the difference between the left-hand-side and the right-hand-side, and we say
residual minimization because these PINN type methods follow a common approach, that
is, minimizing the residual risk of both the PDE and boundary conditions. The term
residual minimization is also used by other researchers, for example, [39]. Besides, some
works refer the PINN to the least-squares method, for example, [37].

For a given function w, a residual minimization method for solving (the BVP of) an
equation is to minimize the following population risk

R(w):/Q(Lw—f)zdx—i—y/aQ(Bw—g)zdx. (2.2)

Here L is the differential operator, B is the boundary condition operator, and f (respec-
tively, g) is a given function defined in the interior (respectively, on the boundary) of the
domain Q. The factor 7y is the weight for adjusting the importance of the boundary con-
straints versus the one in the interior of the domain. But in practical applications, one
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often uses the empirical risk (also known as the objective function in optimization) as:

Rg(w )_RSint( )+ YRs pa (W) (2.3)
Rs ini(w) = 1 Y (@ f(x)? (2.4)
Nt xe 8¢
_ |39

Y (B g(x))?, (2.5)

"bd XEShq

Rs pa(w

where Rgini(w) is the interior empirical risk, Rgpq(w) is the boundary empirical risk,
nine € N and npg € N are the numbers of samples in the interior dataset S;,; and the
boundary dataset Syq, respectively; |Q| and |dQ| are the Lebesgue measure .2 of Q and
Hausdorff measure #¢~! of dQ, respectively.

In general, it is recognized that the physics loss and boundary loss typically operate at
different scales, and thus selecting an appropriate weighting parameter 7 in the objective
function (Equation (2.3)) is indeed meaningful. In our numerical experiments, we set
Y =1 for simplicity. Nevertheless, as demonstrated in the following numerical results, the
boundary conditions are approximated very well with negligible errors.

It is important to emphasize that the main focus of this work lies in investigating the
structural bias inherent to the residual minimization (RM) formulation itself. To clearly
isolate and highlight this intrinsic issue, our theoretical analysis explicitly assumes a per-
fect fit on the boundary, meaning that the numerical solution coincides exactly with the
true solution at boundary points (zero boundary residual). Even under this ideal scenario
of perfect boundary fitting, a deviation between the numerical and exact solutions is still
observed, further underscoring the inherent limitation of the RM formulation.

In the method of PINN, the output is a neural network and denoted by ug(x). Thus we
usually abuse notation and write

R(6) = R(up) = /Q (Lug (x) — F(x))>dx+y /a (Bugl) —g(x)dr. @26

Similarly, for empirical risks, we write Rs(0) = Rs(ug), Rs int(0) = Rs int(#g), and Rs pa(0)
= Ry pa(up)-

Given an initial parameter 6y, then the parameters will be updated by first order opti-
mization methods such as the gradient descent which is the forward Euler scheme of the
(negative) gradient flow with step size At (also known as the learning rate) as follows

Oi1 = Ok — AtDgRs(6y). (2.7)

The samples S can be chosen as quadrature method in low dimensions, say no larger
than three, while it can be chosen randomly as Monte Carlo sampling method in any
dimensions including very high-dimension cases. In implementation, the sample S can
vary from one iteration to another.
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2.3 Numerical example: failure of PINN

In this subsection, we demonstrate that using PINN to solve PDEs which has no strong
(or classical) solutions could be problematic and cause a non-infinitesimal error. This is
illustrated by a one-dimensional example via numerical experiments. Although the ex-
ample is simple, it provides us correct and insightful intuition. Throughout this work,
we will revisit this example several times and explain new understanding with our theo-
rems to be proved in later sections. We also emphasize that this kind of failure of PINN
in learning the solution to certain PDE is essential and usually can not be resolved by
merely selecting the network architecture, adjusting the optimization algorithm, or tuning
hyperparameters of the network.

Let us first briefly mention the setup of the experiment.

Problem setup. The considered equation is one-dimensional and reads as

{LM:—DX(ADXM) =f inQ=(-11), (2.8)

u=0 on 0Q={-1,1},

where the coefficient function A and the interior data f in (2.8) are both piece-wise con-
tinuous and read as

3 xe(=1,0), [0, xe(-1,0),
A(X)—{Z f()c)—{_27 cel0.D). (2.9)

Exact solution. Clearly, there is no strong (or classical) solution, while the weak solu-
tion u € H'((—1,1)) to this equation is

(2.10)

Neural network setup. In the series of numerical experiments, we use a 1-256-256-
256-1 residual network (ResNet) [40]. The empirical risk, interior empirical risk, and
boundary empirical risk for a given function w read as

Rg(w )_RSim( )+ YRspa (W),

Rsim(w) = 2Ly D wx) + FP,

lnt xeSmt

Q0
Rgpa(w) = [9¢]
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where we use |Q| =2, [dQ| =2, npg = 2, and Y = 1 in the experiments. We choose
1000 uniformly-sampled points in the interior of the region (namely n;,, = 1000). We
use “tanh” activation function, Adam optimizer, and the Xavier initialization, where the
variance of each entry of wll is o 12 e and m; represents the width of /-th layer.

Under the above setting, we obtain the network function ug numerically via the PINN
(or more generally the RM method) after training process. This solution ug will be called
the RM solution to the original equation. We stress that the PINN as one realization of the
RM method, is not essential and can be replaced by any other RM method. In practice,
ug is obtained when the risk function Rg is small and does not decay anymore along the
training. We plot the RM solution ug and compare it with u in Figure 1 (a). Obviously,
the RM method fails to find the exact solution u. The gap between u and ug is as large as
magnitude of u. Thus we call this phenomenon the failure of RM method (or failure of
PINN). By the way, we also notice that the first order derivative of ug seems to be piece-
wisely parallel to that of u (see Figure 1 (b)). This suggests us to focus on the derivatives
and regularity of the solutions.

0.01 -

R / — Dyu
v 15 Drue
-0.2 1.0
3
> x 0.5
—0.4 Q
0.0
-0.6
-0.5
-1.0 -05 0.0 05 1.0 -1.0 -05 00 0.5 1.0
X X
(a) Comparison of solutions (b) Comparison of the first order deriva-

tives

Figure 1: PINN cannot find the exact solution to equation (2.8) with the coefficient function given by (2.9).

The solution u at all points except for x = 0 is smooth (even in C* locally), while
the first order derivative of the solution u at x = 0 has a jump. Therefore, whether x =0
contributes in the numerical method is decisive. Here comes the key observation that in
practical experiments the x = 0 point can only be sampled with nearly zero probability as
long as the distribution for sampling is absolutely continuous with respect to the Lebesgue
measure. Hence the point x = 0 almost never contributes to numerical experiments! By
the product rule, it holds that D(ADyu) = AD>u+ (D,A)Dyu on (—1,1)\{0}. Since the
derivative D,A(x) = 0 for the piece-wise constant function A and for all x € (—1,1)\{0},
the left-hand-side of the PDE is effectively equal to AD?u on the whole interval (—1,1).
Therefore, in the numerical experiments, the empirical risk function equals to an effective
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empirical risk function with probability nearly one, namely

Rs(ug) = Rs(ug), @2.11)

where the latter at a given function w reads as

Rs(w) = — ) (A@)D3w(x) + £(x))* + Y{(w(=1))*+ (w(1))]. (2.12)

Mint XESint

This effective empirical risk function is in turn the empirical risk function of the RM
method for the modified equation

Li=—AD3i= inQ=(-1,1
i=—ADY= inQ=(-11) ot
i=0 ondQ={-1,1}.
whose population risk function at a given function w reads as
1
R(w) = / 1(z‘\(X)D;fW(X) +f(x))? dx+y(w (=1) +w?(1)). (2.14)

In other words, the risk (2.12) is the discretization of (2.14).

The exact solution to the modified equation (2.13) is denoted by i and explicitly reads
as

To sum up, now we have altogether three solutions: u (the exact solution to the original
equation eq::1dEq), ug (the RM solution to the original equation (2.8)) and i (the exact
solution to the modified equation (2.13)). For completeness, we can also consider the RM
solution to the modified equation (2.13), and we denote it as iig.

Figure 2 and Table 1 show a detailed and quantitative comparison between all these
four solutions. Throughout the paper, a Banach space Y equipped with the norm |||y
will be written as an ordered pair (Y, ||-||y) when it is needed to emphasize the norm. If
the norm is obvious from the context, we will simply denote it as Y. In this work, we
mainly focus on Hilbert spaces such as L?>(Q), H'(Q), and H?>(Q). However, to verify
our intuition, we also add one row of the L*(€) (relative) deviation to Table 1.
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Figure 2: PINN can fit the exact solution to the equation (2.8) with coefficients as (5.4).

Notice that # and ug can both access very small empirical risk, while they have a finite
gap in terms of L=(€) norm as well as H'(Q) (and hence L?(Q)) norm. In some sense, it
indicates the non-uniqueness of the solutions as the local/global minima of the empirical
risk function. It seems that the method bias to a special solution in some implicit way. This
leads to one of the central problems, the implicit bias problem, of deep learning methods
for solving PDEs — why a method find such a particular solution from the infinitely many
minima. This implicit bias is obviously connected to the success or failure of the methods,
and hence it will be the central object of this research work.

A take-away-message is the relation ug ~ iig ~ ii # u and the smallness Rg(ug) <
1 and Rg(iig) < 1. Roughly speaking, the failure of RM method occurs and the RM
solution can be modelled by the modified equation. Looking more carefully at Figure 2
(b), we observe that the first-order derivative of the RM solution ug (as well as iig) is
piece-wisely parallel to the one of the exact solution u. Therefore, except for finitely
many points, that is, the only point x = O in this case, the second-order derivatives of
the RM solution and the exact solution are the same. Since the point x = 0 can not
be sampled with nearly probability one, it is expected that the RM solution have the
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possibility to achieve very small empirical risk. This is validated in practical experiments.
Figure 2 (c) (or (d), respectively) shows the evolution of the empirical risk Rg (or Rg,
respectively) along training dynamics of the RM method applied to the problem (2.8) (or
(2.13), respectively) with the coefficient function given by (2.9). At the initial stage of the
training, the empirical risk is of order one, while at the final stage this risk can reduce to
1072 or 1076,

Table 1: The deviation and relative deviation from one solution to another under and L=(Q), L?(Q) and
H! (Q) norms. In part (a), the comparison is between two exact solutions u and #. In part (b) and (c), the

RM solution ug is compared with u and i, respectively. In part (d), the comparison is between two RM
solutions ug and iig.

- lly Y =L"(Q) Y =1*(Q) Y=H'(Q)
Jue—aly 5~ 5~ 5w
1.667 x 107! 1.361 x 107! 2.722 x 107!
@ Ju—dly/lally 5~ AT ~ 210
2.963 x 107! 2.557x1071 59576 % 10!
lu—ally /ully Ln A~ 205
24001071 2050x 10" 2.111x 10!
) g — ully 1.646 x 107! 1.345x 1071 2,691 x 107!
g — ully/||ully 2.371 x 107! 2.026 x 107! 2.087 x 107!
© g — i)y 2.880x 1077  2.044x10° 2281 x107°
g — il|y /ity 5120x 1073 3.839x107°  2.161x 1073
|ug —iig||y 1.465 x 1073 1.267x107°  5.702x 1077
() |jug —iig|ly/|ldg|ly  2.598x1073  2.372x 1073  5.384x 1073
|ug —iig|ly/||uglly  2.592x 1073  2.371x1073 5374 x 1073

We believe that such example where ug fails to learn # has been seen by many re-
searchers. But our approach is novel and we establish a complete framework to handle
such problems with focus on #. This eventually leads to the understanding of the failure
and implicit bias of the RM methods.

2.4 Heatequation example: failure of PINN in in more realistic prob-
lem
In the previous subsection, we demonstrated that physics-informed neural networks

(PINNs) may fail to produce accurate approximations in certain elliptic problems with
discontinuous or low-regularity coefficients. This naturally raises the question of whether
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such failure is unique to elliptic PDEs or more broadly inherent to the residual minimiza-
tion mechanism underlying PINNSs.

To investigate whether the failure of PINNs in low-regularity PDE:s is specific to ellip-
tic problems or more generally rooted in the residual minimization mechanism, we con-
sider a classical time-dependent PDE—the one-dimensional heat equation. This equation
is not only a standard benchmark in numerical PDE literature, but also arises naturally
in modeling heat conduction through bimaterials system with spatially varying thermal
conductivity. For instance, in layered or bonded metallic systems, the thermal diffusivity
A(x) may vary sharply across interfaces due to differences in material composition.

Our numerical experiments reveal that similar failure behavior also occurs in this
parabolic setting, further highlighting the limitations of PINNSs in practical applications.
And unless otherwise stated, all experimental settings, including the neural network ar-
chitecture, optimizer configuration, and residual sampling scheme, are identical to those
used in Section 2.3.

Problem setup. We consider the one-dimensional heat equation defined on (x,7) €

(—1,1)  (0,2):
us — Dy (A(x)Dyu) = f(x,t),  (x,0) € (—1,1) % (0,2),
u(x,0) =0, xe(—1,1), (2.15)
u(—1,1) =u(l,t) =0, t€(0,2),

1 2 2
>, x<0 —sx— % x<0
Ax) =< 7% " and  fx,t)=< 7Y ’ 2.16
(x) { 0 fxt) {x —%x—%—Zt, x> 0. ( )

Exact solution and observations. This setup admits a unique exact solution given by:

(—%x—%)t, x <0,
= 2.17
M(X,f) {(xz—%x—%)t, x> 0. ( )

Although the solution u(x,?) is continuous and piecewise smooth, its spatial derivative
uy(x,t) has a jump discontinuity at x = 0 along the spatial direction.

When training a PINN to learn this solution using standard residual minimization,
we observe a systematic deviation near x = 0 across various time slices. The trained
neural network solution ug tends to “smooth out” the singularity in derivative of u, thereby
introducing a non-negligible pointwise error. This phenomenon is qualitatively similar to
the failure mode we previously observed in the elliptic case, and again stems from the
mismatch between the PINN’s inductive bias and the structure of the underlying PDE.
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We report the corresponding quantitative errors and visualizations in Figures 3 and 4,
which illustrate the persistent deviation of the PINN solution around the singular interface
atx =0.

Heatmap of Absolute D,u Error

Heatmap of Absolute Error
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Figure 3: Heatmaps of errors. Left: Absolute error |ug — u|. Right: Absolute derivative error |Dyug — Dyu|.
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Figure 4: Comparison of solutions at t = 0,1,2. Top row: Function values ug, u. Bottom row: Spatial
derivatives Dyug, D,u.

Modified equation. Similarly as in Section 2.3, we introduce the modified equation
of (2.15) as:

ur —A(x)Dyu = f(x,1),  (x,0) € (—1,1)x(0,2),
u(x,0) =0, xe (—1,1), (2.18)
u(—1,t) =u(l,r) =0, t€(0,2).
We train two separate PINNs: one using the residual form of (2.15), and another using
that of (2.18), while ug and iig are used to represent the numerical solutions by apply-
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ing PINNSs to (2.15) and (2.18), respectively. The corresponding quantitative errors and
comparison of ug, tig and u can be found in Figures 5 and 6.

Our experiments show that the two numerical solutions are nearly indistinguishable,
both in terms of pointwise predictions and residual distributions. This further confirms
that, in the presence of discontinuous coefficients, the PINN trained on the original form
(2.15) implicitly learns the behavior of the modified equation (2.18). The consistency of
these two learned solutions provides strong empirical evidence that the standard PINN
approach effectively approximates the modified equation, rather than the true solution to
the original PDE.

Heatmap of Absolute Error Heatmap of Absolute D,u Error

025

|ue — |
t
|Dxtig — D]

. 0.00 X 0.00
-1.00 -0.75 -0.50 -0.25 000 025 050 075 1.00 -1.00 -0.75 -0.50 -0.25  0.00 025 050 075 1.00

x x

Figure 5: Heatmaps of errorsLeft Absolute error |ug — iig |RightAbsolute derivative error |Dyug — D, iig]|.

77777

ooooo

Comparison of Dy, D, s, D,y at t=0 Comparison of D,up, D e, D, at t=1 Comparison of D, s, Dyl, Dy at t=2

Figure 6: Comparison of solutions at time slices t = 0,1,2. Top row: Function values ug, iig, u. Bottom
row: Spatial derivatives Dyug, Dyiig, Dyu.
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2.5 Linear elliptic equations with BV coefficients

In this subsection, we introduce the general setting on the (systems of) elliptic PDEs
used for the main results of this work. Some assumptions are given for the linear elliptic
equations and systems. Although main contributions (See detailed description in Sec-
tion 3) of this work focus on these linear problems, we nevertheless stress that some key
results can be extended to the quasilinear setting and hopefully it can be transferred into
the case of quasilinear PDE:s in the future.

We consider the system of elliptic equations written in the divergence form:

Lu=f inQ, (2.19)
u=0 ondQ, '
with
(Lu)®* Z div - (A%P (x)DuP) Z Z D;i(A aﬁD iu
B=1 =1i,j=1

where o, 8 € {1,2,...,d'}, i,j € {1,2,...,d}, Q C R is a bounded domain with C!+!
boundary, measurable functions A%? ¢ §9%4 are also symmetric in o, B, namely AP =
ABY and f € L2(Q;RY).

Now we mention the basic assumption to be used throughout the paper.

Assumption 2.1 (BV coefficients). Let L be the operator defined in (2.19). Assume that
foreach o, B € {1,...,d'}, there exist a scalar function y*F € SBV*=(Q) with 74~ ( Jyap)

< +o0 and a matrix-valued function A%? € C!(Q;59%?) such that A% = y*PA*P. And
there is some o, By € {1,...,d'} satisfying Jf‘i’l(]xaoﬁo) > 0. Furthermore, we assume

there are constants Ymin, Xmax, 4,A > 0 such that for each o, B € {1,...,d'} and for all
EcRY xeQ

Xmin < Xaﬁ (x) < Xmax (2-20)
AE[* < ETA®P (x)E < AJE[. (2.21)

Here .7“~!(.) means a d — 1-dimensional Hausdorff measure of g give set and an
SBV® function is a special function of bounded variation (SBV) whose absolutely con-
tinuous part of the gradient has an L™ density. The precise definition and basic properties
of SBV functions are given in Appendix B. Figure 7 is an illustration of a SBV function. It
is no harm for the readers to think each x B a5 a piece-wise constant function throughout
the paper.
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X € BV(Q)

Figure 7: Illustration of a function of bounded variation ¥. The set of approximate jump points J, is
determined by the triplet (¥, %™, Vvy). See details in Appendix B.

Here we give some comments on our main assumption.

Remark 2.1 (Hadamard-Legendre condition). Assumption 2.1 implies the Hadamard—
Legendre condition, which is a standard condition for the existence of solution to systems
of elliptic PDEs. Let L be the operator defined in (2.19). We say that {A%P ¥ p— satisfy

the Hadamard-Legendre condition if there exist constants A, A > 0 such that for all £* €
R xeQ
d/
AEP < Y (ENTAP()EP <AGP. (222)
o,f=1

d/
Here |£]? = leﬁ‘”lz-
o=

Remark 2.2 (uniform ellipticity condition). When d’ = 1, the superscripts o, can only
take value 1. Thus for simplicity of notation, we will drop the superscripts throughout the
paper when d’ = 1. In particular, for the case d’ = 1, the Hadamard-Legendre condition
in Remark 2.1 coincides with the uniform ellipticity condition, that is to say, there exist
constants A, A > 0 satisfying

AEP < ETA(x)E < AE (2.23)
forall £ e R4, x € Q.

We also remark that in the proofs throughout the paper, the constant C may be different
from line to line, but we usually keep track of its dependence on basic constants such as
Xmin OF A and thus make the paper more readable. In the proofs, the expression U < { <
U’ means { = 1in U, { = 0 outside U’ and ¢ € C(R?), where U,U’ are bounded open
sets and U is compactly contained in U’.
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3 Main contributions

In this section, we describe our main contributions of this paper. After the introduction
to each contribution point, several related theorems will be mentioned in an intuitive way.
Most of them not only work for elliptic equations, but also work for elliptic systems,
although some technical conditions may be inevitably assumed for the latter.

From now on, the term “residual minimization” (or in short “RM?”) is used to replace
“PINN” in the main results because these analyses provided in this and later sections work
for general residual minimization methods, and are not exclusive for PINN. In particular,
the DNN representation is not explicitly used in the analysis. Nevertheless, the type of the
risk function (also known as loss function) is more responsible to the failure or success of
the machine learning based PDE solvers.

In Section 3.1, we propose a hypothesis that i approximates ug well and derive the
modified equation for &, in a general setting, to model the numerical solution obtained by
RM method. This hypothesis serves as our starting point of the analysis and understanding
of the implicit bias of RM method. In Section 3.2, we provide an if-and-only-if condition
to characterize the singularity which appears naturally because of the discontinuous coef-
ficients in the equations. In particular, this condition characterizes whether u is equal to i
or not. Next, in Section 3.3, we introduce the RM-invariant subspace Ker(7T —I), defined
as the set of all f which leads to u = ii. This subspace Ker(7 —I) allow us to identify
the occurrence of deviation of the numerical solution. We will show the deviation occurs
generically and the relative deviation, even for the data near the RM-invariant subspace,
is not small. The last contribution point is mentioned in Section 3.4, where we prove that
the exact solution is unstable and hence the RM method implicit bias the exact solution
towards the solution to the modified equation. In the last subsection, we present the con-
nections of the main contributions, as well as preliminaries and by-products, by a flow
chart.

3.1 Modeling numerical solution by modified equation

In any sense, it is very difficult, if not impossible, to study ug directly. Fortunately, as
shown in Figure 2 (a), we have the key observation: ug ~ iig ~ i, that is, the RM solutions
ug and iig both looks very close to the exact solution i, and they are almost indistinguish-
able. More precisely, part (c) and part (d) of Table 1 provide more quantitative evidences
to show that the (relative) distances among ug, ilg, and i are very small in either L*(Q),
L*(Q), or H'(Q) norm. This closeness is already intuitively explained in Section 2.3 and
it provides us a solid evidence to model ug by using i for the one-dimensional example.

We would like to extend this idea and model ug by using ii to more general equations
and to the case of system (that is d’ > 1). Let us start with &’ = 1 and a general coefficient
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A. The derivation is almost the same as the one in Section 2.3. But here the coefficient A
may not be piece-wise constant. Moreover, A is a d X d matrix-valued function instead of
a scalar function. By the product rule, the divergence operator in (2.19) is applied to A and
Du respectively. Furthermore, by the decomposition of SBV function (See Definition B.4)
with d’ = 1, we have

d d
Lu=— Y AjjDijju— Y (D!A;j+DA;;)Dju. (3.1
i,j=1 i,j=1
Here lYiAi ;j 1s supported on an £ null set Jy. Since the number of samples is at most
countable in any practical applications, the probability of selecting some points in the
support of D}A ij 1s zero. Unless the algorithm is specifically designed, the contribution of
DJl.Ai ; to the risk function is zero. In other words, D}A,-j will not affect the optimization
process. As a result, we simply omit D}Ai ; and obtain the approximate model (3.2) for
studying the RM methods.
For the general setting with d’ > 1 (that is including systems), we follow the same
idea and thus arrive at the modified equation for (2.19) as follows

li=f nQ, a2
i=0 ondQ, '
where for each o € {1,...,d'}
3 d d op d d B
La)*=-Y Y A¥Ppyia’ - Y Y DAY DiP. (3.3)
B=1i,j—1 B=1i,j=1

Throughout the paper, we call L the modified operator of L and denote u the solution
to (2.19), and i the solution to (3.2). Also, let ug and iig be the RM solutions, that is, the
numerical solutions under RM methods (such as PINN), to the original equation (2.19)
and modified equation (3.2), respectively. When the equation is clear from the context,
we call i the solution to the modified equation (or simply, the modified solution) and call
ug the numerical solution (or RM solution).

The previous numerical experiments suggest us to make the following hypothesis to
model the numerical solution .

Hypothesis 3.1 (modified solution approximates RM solution). The RM solution to the
problem (2.19) can be approximated by the solution to its modified equation (3.2). More
precisely, for any given € > 0, the RM method can find the a numerical solution ug such
that [lug — il ;1 () < € for all meaningful f.
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Here we neglect the details of the neural networks such as how to design the network
architecture, how to tune the hyper-parameters, and how to train the neural network pa-
rameter. These will be left to the future research. This hypothesis will be the foundation
of our work, and from now on, we will focus on # which is more amenable because it
satisfies a modified equation (3.2). We emphasize that Hypothesis 3.1 and our point of
view on the modelling of the RM solution are novel. For the modified problem, we obtain
a series of theorems. These with Hypothesis 3.1 lead to the understanding of the behavior
and properties of the RM solution, in particular, its implicit bias.

We will work on both elliptic equations and systems. To prove the results in the case
of elliptic systems, we need a further technical condition as follows.

Assumption 3.1 (A priori estimates for linear system). Assume that for all it € Hé (Q; Rd,)
NH2(Q;R?), there is constant C > 0 such that ||L7||H2(Q,Rd/) < C||I::Z|]L2(Q_Rd/), where L is
defined as in (3.2).

We remark that Assumption 2.1 with d’ = 1 implies Assumption 3.1 (See Theorem
5.1).

3.2 Characterizing removable singularity

Intuitively, it is clear that the failure of PINN, or more generally, the RM method, is
due to the singularities in the coefficients of the PDE. Moreover, whether the singularity
exists is highly related to whether the exact solution coincides with the modified solution,
where the later is introduced in the above subsection. In particular, if the singularity is
removable then there is no such failure. In order to study the removable singularity in
the coefficients, we introduce a quantity y based on which we can establish necessary
and sufficient condition. Given any 71 measurable set B C Q, X € SBV=(Q), Y:
H}(Q) — L(Q;57*?), and ¢ € C!(Q), we define

pBxT.0) = [ (=2 vixlglDpdt . G4
4

For example, if B = Q, ¢ € C1(Q), and Y[w] = A for all w € H} (Q), then we have
12,4, 9) =/ (x*—x")viAD@d# "
I

We thus have an essential result (Theorems 4.1 and 4.2) to characterize the removable
singularity in terms of u. Applying these theorems, we can consequently find smooth
function vg such that

u(Q:7,4,v5) #0.
See Theorems 4.3 and 4.4.



332 T. Luo et al. / Ann. Appl. Math., 41 (2025), pp. 313-376

3.3 Identifying the occurrence of deviation

We study the occurrence of deviation u # ii. Thanks to Theorems 4.3 and 4.4, we prove
in Theorem 5.3 that for specific interior data f the deviation occurs. To step further, we
ask whether this occurrence of deviation is generic and whether it is large in some sense.
Affirmative answers to these questions will be obtained by studying the RM-invariant
subspace Ker(7T —I). The Ker(T — I) basically identifies the interior f where u = ii.

To define Ker(T —I), we should study the properties of L first. Let us consider the
largest possible domain of L, which is naturally a subset of H(} (Q; Rd/). In fact, it should
be a subset of H2(Q;R?). Otherwise, we have v € H&(Q;Rd/)\HZ(Q;]Rd/), and hence
D; jvﬁ € H'(Q) and A:-xjﬁ € SBV(Q) imply that the point-wise product Af‘jﬁ D; jvﬁ may
not be a classical function. Thus the largest possible domain of L is

dom(L) = H} (RN H?(Q;RY). (3.5)
Consequently, the image of L, denoted by X, is
X ={Lw: we H)(Q:RY) nH*(Q;RY)}. (3.6)

Next, we introduce the RM-transformation 7. Suppose that Assumptions 2.1 and 3.1
hold. Let u and i be solutions to (2.19) and (3.2) with data f € LZ(Q;R‘Z/), respectively.
Then we can define the operator T

T:X — H '(RY) (3.7)
fTf=Li. (3.8)

Clearly, ii is the weak solution to

{Lﬂ =Tf inQ,
8 (3.9)
i=0 on dQ.

In particular, when d’ = 1, Assumption 3.1 holds automatically by Assumption 2.1. Hence,
for the single elliptic equation case, namely @’ = 1, we have X = L>(Q) and T : L*(Q) —
H Q).

Let o(T) be the spectrum of 7. Then we will show in Theorem 5.4 that the only
eigenvalue of T is 1, namely 6(7) = {1}. Thus to identify the occurrence of deviation
u # ii, we only need to characterize the invariant subspace of X under RM-transformation
T. This naturally leads to the following kernel Kery (7 —I), that is, the eigenspace of T
corresponding to the eigenvalue 1 restricted to X:

Ker(T —I)=Kerx(T—1)={feX: Tf=f}={IweX: Lw=Lw}.  (3.10)
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When the X is clear from the context, we will drop it in the subscript and denote the
kernel as Ker(7 —I). We also denote its complement with respect to the whole space
L2(Q:;RY) as (Ker(K —1))° = L*(Q; R )\ Ker(T —1I).

Let us explain why the space Ker(7 —I) can characterize the occurrence of the devia-
tion. If there is a non-zero f € X\ Ker(7T —I), then the unique solution i to (3.2) (namely
Lii = f) satisfies Lii # Lii. In other words, f # Lii, and hence i deviates from u, imply-
ing there is a deviation. Therefore, to understand the implicit bias of RM method, we
only need to study the properties of Ker(7T —I). In particular, Theorem 5.4 shows that
under a mild condition that the jump is not omnipresent, the complement of the kernel
(Ker(T —1))¢ is open and dense (see also Theorem 5.4 for the case of system). As a
direct result, for almost all f € L2 (Q;Rd/), the deviation occurs. Furthermore, Theorem
5.5 shows the relative deviation ||u — | ;1 (QRY) /1] 1 (Q:re) ¢an be even unbounded.

Now, with these theorems on the relation between & and u, we are ready to explain
the phenomenon uy # u shown in the previous numerical experiments. Let us recall the
phenomenon, discuss first intuitively, and then give a more quantitative explanation.

Recall that, according to Figure 2 (a), the RM solution ug is entirely deviated from the
exact solution u. More precisely, the part (b) of Table 1 show that the (relative) numerical
errors between u and ug are not small in both L(Q) and L?(Q) (and hence H' (Q)) norm.

We first provide an intuitive understanding on the non-zero difference between the
exact solution and the RM solution. For the exact solution u, the term AD,u has to be
continuous, otherwise its derivative would be a Dirac-like function. Roughly speaking,
the Dirac-like function is only non-zero at a single point but its integration on the whole
space is non-zero. Therefore, even in the weak sense, the effect of Dirac function can not
be ignored. However, the source term f is a classical function which is defined point-
wisely. In particular, it is not a Dirac-like function. Note that A is discontinuous. In
order to make AD,u be continuous, D,u has to be discontinuous as shown in Figure 1(b).
For the RM solution ug, as the isolated discontinuities of A can not be exactly sampled,
any solution, whose first-order derivative is piece-wisely parallel to that of the exact so-
lution, is a solution that minimizes the empirical loss. The frequency principle [41-44]
shows that deep neural network implicitly prefers a low-frequency function to fit training
data. Roughly speaking, compared with all feasible solutions, the one with continuous
first-order derivative is a function has low frequency, which is learned by RM as shown in
Figure 1(b). The rigorous connect between the frequency principle and the implicit bias
of RM method is beyond the scope of this paper, and will be left to the future work.

Next, we conclude the contribution on the occurrence of the deviation with a more
quantitative remark which explains the phenomenon ug # u.

Remark 3.1 (error of RM solution). Theorem 5.3 leads to a finite error of RM solution.
In fact, if we assume Hypothesis (3.1) with € < %, then we can numerically achieve ug
such that ||i — MGHLZ(Q;R“’/) < §. Consequently, the deviation [|u — ﬁHHl(Q;Rd/) > C leads
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to the estimate

_ - C

|t —ug ||L2(Q;Rd’) > |Ju— u||L2(Q;]Rd’) — ||ii —ug ”LZ(Q;Rd/) > bR

which implies a finite (non-infinitesimal) numerical error when the gap ||u — || 12(QR)
takes a non-infinitesimal value.

3.4 Understanding the implicit bias

Compared to the above results on the deviation, it is more important to understand
the implicit bias of the RM method. The latter has to be more dynamical. One may ask
whether the dynamics (and more precisely the initialization of the dynamics) matters. In
particular, shall we still expect the failure of RM method for the previous example, if we
take the initial output function ug o) being sufficiently close to the exact solution u? We
should study this in both numerical and theoretical way, and eventually this leads to the
understanding of the implicit bias of RM methods.

Thanks to the well-known universal approximation theorem, the exact solution u from
the above failure example can be approximated well by, for example, a two-layer neural
network. Thus we can first use supervised learning to find sufficiently good parameter
and then apply RM methods with such good initialization.

In numerical experiments, we still take the example (2.8) and the results are shown in
Figure 8. We use supervised learning to find neural network function ugV with parameter

63V, where the empirical risk function reads as
Q
R = 2 5 (0900 )+ DY ()~ D)) + Pals”)
M xeSine

By Figure 8 (a), ugv almost overlaps u as is expected. Next, let 65V be the initial param-
eter and apply the RM method to the original equation (2.8) and the modified equation
(2.13), respectively. In other words, we train the neural network with Rg and Ry, re-
spectively, until the risk is small and does not decay anymore. After training, the output
functions are denoted as ugV%RM and ﬁgV%RM, respectively. We observe that both output
functions are very close to i, as shown in Figure 8 (b). For a comprehensive comparison,
we also plot ug and iig and their derivatives in Figure 8. Roughly speaking, we have
umugY and ug ~ iig ~ i~ uy’ "’M ~ g5V 7RM. Therefore, even given a sufficiently
good initialization, the RM method implicitly biases the numerical solution against the
exact solution u and towards the solution i to the modified equation.
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Figure 8: evolution of modified solution with supervised initialization.
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We prove Theorems 5.7 and Proposition 5.1 which essentially explains the implicit
bias. In the following remark, we provide such theoretical explanation to the implicit bias
phenomenon shown in Figure 8.
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Remark 3.2 (implicit bias of RM method). (i) The effective risk is large at ugv. More
precisely, I?S(uzv) ~ R’(ugv) > Cy for some finite Cp > 0. Hence the risk is very likely to
be decreased along the training dynamics. This explains the RM method implicitly biases
against ugv.

(i1) Suppose that the RM method achieves a very small (effective) empirical risk after

training. That is Rs(u3’ "®M) < € for very small € > 0. Then

HM§V—>RM _ ﬂ“[—]l(Q;Rd/) <C /R(M3V_>RM) ~C /RS<M2V—>RM) < C\/E.

This explains the RM method implicitly biases towards .

This contribution can also be understood as follows. From the Observation (ii), we
have the commonly-seen phenomenon that R(ug) < 1 while ||u —ug|| > C for some finite
C > 0. Now these experiments and phenomenon answers the reverse statement is also
true: if |ju — ug|| < 1, then R(ug) > Cy for some constant Cp. It shows that the exact
solution is unstable in the sense of RM method and implicitly biases towards the solution
to the modified equation.

3.5 Connection of the contributions

We conclude the main contribution section by presenting in Figure 9 within which the
readers may find the connections between our main results mentioned above as well as
more preliminary lemmas, propositions, etc. The arrows show the logic flow and various
colors correspond to different types of the results.

4 Removability of singularity

Let us explain the title of this section. For y € SBV(Q), we say the set of singularity
Jy is removable if 7 d*I(Jx) = 0 (definition of Jy can refer to Definition B.3). In this
section, we obtain the equivalence between the removability of singularity and the condi-
tion 4 = 0. The quantity u is essentially an integral and defined by (3.4) in Section 3.2.
The advantage of using u, as what we do in latter sections, is that it allows us to estimate
the pairing (Lu — Lii, ) ;1 (Q),HL(Q) in a quantitative way, and hence we can estimate the

difference [|u — il y1(q)-
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necessary and sufficient condition

d—1 — G
HE N (Jyep) = 0 for all e f€{1,...d'} of removable singularity

8
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Figure 9: The schematic proof of linear elliptic equation/system

4.1 Necessary and sufficient condition of removable singularity

We begin with two simple lemmas: one to bound y* (defined in Definition B.3) and
the other to construct a smooth cutoff function. The latter one (namely Lemma 4.2) is
standard, but we provide the proof for completeness.

Lemma 4.1 (boundedness of x* on jump set). If x € L*(Q)NSBV (Q) with 7971 (J,) >
0, then |x*(x)| < 1% || z=() for all x € J,.

Proof. We prove by contradiction. Suppose there is an xo € J, satisfying |x=(xo)| >
1%l =(q)- Denote B;)t(xo, v)={x€Bp(xp): £ (xo—x)Tv > 0}. Thus we have

1
lim—/ — xE(x0)|dy >0,

which contradicts the definition of y*. [

Lemma 4.2 (smooth cutoff function with controlled derivative). Suppose that bounded
open sets U C U' C RY satisfy dist(U,dU’) > 28 > 0. Then there is a cutoff function
§ € C(U’) such that U < £ < U" and ||DE|| =) < %, where C depends only on d.
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Proof. Define p(x) = %exp(‘x‘%l) for x € B1(0) and p(x) = 0 for x € R4\ By (0), where
the constant C = [, ) exp(w%l) dx only depends on d. Thus [pap(x)dx=1and p €

C(R?) with compact support By (0). For each § > 0, define pgs(x) = 6 9p(6~'x) and
Ly, the characteristic function of Us, where Us = {x € R?: dist(x,U) < §}. Let { =
ps * 1y;. Itis clear that U < { < U’. Therefore, we have for all x € U’

DS (x)| = |(Ly; * Dps) (x)| =

| Auy(x=3)8'Dp(8 v dy
B5(0)
_ C
<57 [ ppllav<3.
B1(0)

where C only depends on d. [

0 < ¢ =<0
[0k Y(Qr) 'U:CV

Figure 10: Schematic diagram of the proof of Theorem 4.1
Now we are ready to obtain the first important result in this work. That is a necessary
and sufficient condition for the removable singularities of SBV functions. Some key
quantities and sets constructed in the proof of Theorem 4.1 are illustrated with various

colors in the schematic diagram, namely Figure 10. To clarify our ideas, we also make
three claims which play the roles as milestones on the road of our proof.

Theorem 4.1 (necessary and sufficient condition of removable singularity). Let Y : H(} (Q)

— L°(Q;:8) and x € L=(Q) N SBV(Q) with s~ (J,) < +oo. Suppose there exist
constants Ay, Ao > 0 satisfying

Qol& P < ETYW(x)E < Aol&[?
forallw e H& (Q), &£ €RY, and x € Q. We have 7#9~! (Jy) =0if and only if

n(Q:x,Y,v)=0, YweclQ). 4.1



T. Luo et al. / Ann. Appl. Math., 41 (2025), pp. 313-376 339

Before we prove this theorem, we would like to stress that the sufficient part of this
theorem is non-trivial. Even for a special case where Y[w] = A holds for all w € Hé (Q),
the result of Theorem 4.1 is not standard. By the definition of u in (3.4), the quantity in
(4.1) with Y[w] = A reads as

p(@i AW = [ (" =2 VJADvaH ! = (D),
X

where fi is a Radon measure on Q such that for all ¢ € C(Q;R?)

B(®) = [ =z viApar .
X

At first glance, it looks like a version of the fundamental lemma of the calculus of variation
(sometimes also known as the Du Bois-Reymond lemma), which says that if a Radon
measure f1 satisfying {1(¢) =0 for all ¢ € C°(Q), then I =0 on Q. However, the setting
in Theorem 4.1 is quite different. In fact Dv is in the form of a gradient. Therefore, what
we have is not the fact that fi(@) = 0 for all ¢ € C°(Q;R?), but only the condition that
f(Dv) =0 for all v € C!(Q). In general, such condition will not imply ft = 0. In our
proof of Theorem 4.1, we essentially make use of the geometric structure of the jump part
of BV function.

Besides, Y takes a quite general form depending on v and not necessarily being con-
stant A. This general form is necessary to develop our theory into the quasilinear case.

Proof. The necessary part of the statement is easy. In fact, by Corollary B.1, #¢~! (Jy)=
0 implies y € W!H!(Q), and hence u(Q;y,Y,v) = 0 holds. In the rest of the proof, we
show by the method of contradiction that the condition (4.1) is also sufficient. Suppose
that 1 (Q;x,Y,v) =0 for all v € C}(Q) and 79~ 1(J,) > 0.
Claim 1. There exist an 5#?~! measurable set X, a C 1—hypersurfaces S, and a function V
such that X C J,, NS and

wE;x,Y,v)>0.

Let J;E ={xeJy: x7(x) —x (x) =2 0}. Clearly, Jf are 7“~! measurable sets.
Noticing J#4~1(J,) = o4~ )+ s (J5) > 0, without loss of generality, we sup-
pose that J7 d’l(J; ) > 0. By the structure theorem of J;, namely Theorem B.2, there
is a countable sequence of C!-hypersurfaces {S;}5, satisfying 74~ 1(J,\ (U7, Si)) = 0.
Thus we can pick an S from {S;}; , satisfying J#¢~! (Jy NS) > 0.

Note that S is a Cl-hypersurface. Thus for each z € S, there exist a C! function A, a
permutation of coordinates mapping 7 : RY — R? x ~ 7(x), and an open ball B,.(z;) C

R4~! with r, > 0 such that § can locally be represented by the graph of 4: (x;)g = h(x,),
X} € B, (z). Here the shorthand notation z; means ((z¢)1,- -, (z¢)q—1). We also write
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xz = 7(x) for simplicity. Consider the transformation ¢ : B, (z;) x R — B, (z}) x R,
x¢ —y = ¢(x) defined by

{ yi = 9i(xc) = (x¢)i, i€{l,...,d—1}, 42)
Ya = Pa(xc) = (xg)a —h(x7),
and its inverse transformation ¢ = y !
{<xf>,-:nm<y>=yi, i€ {l,....d—1}, ws)
(xt)a = Wa(y) =ya+h(Y).
In short, we write
y=¢(xc) = (¢1(xc),- -, 9a(xz)), 4.4)
xe=y(y) = (Wilxe), ..., Walxe)). (4.5)
By this construction, we have |detD¢| = |detDy| = 1.
Let B, = B, (2;) X [—rz,r;]. For each y € B, define
P(y) =1 oy() =7 Yat:Ya H (1, Ya-1))-
Thus ¥ is a C! diffeomorphism between B,. Denote U, = ¥(B,). If we define for x € U,
d(x) =¢ort(x)
= ((xe)1s- - (¥0)a—1, (xr)a — A ((xc)1, -, (X )a—1)) s

then ®o¥ =1 on B; and ¥ o ® =] on U, with |detD®| = |det D¥| = 1. See Figure 11
for the relations between these transformations.

T
zeU, Tr € T(Uz) y€ B,

71 P

Figure 11: Sketch map of coordinate transformations between U, and B,.

Let V(x) = ®,4(x) for all x € U,. Clearly, V(x) =0 on U,NS. By choosing r; small
enough, we can require that 0 < |DV(x)| < C on U, where C only depends on d and
Jy. Let us choose an appropriate U, such that J“i”d_l(‘P(Brz/z(z'T) x [-%,%])NS) > 0.
Thanks to Lindel6f’s lemma, such U, exists because the manifold S is second countable

and a countable union of such ¥ (B, /»(z7) X [~7%, 5]) must cover S, and hence also cover

J{NS. Let £ = Jf NW(B,. (2,) x {0}) CJy NS and ¥/ = J NU,NS.
Note that DV = |DV|v, on X' and y© — ¥~ > 0 on X. Therefore

R V) = [ =2 WXVIvg DV Iare ! > o,
X

where we use the uniform ellipticity of Y[V].
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Claim 2. There is a “(d — 1)-dimensional cube” Qi C B, »(z7) with Or = O x {0}
satisfying

For each 6 > 0, there exists countably many dyadlc cubes {Qx}7_, which are almost
disjoint and satisfy Qr C B, ) (Z,), 2 CV¥ (kal Qk) and 771 ( (Urzg Qk)\Z) < 0.
Thus we have

i W01, T V) = it (P(UL, O 1, V)

= p(Ex, V) +p (P(UZ 00)\Zix, X, V)

> U(E 2, X,V) =2/ x| (@ Aol DV [ =y 74 (P(URZ1 Q) \E)

> 0, (4.6)
where the first equality is due to that {Q};>_, are almost disjoint, in the third inequality

we use Lemma 4.1 and uniform ellipticity, and § is taken small enough in the last line.
Thus there is some Q satisfying u(¥(Qx); x,Y,V) > 0.

Claim 3. There is a function v € C (Q) such that

w(Qx,Y,v) > 0.

This claim contradicts u(Q;x,Y,v) = 0, and hence the statement of the theorem is
completed. Towards the claim, we consider the €-neighborhood of ¥(Qy) as follows

0f ={yeQ: |y—x| <€ forsomex € ¥(O)},

where € < %dist( (Ox),0U:). This is admissible since

z

dist(‘P(Qk),aUz)>dist<‘P(Brz/2(ZIr) =53

&, 8U> 4.7)
The neighborhood O¢/2 is defined similarly. By Lemma 4.2 with dist(O%/2,00%) > £
there is a cutoff function § € C;°(O¥) such that

C

0% < ¢ < O° and | DG || 1~(0e) (4.8)

where C depends only on d. Let v = {V. Note that u (O%; x,Y,v) = u (Q;x,Y,v) due to
v € C}(OF). It is sufficient to consider the integration it (O%;x,Y,v). Let 0% = 0¢NS.
Take the decomposition as shown in Figure 10:

u (0% x,Y,v) =pu(05:x,Y,v)+ u(0\O5; x,Y,v).
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We will later show that the first integration has a lower bound, that is,

3 )
u (0% x,Y,v) > TH(F(Q0): 2, V),

while the second integration has a small contribution, that is,

1 _
|‘LL (08\0§;X7Y,V)| < Eu(lP(Qk),X7T7V)

These estimates with the decomposition together lead to

w(¥(0k):x,Y,V) >0,

N

(0% x,Y,v) >

and therefore the proof is completed.
Notice that V (x) = 0 for all x € ¥(B,.(z};) x {0}). Thus

V(x) < €[|DV||(=(0e) < Ce, Vxe€ 0%, 4.9)
where C depends on d and J,,. This with (4.8) leads to
IDv(x)| < [DE)| V()| +[EX)[IDV (x)] <C,  vx e OF, (4.10)
where C depends on d and J,. By monotonicity of the measure .7#” d-1 we have
lim 717 (0§10y) = #7 ($(0) N y)

Hence for small enough constant €, > 0, we obtain

1(05:x,Y,v) = (P(0n); x, Y, v) + 1 (O5\W(0k); 2, X.v)
=u (Y(0:x. Y T — )V X|Dvd !
u(W(0k);x,Y,V) + /(Og\w(gk))mjx(x X )V X [v|Dvd
> 1 (P(0): 2 X V) =2/l x 2= () Aol D 1= (0e) 22~ ((O5\W(Qk)) N Ty)
23

b (W(0k);x,Y,V),

4;

where the second equality is due to v =V on ¥(Qy) MNJy and the last step holds by
choosing € < € .
Similarly, by monotonicity of the measure 57!, we have

: d—1 €\ NE _
;5%% ((0*\05)NJy) =0.
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By choosing € < & for small enough constant €&, > 0 and combining (4.10), we obtain
|1 (0°\O%: 2. Y, v)| < 2|~ Ao | DV || =02y 72~ ((0F\O§) N Uy )
< JH(P@LTY).
As discussed above, this completes the whole proof. O
Now we extend this result to the case of systems.

Theorem 4.2 (necessary and sufficient condition of removable singularity for system).
Let Y%P : Hj(Q) — L=(Q;59*4) and x*P € L=(Q) NSBV(Q) with A7 (1 ,ap) < +eo
foreach a,B € {1,...,d'} with d' > 1. Suppose that there exist Ay, Ao > 0 such that for
alla,Be{l,....d'}, we H}(Q), E eRY, x€Q

Qol&1> < ETY*P[W)E < Aol& .
Then (%”d*I(Jxag) =0forall o, € {1,...,d"} if and only if

dl
w(Q; x x*B vBy =0, wwecl(@RY), vae{l,2,....d}. (4.11)
B=1

Proof. The proof is a standard adaptation of proof of Theorem 4.1. We highlight some key
modification, omit the details, and outline the proof by just stating three claims which are
counterpart of those in Theorem 4.1. The necessary part is clear. As above, we show by
the method of contradiction that the condition (4.11) is also sufficient still by dividing this
proof into three parts. Suppose that for some o, fy € {1,...,d'}, Z‘ézl (€ y @B YoB

vP) =0 forall v e CH(Q;RY) and A7 (Jagp,) > 0.

Claim 1. There are o, By € {1,...,d'}, an 7#“~! measurable set £, a C'-hypersurface §
and a function V € C!'(Q;R?) such that £ C J oy, NS and

‘u(z;%aoﬁo’]'%ﬁo’ Vﬁo) >0

Following the proof of Claim 1 in Theorem 4.1 with J, replaced by Jx%ﬁo, we can

construct VFo(x) = ®4(x) for all x € U,. Thus by defining V = (0,...,VF ... 0)T ¢
C'(U;;R?), it is easy to check that

H(E;X%ﬁO,T%ﬁO,VﬁO) ~0.
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Comparing with the proof of Theorem 4.1, we emphasize that the new ingredient the
definition of V' which is a vector valued function with only one non-zero entry. By this
construction of V, we further see that for all .#?~! measurable set B,

d/
Z [,L(B;x%ﬁ,YaOﬁ,VB) — u(B;xaoﬁojyaoﬁo’Vﬁo)'
p=1

For the rest of the proof, we simply state the two claims and omit their proofs for
which one can refer to the proof of Theorem 4.1.

Claim 2. There are o, fp € {1,...,d'} and a “(d — 1)-dimensional cube” O C B, />(27)
with Q; = Qi x {0} such that

L((D); g %P0 Yo yPoy > ¢,

Claim 3. There are &, By € {1,...,d'} and a function v € C!(€;R?) such that

d/
Z u(Q,X%B,Y%J},Vﬁ) — M(Q;%%BO’T(X(NBO’VBO) > O
=1

4.2 Singularity in linear elliptic equations

Now we apply the removable singularity theorems (Theorem 4.1 and Theorem 4.2) to
the case of linear elliptic equations as well as systems.

In Theorem 4.3 (as well as its counterpart for system, namely Theorem 4.4), we con-
struct a more smooth function vs in C*(Q) instead of a function v just in C!(Q), as in the
statement of Theorem 4.1. On the one hand, to guarantee the well-definedness of Lvg in
L? space, vg needs to be sufficiently regular, at least belonging to W2” (). On the other
hand, to quantify the deviation of the numerical solution, we have to achieve a particu-
lar solution vg to the modified equation (3.2) with a carefully chosen f. Therefore, this
improvement on the regularity of vg is inevitable.

Theorem 4.3 (characterization of removable singularity with smooth function for equa-
tion). Suppose that Assumption 2.1 holds with d' = 1. Then there exists a vg € Co°(Q)
such that

w(Q:x,4,v5) > 0. (4.12)
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Proof. Let Y[w] = A for all w € H} (Q). By Theorem 4.1 there is a v € C}(Q) such that

w(€x,A,v) :/ (x" —x")vjADvd# ! > 0.

Jy

To show (4.12), we approximate v by a smooth function vg € C°(Q). Similar to the
proof of Lemma 4.2, choose a mollifier p € C2°(R?) with compact support Im For any
8 > 0, define ps(x) = §9p(8'x),x € R? and v5 = v ps with § < Fdist (¥(Qx),9U))
(See (4.7)). Thus We have Dvs € C°(Q) satisfying Dvg = v* Dpg. Since v € C}(Q), we
obtain

lim v+ Dpg = Dv uniformly in Q.
0—0

Since 5#?~1(J,) < +oo, we have for § small enough
_ o 1 _
(0, A,v5 — V)| < 2Xmax A (Jy) |Dvs — Dv| < E,LL(Q;JX,A,V).
Thus we complete the proof by

w(Qsx,A,v) > 0.

| =

n(Qx,A,vs) = (s x,A,vs —v) +1(x,A,v) >
0

Theorem 4.4 (characterization of removable singularity with smooth function for sys-
tem). Suppose that Assumption 2.1 holds with d’' > 1. Then there exists avs € CZ"(Q;R‘Z ),
such that

d/
Y (@ %P, A%B WPy > o, (4.13)
p=1

Proof. Apply Theorem 4.2 with Y*#[w] = A% for all , B € {1,...,d'} and w € H}(Q).
Therefore, the proof is similar to that of Theorem 4.3. O]

5 Deviation and implicit bias of RM methods

Based on the characterization of the singularities, we are ready to study the devia-
tion and implicit bias of RM formulation for linear elliptic equations and systems. In
Section 5.1, we state some preliminary results on the existence and a priori estimates of
linear elliptic equations and systems which will be applied to equations (2.19) and (3.2).
In Section 5.2, we show that the solution to the modified equation is deviated from the
one to the original equation, which is a theoretical explanation to experiments mentioned
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in Section 2.3. Consequently, we ask what kind of data f gives rise to such deviation and
to what extent does such f occupy in L?> space. We give a characterization by utilizing
the RM-transformation 7" in Section 5.3, which gives a complete answer to the above
question. In addition to the deviation in Section 5.2, we also study relative deviation in
Section 5.4. Finally, in Section 5.5, we prove the implicit bias of RM method towards the
solution to the modified equation. In fact, even if we choose initialization 6(0) such that
the output function, ug(q), is close enough to the true solution of equation (2.19), u, after
training via gradient flow with RM risk, the parameters 8 will evolve and converge to
some 6 (o) with ug.,) which is very close to the solution to equation (3.2) i. This shows
the RM methods at the exact solution « is unstable under small perturbation, and also the
RM methods implicitly biases towards the solution to the modified equation.

5.1 Existence and a priori estimates

We prove the existence of solutions to the original and modified equations together
with their a priori estimates. These results are standard, and we include them here for
completeness.

Theorem 5.1 (existence and a priori estimates for linear elliptic equations and systems).

(i) Suppose that Assumption 2.1 holds withd' > 1. Forany f € LZ(Q;R"/), system (2.19)
has a unique solution u € Hé (Q:R%). Moreover, there exists a constant C > 0 such
that

HL‘HHI(Q;Rd’) < CHf”Lz(Q;Rd’)~

(ii) Suppose that Assumption 2.1 holds with d' > 1. For any f € H_l(Q;Rd,), Sys-
tem (2.19) has a unique solution u € H(% (Q;]Rd ). Moreover, there exists a constant
C > 0 such that

1
EHfHH—l(Q;]Rd') < HMHHI(Q;]Rd') < CHfHH—l(Q;Rd’)-

(iii) Suppose that Assumption 2.1 and 3.1 hold with d’ > 1. For any f € X, system (3.2)
has a unique solution i € H} (Q:RY)NH2(Q:RY). Moreover, there exists a con-
stant C > 0 such that

1
EHfHLZ(Q;Rd’) < H”HHZ(Q;Rd’) < CHfHL2(Q;Rd’)~

The constants C’s is independent of and f.

Proof.
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(1)

(ii)

(111)

See Theorem C.1 which is rephrased from standard textbook such as [45] for d’ =1,
and Theorem C.3 which is rephrased from standard textbook such as [46] for d’ > 1.

The existence and the second inequality is also standard and can be found in The-
orems C.1 and C.3. To show the first inequality, we notice for all ¢ € H(}(Q;Rd,)
with d’ > 1 and [|@||;: or’) =1

(f,0)y- QR ) HY(QRY) S ClIDO| 2 qrary I1Pull 2o ey < CliDu| 120 ey,
where C depends on Q and A. Taking supremum, we obtain

(WAl HQRT) < Clld| (Q:R)

For d’' = 1, X = L*(Q), Theorem C.2 with p = 2 guarantees the existence of the
solution # to the equation

d
-Y (AijDijii+ x~'D}A;Dji) = 3~ f.
ij=1

Its solution i satisfies

1@l (0) < Cll ™ Fllz i) < ZainClIF 200 (5.1)

where C depends on Q, J, and A. Recall A = yA. Obviously, i is also the solution
to

d
=— _Zl (AijDiji+ D}A;;Djii) = f.
1,]=

Note that Lii is the weighted sum of D ii and D; ;i with L™ coefficients A;; and D?A;;,
respectively. We have the following inequality

1120 = Il 2 () < Cllill g2

where C is independent of f.

For d’ > 1, the set X in (3.6) is well-defined, and hence the existence to the equation
(3.6) holds. And since for all i € X, Lw is a linear combination of i up to second
order and A% € L=(Q;59%¢) and D*A%P ¢ L~(Q;$%*?) for all o, 3. Thus for all
i € X, there is C > 0 such

”fHLZ(Q;Rd/) < CHﬁHHZ(Q;Rd’)-

and by Assumption 3.1, second inequality in (iii) and the uniqueness hold.
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5.2 Deviation occurs

In this subsection, we prove that, for some specific f, the distance between the solu-
tions to the original and modified equations is non-zero. According to our modelling in
Section 3.1 and numerical simulation, the solutions ug and i are very close to each other.
Therefore, in the worst case, the deviation of RM solution is not negligible for the elliptic
equations. And this explains why PINN sometimes may fail as shown in Section 2.3.

The goal is clear, and essential we need to find a particular data f such that the cor-
responding u is not equal to @. In fact, as we mentioned previously, the set of f which
induces a gap between u and i is identified by the kernel Ker(7 — ). Hence the transfor-
mation 7 is informative and required to be investigated. We will, in particular, show the
compactness and the fact that it is generically not equal to identity. This is given by the
following proposition.

Proposition 5.2 (properties of RM-transformation). Suppose that Assumptions 2.1 and 3.1
hold with d’ > 1. Let u and i be solutions to the original equation/system (2.19) and mod-
ified equation/system (3.2) with data f € X, respectively. Let T be the operator defined
in (3.7). Then

() L: (Hy,|*|[z1) = (H7',[]-lz-1) is a bounded linear operator,
() T: (X,|l2) = (H™', ||| g-1) is a bounded linear operator,

(iil) (Tf—f)* = (Li—Li)*=— 273’:1 (X P+ = x*F )V, AP D d~! for all o €
{1,...,d'} is a Radon measure and T f — f is in H ' (Q; R?)

(iv) T #1, thatis, T is not the identity on L2(Q).
Proof. Clearly, L and T are both linear.
(i) This is proved by Theorem 5.1 (ii).
(i) Estimate the H~! norm of T f by Theorem 5.2 (i)
”TfHH*l(Q;Rd/) = ”Lﬁ”H—l(Q;Rd/) < CHﬂHHl(Q;Rd')? (5.2)

where C depends on Q and A. The natural embedding H' (Q) < H?(Q) with esti-
mates (5.1) and (5.2) leads to the boundedness of T, that is,

”TfHHfl(g;Rd’) < CHﬂ”Hl(Q;]Rd/) < CHﬁHHZ(Q;]Rd’) < C||f||L2(Q;Rd/)7

where C’s are different from one inequality to another and depending on Q, ., A.
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(i11)) By direct calculation with the structure theorem (Theorem B.1), T f — f satisfies for
allx € {1,...,d"}
7 & A d—1
(Tf—f)* = (Li—La)* = —ﬁzl (Pt = 2P o A Dt d ™

in the sense of Radon measure. Moreover, Tf — f € H™! (Q;Rd') as a consequence
of the Theorem 5.2 (i) and (ii). In fact, we have with some C depending on Q, ¥, A:

||Tf_f||H*1(Q;]Rd/) < HTfHHfl(Q;Rd’) + ||f||H*1(Q;Rd/) < C”fHLZ(Q;Rd’)-

(iv) By Theorem 4.3 and 4.4, there are o € {1,...,d'} and v5 € C(Q;R?) such that
d _ B
Y w(Qs %P A%P v5) > 0.

By setting f = Lvg € L2(;R?), we have

d/
(Tf— )% ==Y (x%P+ — y%P=)v_osA%P DV d.prd~!
x
p=1

in the sense of Radon measure. Let Q, = {x € Q: dist(x,dQ) > 1} and use Lemma
4.2 to choose a cutoff function {, such that Q,, < {, < Q. Then for sufficiently large

n
(f=TH Cr1@)mi@)
d/
= ¥ (%P, (A% P
B=1
d/
— Z M(Q;X%B,A“Oﬁ, 13 Z w(Qx®P (1-¢, )A“ﬂﬁ,vg)
> Z 1(Q: 1, A,v5) = 2d Ymax Al Dvs | () 7 (Q\Q) N T)
> 0,
which implies T f # f.
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The last statement immediately implies that for specific f, the deviation of solution i
from u occurs as follows.

Theorem 5.3 (deviation occurs for linear elliptic equations). Suppose that Assumptions 2.1
and 3.1 hold with d' > 1. Then there exists f € L2(Q;R?) such that ||u — ﬁHﬂl(Q;Rd’) >0,
where u and ii are solutions to the original equation/system (2.19) and modified equa-
tion/system (3.2), respectively.

Proof. By Proposition 5.2 (iv), there is f € L?(Q;R?) such that ITf =l ey > O
combining Theorem 5.1 (ii), there is C > 0 such that

. 1
”u_uHHl(Q;Rd’) > EHTf_fHH—l(Q;Rd’) > Ov
and this completes the proof. 0

Remark 5.1. We have to note that for all theorems in Section 5, when d’ = 1, only
Assumption 2.1 is required. And Assumption 3.1 is needed for the case d’ > 1.

5.3 Deviation occurs generically

Based on Proposition 5.2, we further study the eigenvalue and eigenspace of 7' in
this subsection. We recall that an eigenvalue could be a complex number in general.
Hence, for the full consideration of the eigenvalue problem, we would like to enlarge
the space of f from X to the complex-valued one, namely X := {Lw: w € H& (Q;Cd/) N
H%(Q;C%)}. Meanwhile, we extend the operator T to 7 : X — H~'(Q;C?). But for
notational simplicity, we still write T for T. This will not cause any ambiguity, since we
only need this extension for the discussion on eigenvalues. Similar remark applies to the
system case in Theorem 5.4.

No matter whether we consider the eigenvalue problem over the complex field or the
real field, the only eigenvalue of 7 is 1, as shown in Theorem 5.4. Hence there is no
harm to regard all functions to be real-valued, and it is consistent to our situation, that is,
to study the real-valued PDE problems. Next, to characterize the implicit bias via RM-
transformation, we only need to consider the real-valued kernel Ker(7 —I) which consists
of all RM-invariant data f. Thus the X\ Ker(7 —I) consists of data f satisfying u # ii. In
the following theorems, we show that the latter is more generic, and hence RM method
fail for almost all data f in equations considered in this paper.

Theorem 5.4 (eigenvalue and eigenspace of T for linear elliptic equation/system). Sup-
pose that Assumption 2.1 and 3.1 hold with d' > 1 and Ué.ﬁ:l Jxaﬁ is not dense in Q.
Then we have l
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(i) o(T)={1},

N d _
(i) Ker(T —1)={f € X: Iwsuch that Lw = f, Yo ¥ u(-x*F A% w)=0};
B=1

(i) L2(Q;RY)\Ker(T —1) is dense in L*(Q;RY);

(iv) Xisaclosed subspace of L2(Q;R? ) and X\ Ker(T—I) is relatively open in L*(Q;R?).

d -
As above, we also note that Y u(-;x*P, A% w)=0,Va € {l1,...,d"} for all %!

B=1
d_ ,

measurable set B is equivalent to Y, A*PDwh . Diy*B =0, Yo € {1,...,d’} as Radon
p=1

measures.

Proof.

(i) For any f € X, let ii be the solution to (3.2) with data f.
For z € C\{1}, we have for all ¢ € {1,...,d'}

dl
Tf*—zf*=(1-2)f%+ ) A%BDg®*. DIy in the sense of Radon measure.
o

d/
Notice that the measures(1—z)f*and ) A% pa%.Diy*F are mutually singular to
B=1

each other. Hence

Tf—zf =0is equivalent to (1 —z)f* =0 and
d '

Y A%pa*.Diy*F =0, vae{l,....d}.

p=1

Therefore for all o, f* = 0. By Assumption 3.1, we have & = 0.

For z = 1, we obtain for all @ € {1,...,d'}

d’ )
Tf*— =Y A*piP .piy*F.
B=1
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Since Ug,ﬁ:l J,p is not dense in €, there is a open ball B,(x) such that B, (x) N
(Ug_ﬁ:l Jyap) = 0. By choosing B (x) < ii < By(x) and f = Lii, we obtain
Tf—f=0.
Hence o(T) = {1}.
(i1) This is obvious.
(iii) By Theorem 4.2, there are ot and vg € C°(Q;R") such that

d/
1(Q; %P A%B Py £ o,
=1

By setting g = Lvg, it is easy to see that Tg # g. For each f € Ker(T — 1), let

fe= f—l—eHgH 2g - We have f¢ ¢ Ker(T —1I) for all € > 0 and that limg_,q fe = f.
L~ (R4

Hence X\ Ker(T —1I) is dense in X. Therefore L2(Q;R% )\ Ker(T —I) is dense in

L2(Q;RY).

(iv) We show that X is closed under L? (Q;Rd,) norm. By Theorem 5.1, there is C > 0
||Z'W||L2(Q;]Rd’) < C”WHHZ(Q;Rd’)'

By choosing a Cauchy sequence {f;}7_; C X with fi = Li, there is f € L*(Q; 1)
and 7 € H} (Q;RY) N H2(Q; R?) such that

kIEIOlOHf_kaLZ(Q;Rd,) =0,
;}Ln;"ﬁ_ﬁkHH2(Q;Rd/) =0.
_— 4 B
Now we show that Lii = f, £“-a.e. and that HuHHZ(Q;Rd/) < CHf||L2(Q;Rd/).
Note that
Hza_fHLZ(Q;Rd/) < HZﬁ_iﬁkHLZ(Q;Rd’) + |’l~4ﬁk_f|’L2(Q;Rd’)
< CHI:Z_ ﬁk”HZ(Q;Rd’) + ka _fHLZ(Q;Rd’)-
Taking k — oo, we obtain ||Li — f1| (:re'y = 0. Moreover,
HIZHI-Iz(Q;Rd/) < Hﬁk - IZ”HZ(Q;Rd’) + |’ak"H2(Q;Rd’)
< Cka”L2(Q;Rd’) + Hﬁk_ﬁHHZ(Q;Rd/) (5.3)
< CHf||L2(Q;Rd’) +CHf_fk||L2(Q;Rd’) + ”ﬂk - ﬁHHZ(Q;Rd/)-
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Taking k — oo again, we have HﬁHhﬂ(Q;Rd') < CHf”LZ(Q;Rd’)- Hence C is a closed set.

Now by letting {fi}7_; € X NKer(T —I) be a Cauchy sequence under L? norm,
there is an f such that

lim f; = f € X.
k—ro0
In the rest, we show f € Ker(T —1).

Also let u and u; be the solution to (2.19) with data f and f;, respectively. Since
fr € Ker(T —1) for all k, then uy, = iiy, £?-ace..

By (5.3), we have:

lu = well 2 gy < CIS = fell 2 mery

||ﬂ - ﬁk”LZ(Q;Rd/) < C||f_fk||L2(Q;Rd/)7
which indicates that u = i, #?-a.e.. Thus
Tf=Li=Lu=f,
which means T f = f and hence f € Ker(T —1).

]

When d’ = 1, we have X = L?(Q) and when d’ > 1, X is the largest space that makes
equation (3.2) solvable. Theorem 5.4 (iii) and (iv) together claim that most of f in X make
deviation occur.

To illustrate Theorem 5.4, we show in the following example that for d’ = 1 and f €
Ker(T —1I), we have u = ii and the numerical solution ug matches them quite accurately.
Of course, such f should be very rare according to Theorem 5.4.

Example 5.1 (back to 1-d). We again consider (2.8) with coefficients and right hand side
as follows:

1

7, X€ _170 ) _17 XE(—l,()),

A=z FEELO (5.4
I, xe€l0,1), -2, x€][0,1).

For this problem, we have u = ii = x> — 1 and hence D,ii = 2x which satisfies D.ii(0) =

0. Thus by Theorem 5.4, Tf = f, which means the equalities hold: u = i#i. Here the

numerical simulation is under the same setting as that of Section 2.3.
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Figure 12: PINN can fit the exact solution to (2.8) with coefficients as (5.4).

The numerical simulation indicates u = ii =~ ug, which verifies Theorem 5.4, though
only for very rare f.

The behavior of RM method solving linear PDEs satisfying Assumption 2.1 can be
summarized as follows: if w(-;x,A,ii) = 0, then ug ~ iig ~ il = u, if u(-;x,A,i) # 0,
then ug = iig ~ ii # u.

5.4 Deviation occurs severely

As we studied in Section 5.2, for f ¢ Ker(T —I), the deviation occurs, that is |ju —
i1 (@) > 0. From this, it is still unknown whether the relative deviation sup ;;2(q)
[l —ull . . .

T f’ 1@ s bounded or not. In this section, we step further and prove that the supremum

H(Q)
HﬁiuHHl(Q)

HﬁHHl Q)
will obtain a stronger result (See Proposition 5.6) showing that even for data f sufficiently

close to the RM-invariant subspace Ker(T —I), the relative deviation can still achieve have
a finite value.

could be infinity, i.e., sup Fel2(Q) = +oo (See Theorem 5.5). Furthermore, we

Theorem 5.5 (Unboundedness of relative deviation for linear elliptic equation). Sup-

pose that Assumptions 2.1 and 3.1 hold with d' > 1. For the countably many (d —1)-

dimensional C' manifolds {Slq[3 }o2 | such that 97! (U?)'C/,ﬁZI (Jx(xﬁ —U?;IS?IB)> =0

(see in Theorem B.2), suppose that there is a constant ro > 0 such that for (i,,B1) #
. . o o .

(J, 02, B2), dist(S; P ij2ﬁ2> = mfxeslfxlﬁl ,yeS?sz [x—y[ = ro. Then

i —ull 1. g’
sup H@R)

fELX(QRY) ”ﬁHHl(Q;Rd’)

(5.5)
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where u and ii are solutions to the original system (2.19) and modified system (3.2) with
data f € L2(Q;R?), respectively.

Proof. Let’s start with the case d’ = 1: By Theorem 5.1, we have

L L PR SR [ e 1% RIS
]l ) ]l 1) ]l ) 7

where for the last equality, we refer readers to Proposition 5.2. Combining Theorems 4.1
and 4.3, there is a vg = pg *v € C(Q) with v = {V € C}(Q), where ps, { and V
are defined according to the proofs of Theorems 4.1 and 4.3. Since [|v||g1(q) > 0 and

(s x,A,v) > 0, we have
It =27 VAPVt -1 ) > 0. (5.7)

Case 1. Proof of the theorem when [|(x " — x‘)vaDvd%”d_l ||H,1(Q) — oo,
For each k € N7, there is a @ € C°(Q) such that

12, @A, v) > kll @l (o)

We can choose sufficiently small d such that

B x, @A, vs —v) < [l @ell )

because v5 = p5 * v — v uniformly and || @ ||=(q) < -+oco. Hence

.U(Q;Xa(PkAWé) > (k_ 1)“¢k||H1(Q)
Therefore
(™ =27 )vyADvs A | 1) = k— 1. (5.8)
Moreover limg_[|vs || () = [Vl #1(q)» Which indicates that
i@ — ul| 1)

lim — @) _
5-0 ||l g1 (@)

where u, ii are solutions to equation (2.19) and (3.2) respectively with the data f = Lvg.
Case 2. Proof of the theorem when ||(x ™ — x ) v,ADvds#¢ 1|, ) < oo

Recall that
V(x) = (xc)a — h(x7), (5.9)
where x; = ((x7)1,...,(xz)g_1), hisa C! function and for all x € SNU,, V(x) =0, and

the unit normal vector at x € SN U, is vy = V] DV| by proof of Theorem 4.1.
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Claim 1. For each r € (0, 1], there is a function v such that

1
Dv = -Dv, forallxe SNU,.
r

By our construction in the proof of Theorems 4.1 and 4.3, v = {V is supported in Of
and vg is supported in O*¢ with

e =5 < min (dist (¥(00). 9U.) )

Since V(x) =0, x € SNU; and ||DV || =(pe) < C according to (4.9), then |V (x)| < 2Ce,
x € 0%. By choosing ¢ < €| with a sufficiently small & > 0, we can define for 0 < r < 1

Cr={(/,y4): 3w € R such that ¥(y', w) € 0%, |y,| < 2Cre}
= B x [-2Cre,2Cr¢],

where B = {y': J® € R such that ¥(y', w) € 0*¢} and 0*¢ C ¥(C;) C U,. Thus we have

||V6||H1 ||V8||H1 ¥(C1))
C0n51der the 1ntegrat10n over C

Joe, ra0ae= [, o los(@var
—//ZCS [ps* (V)] ot ' (Vs ya +R(Y)) dyady'.

Denote Q(y) = [ps* ({V)]ot~ ' ow(y) with y = (¥, y4) and consider the rescaled function
F(y) defined on C, and v(x) defined on x € U, respectively as

1 1
F(y)=F(',ya) = Q (y’, ;yd) = [ps*v]jot! (y',;yd+h(y’)) (5.10)

and

1 —1
v(x) =vor ! (x’r, ;(xf)d 4+l . h(xlf)) .
It is easy to verify that v € H} (Q). For simplicity, we denote

r—1

(x)ad+

z(x)=Cor ! (x
V(x)=Vor! (x :

A ).
(et T

N || - \I*—‘
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By the definition of V as in (5.9), we have for x € U,

V) =vor (x (xoda+ 7 hih) )

a ((e)a—h() = 1V (x).

S =

(x¥p) = h(x7) =

= %(xf)d

Hence V(x) =V (x) = 0and DV/(x) = 1DV (x) for all x € SNU;. For x € SNU,, (x;)4 =
h(x,) implies that for each x € SN U,

r—1

2= ot ! (e ot T hG) ) = Lo ) =Ll G

Thus by the product rule, we have for x € SN U,
1 1
Dv=VDz+2zDV =zDV = -{DV = —Dv(x). (5.12)
r r

Claim 2. Forr € (0,1], |[v[|g1(q) < % for some constant C > 0 independent of r.

For all x € 0%, we have

1
|zDV| = \ZDV| < —sup |DV (x)| <

C
xEU r

With a little bit abuse of notation, we use 7(i) to denote the i-th entry of 7((1,...,d)T).
Forie{l,...,d—1}
(1 r—1 .,
D)z = Do [C] | 7 | ¥es - (¥e)a +——h(xz)
1
( Md+j¢m%0)awuu

le(~
Dy(4)z :11) ( ( rl (%)))-
'

L(xe)g+ =Lh(x,)) € 0% C U, combining (4.8),

) r

r—l

Since A4 is C! function in U,and 7~

we have for all x € C,,

dcC
IDz| < == (5.14)
re

Thus

1 1., dCc C
|VDz| = ‘—VD ’ < 22Crec— < = (5.15)
r r r € 7'
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Combining (5.13) and (5.15), we obtain |Dv(x)| < 270 for all x € C,. Therefore

c _C
2 _ 2 2 2 el —
HVHHI(Q) = HVHLZ(Q)‘I‘HDVHLz(Q) < r[P(C )V dx+ . < -

r

where C is independent of r.
Claim 3. For each r € (0, 1], there is § > 0 such that the convolution vg = ps* v €
H}(Q)NH?(Q) satisfying
_ C
- d—1
(X" =27 )vyADvs A | g1 () > 7
for some constant C > 0 independent of r.

Note that

= _ 1 IR _
I —x )VxADVdf%ﬂd IHH*I(Q) = ;H(?ﬁ —X )VXADVd%ﬂd IHH*I(Q) > 0.

Hence there is ¢ € C°(Q) such that

_ 3 o _
M(Q;%,¢A,V)ZZ||(X+—% Yy ADV A | 1 o 19111 ()

Let vs = ps*v € H} (Q)NH?(Q), by the property of mollifier lims_,q || vs — V|[g1 (@) =0.
We thus can choose d < & with sufficiently small &, such that
[Vl (o)

>
Ivslla (o)

1 - 1 _ - _
5 and (2,04, vs) > §||(%+ — X)WV ADVAA T |1 o) 10l @)

which implies
N % _ 1 - B
106" = 2 WVAADvs A 10y = 51X — 2 )vADVAA " |y 1.

dist(Qy,0U-)
(=

Hence there is 6 = € < min .70, €1, &) such that

I = x " )vyADvs d A |1

HVSHHI(Q)
=27 )V ADvs st g q y 10 =27 ) vy ADVd A | g1 g y IVlla1 (@)
(X" =x")vyADvd A | o1 g IVl @) vslla
S 1 I(x" —x~)vyADvd ! lr-1(Q)
T A IVilz (@)
> %H(?ﬁ — X )WV ADVdA |-

(5.16)
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Recalling (5.7) and taking r — 0™, we obtain

lim (X" =27 )vyADvs A o1 B (5.17)
r—0" HV6HHl(Q)

Let ii = v and f = Lvg for sufficiently small r. Also recall the definition of u. Thus
(5.6) and (5.17) leads to the desired unboundedness of w

Hﬂuyl(g)
For the case of d’ > 1, since Assumption 2.1 holds, by Theorem 5.1 (ii), there is
constant C > 0 such that HuHHl(Q;Rd') > %’HfaHH%(Q;Rd/)'
Thus we have

@ —ull g qurery T =l g1 qure

||ﬂ||H1(Q;Rd’) C”ﬁHHl(Q;Rd/)

d _
|| Z (XaOﬁJr - Xao;ai)vx“oﬁADﬂB djfd?l HH“(Q-Rd')
p=1 ’
= po . (5.18)
CH“Hyl(Q;Rd’)

Recall the Claim 1 of proof of Theorem 4.2. Let V=(0,..., VA (x),...,0)TeCY(U.; R?),
v=_{V e C'(U;RY) where { € C2(Q;R?) and that vs = ps *v. Let ii = vg and u be the

solutions to equation (2.19) and (3.2) with f = Lii, we obtain

d _
17— ull 1 e ||ﬁ21(xaoﬁ+ = 2P )Vep ADIE A o g
H'(Q; =

HﬁHHl(Q;]Rd/) CHﬂuyl(Q;Rd’)
(%0t — %%ﬁo_)vxaoﬁoADﬁﬁo S TR
- C”ﬂﬁO”HI(Q;Rd’) ‘
The rest of that follows the previous one, and hence we omits it. O]

Proposition 5.6 (relative deviation is large even for nearly RM-invariant data). Assump-

tions 2.1 and 3.1 hold with d’ > 1 and that J,, is not dense in Q. For each f € LZ(Q;]R‘[/),

we define f,/ and f, to be the projections of f onto the closed spaces Ker(T —1I) and

(Ker(T —1I))*, respectively. Then there exist constants & > 0 and C > 0 such that for any
0 < e < g, we have

|7 — MHHI(Q;]Rd/)

sup po

1) 2 g = gy 18l e

>C, (5.19)

where u and @i are solutions to the original equation (2.19) and modified equation (3.2),
respectively, with data f = f/, + f, .
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We stress that the constant C > 0 is independent of €.

Proof. The proof for case of equation and system are almost the same and here we provide
a proof for case of equation.

Let u; and i1 are solutions to the original equation (2.19) and modified equation (3.2),
respectively, corresponding to the data f///||f//||;2(q)- Let u2 and ii; are solutions to the
original equation (2.19) and modified equation (3.2), respectively, corresponding to the
data f1 /|| fL|l;2(q)- Here f); and f, will be determined later.

By linearity, we have

U=+ Elr, u=uj+Eus.

This gives rise to
ld—ullgq) el —ullg q)

lullm@y — lullgq)
ellitz — ua|| 1)

= . (5.20)
Elluall iy + w1l ()

We then claim that we can choose f; € Ker(T —1) to make [[uy || 1(q) arbitrarily small.
Notice that

1| 1 ()
uillg2) < Clfyll———>
lutllm2iq) < Cllfyll 1| 2 (02)

1| 1 (2)

u =
|| 1||H1(Q) ||u1||H2(Q)

where the last inequality results from Theorem 5.1. Moreover, since Jy is not dense in £2,
we can choose a cube Q,(y) centered at y with side length r such that Q,(y) NJ, = 0 with
r to be determined later. We define for x = (x,x2,...,x4) € Q,(y)

)= T o (FE20) 1]

Then
el @) < (8”)d+d7t2(8r)d—1%
Since
Hugszﬁlz(Q) > HA“gH%z(Q) _ d(37fr)d_17r4rl3,
we have

u 2 ged—1,d—2 \ /2
gl 1 (02) S( 2n°d8'r ) <

lugll () mtd (3m)d—1d—4
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Let g = Luy. It is clear that g € Ker(T —I). By setting fy= Hgﬁ ~» we have
L
lutllg o gl (@
el ey = Tl |y = s [y < C7
[leerll 2 gl ()
elluall 1 g

Choose a sufficiently small r, say r < ——~——, and plugin it into (5.20). We obtain

17 —ullgro)  4lld2—u2lgq)

= (5.21)
[l 5 lwellmg
Notice that
[ull 1) B [ur + €ua|| 1) S elluall @) — lutllg ) > &lluz| g1 (@) —Cr >1
gy N +edlm @ — eltllme +lulla e — el e +Cr 2
This with (5.21) gives rise to
@ —ullg@) 2182 —wllgg)
@] g1 () 5 |uzllgg
The last right hand side is a constant, and hence the proof is completed. [

5.5 Implicit bias towards the solution to the modified equation

For a given function w, the population risk in the residual minimization method for
solving the modified equation/system reads as

R(w) = /Q(Zw—f)zdx—l— y/(m(Bw—g)zdx. (5.22)

In the following theorem and proposition, we show the implicit bias of RM methods via
an energetic approach. Roughly speaking, for a function close to u, it has large (modified)
risk R; while for any function has small (modified) risk R, it should be close to i in the
sense of H'! norm.

Theorem 5.7 (bias against the solution to the original equation). Suppose that Assump-
tion 2.1 and 3.1 hold with d’ > 1. Let u and ii be solutions to the original equation/system
(2.19) and modified equation/system (3.2) with data f € X\ Ker(T —1I), respectively.

There exist constants € > 0 and Cy > 0 such that for all 0 < € < & and for all
v € Be(u), we have R(v) > Co > 0. Here Bg(u) = {w € H} (Q;RY)NHE(Q;RY): |jw—
ull 1 qray < e,Lwe X}.
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We remark that Theorem 5.7 implies that there is € > 0 such that B, (1) N B (ii) = 0,
where B (i) = {¥ € H} (Q;RY)NH?(Q;RY): R(¥) < €}.

Proof. Since f € X\ Ker(T —I), by Theorem 5.4, there is a constant C; such that
lu = ill g1 g pary = Ci- (5.23)
By linearity of the modified operator L, we have for all v € H] (Q;RY)NH2(Q;RY)
(Lv—La)* = (Lv)* - 2. (5.24)
Since Lv € X, by the definition of X and Assumption 3.1
1=Vl g2 e §C||f—l:v||L2(Q;Rd/). (5.25)
Let gy = % The for all € < g and v € B¢(u), we have

Gy

)2 ”ﬁ_u“Hl(Q;Rd') - ||u_v||H1(Q;Rd/) > 5

[v— ﬂ||H2(Q;Rd/) > [[v— ﬁ”[-[l(Q;Rd/
This together with (5.24) implies for all v € B¢ (u)

~ - 1 B Cl
R(V) Z HLv_fH[}(Q’Rd/) Z EHM_VHH2(Q;R‘1') > %

2

The proof is completed by setting Cy = < [

ek
Proposition 5.1 (bias towards the solution to the modified equation/system). Suppose
that Assumption 2.1 and 3.1 hold with d' > 1. Let ii be the solution to the modified

equation (3.2) with data f € X.

(i) Then for allw € H} (Q:RY)NH2(Q;R?), there is constant C > 0 such that

(ii) Suppose that the function w € Hé (Q;Rd/) ﬂHZ(Q;Rd/), the random variable X is
sampled from the uniform distribution over Q, the random variable Y = |Q| (Lw(X) —
f )2 with covariance of Y satisfies V[Y] < +eo. Then for any § > 0, with probability
1 — & over the choice of independent uniformly distributed data S := {x;}}_, in Q,
we have
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In particular, if R(w) < € for some small €, then ||w — ﬂ”Hl(Q-]R{d’) <Cy/e.

Proof. (1) is a direct consequence from Theorem 5.1. And (ii) is a direct consequence
from Monte Carlo integration. [

We remark that in Proposition 5.1, for w € H} (Q;R? ) NH?(Q;R?) with V[Y] < oo,
if R(w) < g, for n sufficiently large, we have ||w — | o (@) < C+\/€. Moreover, the

condition V[Y] < oo is equivalent to the inequality ||(D2w — D2i)?||» @Ry < Foo.

Remark 5.2. Theorem 5.7 and Proposition 5.1 together lead to the implicit bias of RM
method in solving PDE: it will bias the numerical solution against the solution to original
equation (2.19) and towards the solution to modified equation (3.2).

6 A Relaxed Residual Minimization Method for PDEs
with Discontinuous Coefficients

In previous discussion, we have demonstrated through both theoretical analysis and
numerical experiments that the classical PINN framework fails to accurately solve PDEs
with discontinuous coefficients. The underlying reason stems from a fundamental incon-
sistency between the regularity of neural network approximators and the intrinsic weak
regularity required by the true solution of the PDE. In particular, when the coefficient
function A(x) is discontinuous, the weak formulation of the PDE requires that the deriva-
tive u,(x,#) must admit suitable discontinuities to compensate for the jumps in A(x). How-
ever, due to the smooth nature of commonly used activation functions, neural networks
such as those in standard PINNs inherently enforce the continuity of ug, (x,) and its spa-
tial derivatives. As a result, the residual minimization process fails to represent valid weak
solutions and produces large systematic errors near discontinuity points.

To mitigate this failure mode, we propose a Relaxed Residual Minimization method by
introducing d auxiliary neural networks vg, (x,1), i.e. vg,(x,1) = {ve,  (x,1),...,vg, ,(x,1)}
to explicitly approximate the flux term A (x)u,(x,¢). This allows us to decouple the com-
putation of the flux from the computation of the solution, thereby relaxing the continuity
requirement on u,(x,7). The primary network ug, (x,¢) still approximates the solution,
while the residual loss is modified to permit non-smoothness in the derivative of ug,,
thereby enabling the solution network to adapt to the expected jump behavior at coeffi-
cient discontinuities. This modification directly targets the structural cause of the PINN
failure and ensures that the approximation better aligns with the weak solution theory.
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Mathematically, we focus on heat equation defined on Q x [0, 7] := Qp, where Q is a
bounded domain in spatial direction, to imply the method

uy — div(A(x)Dyu) = f(x,t) (x,2) € Q% [0,T],
u(x,0) = g(x) xXeQ, (6.1)
u(x,t) = h(x,r) (x,2) € dIQ x [0,T],
we introduce two neural networks: ug, (x,¢) to approximate the exact solution of (6.1) as
u(x,t), and d auxiliary neural networks vg, (x, ) to approximate the flux term A (x)Du(x,1).

By noting 6 = {6}, 6,}, then the continuous form of the relaxed residual loss to (6.1) is
defined as:

1 .
Ry (8) = i1 (Do, —diveg, — f(e0) i, + v, ~ ADut [, ).

1
Rb(6) = e o7 10 90 ~ ) lzason:
- 1
Ro(6) = ey l0(1:0) ~ ¢ s o

The total loss is then given by
RiS™(6) = R(6) +11R(8) + 1R} (6), (6.2)

where y; and 9, are two hyper-paramters to maintain the balance of magnitudes among
the components of the loss function.

Let {(xl’,tlr)}f\il C Qr, {(xlj’-,tj?)}]jyil C dQ % [0,T], and {x}(}iv’:l C Q be collocation
points for the interior domain, boundary, and initial conditions, respectively. Then the

empirical loss is given by:

1 N ,
Rg(0) = N Y. |Diue, (xf 1) — divwe, (x],1]) — f(x],1])]

ri=1

2

1 Y 2
7 L 96, (1) — AGT) Daaeg, (5] 1])[7,
ri=1

1O
Rg(e) = ﬁb Zl|ue(x?7l?) _h(xljj'at?”z?
j:
i 1 i |2
Rg(0) = N Z !ue(xk,O) _g(xk)’ .
I k=1
The total loss is then given by
R§™(8) = R§(6) + 11R3(6) + 1R (6). (6.3)
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To assess the effectiveness of the proposed relaxed residual minimization method, we
present numerical results for the heat equation (2.15). Our objective is to verify whether
introducing the auxiliary network vg, (x,#) enables the numerical network ug, (x,#) to cap-
ture the correct weak solution behavior, particularly the discontinuous features in the spa-
tial derivative.

For the numerical setups, we choose 71 = 7» = 1 in the experiments. And sampling
1000 points in Q7 = (—1,1) x [0,2] as { (x,#/)},, 100 points on @ = (—1,1) as {x} }}" |,
100 points on both dQ x [0, T|{£1} x [0,2] respectively as {(xf,tj’)}]jvil Both ug, (x,1)
and vg, (x,1) are residual networks with structure 2 —256 — 256 — 256 — 1, tanh activation,
Adam optimizer with Xavier initialization.

In the following, we present the heatmaps of absolute error between numerical solu-
tion ug, (x,) and exact solution u(x,) together with their absolute error of spatial deriva-
tives. Also, we choose time slices as t = 0, 1,2 to see how ug, (x,7) and u(x,z) with their
spatial derivatives perform.

Figure 13 compares the numerical solution ug, (x,t) with the exact solution u(x,?), as
well as their corresponding spatial derivatives, in the form of absolute error heatmaps. The
results clearly indicate that the proposed method successfully forces ug, (x,7) to exhibit
sharp transitions near the discontinuity in A(x), thereby enabling Dyug, to approximate
the true derivative behavior. This observation aligns with the theoretical motivation: by
approximating A (x)u, directly using vg,, the method relaxes the continuity constraint on
Dyug,, allowing the network to match the weak solution structure.

Further insights are provided in Figure 14, which shows detailed comparisons at three
representative time slices ¢t = 0,1,2. Each column corresponds to a fixed time, with the
first row depicting the comparison between ug, (x,) and u(x,), and the second row illus-
trating their spatial derivatives. It is evident that across all time slices, ug, closely matches
the true solution both in value and in the behavior of its spatial derivative. In particular,
the spatial derivatives exhibit appropriate jumps at the discontinuity, confirming that the
method achieves first-order derivative accuracy and convergence.

These empirical findings validate the core design principle of our method: by de-
coupling the flux term, the relaxation framework enables neural networks to overcome
the failure mode of standard PINNs and to accurately resolve PDEs with discontinuous
coefficients.

We also provide a theorem to indicate the stability of the method as follows
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Figure 13: Heatmaps of errors. Left: Absolute error |ug, —u|. Right: Absolute derivative error [Dyug, —
Diul.

g Vs, uatt=10 Vs uatt=1 g Vs uatt=2

— vat=o 00

0003 - a0

0002

2 o

0000

0001

Dyt v Duatt=0 Dt v:s. Duatt=1

Figure 14: Comparison of solutions at time slices = 0,1,2. Top row: Function values ug, , u. Bottom row:
Spatial derivatives Dyug, , Dy

Theorem 6.1. Suppose that ug, (x,0) = g(x) on x € Q, ug, (x,t) = h(x,t) on dQ x [0,T].
Then there is a constant C depends only on d,Q, T such that

l|lug, — u”%z(Hl(Q);O,T) < CRrDelax(e) (6.4)
Proof. By letting
vg —ADyug, = €1(x,1) € RY
Diug, —divvg — f = &(x,1) € R
we can immediately obtain that
1d

55(” — g, )* + Dx(u— g, )ADx(u—ug,) = €] Dy(u— ug,) + & (u— ug,) (6.5)
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by the uniform ellipticity and employing the energy estimates associated with parabolic
equations, we complete the proof. 0

Remark 6.1. Although we have assumed that ug, satisfies the initial and boundary con-
ditions exactly, this assumption can be relaxed. In particular, under suitable regularity
conditions on dQ, one can establish similar results without explicitly enforcing the initial-
boundary compatibility, by employing standard energy estimates for parabolic equations
and extension theorem about boundary defined functions.

A Notation

For the readers’ convenience, we collect the frequently-used notations and list them
in Table 2. Also for notation simplicity, unless specifically claimed, we abbreviate g(x)
as g for univariate functions. In the table, equation is the abbreviation of boundary value
problem and RM is the abbreviation of residual minimization.

Table 2: List of notations.

Notation Definition/Meaning Refer to
¥, 1-lly) Banach space equipped with norm ||-||y
§dxd set of d X d symmetric real-valued matrices
aob entry-wise multiplication, e.g., if a,b € RY, then
c=a®bmeans ¢c; =a;b;,i={1,...,d}
entry-wise differentiation, e.g., for F(&,x) with
Dg © Dy (F
cODAE) 1 ¢ (ERY D ©Dy(F) = (Dg, Dy ... D, Dy, F)
f right-hand-side of the PDE, (interior) data
FoG composition of functions: (F o G)(x) = F(G(x))
i-th partial derivative of F evaluated at x; if no
DilF](x). DiF confusion, simply write D;F = D;[F](x)
DF DF = (D\F,...,D4F)7
Jx,xi, vy set of approximate jump points and related Def. B.3
functions
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Notation Definition/Meaning Refer to
Diy,D*y,Dy absolutely continuous/jump/Cantor part of Dy Thm. B.1
d,d input/output dimension
Xmin, Xmax minimum/maximum of y %P
— — Sec. 2.5
A A lower/upper bound of A%P
A A lower/upper bound of A
L L original/modified operator
u, i solution to original/modified equation Sec. 3.1
Uug,ilg RM solution to original/modified equation
nB:x. Y, 0) | n(B:xY,0) = fyry, (X" —x)viYlpIDed " | Sec.3.2
X X = {Lw: we H} (RY)NH?(Q;RY)}
Tf RM-transformed data T f = Lii
T RM-transformation f +— Lii Sec. 3.3
o(T) spectrum of T
Ker(T —1) Ker(T —I)=Kerx(T -1I)={feX:Tf=f}
oSV parameter obtained by supervised learning with
target function u
Y : : SV Sec. 3.4
Uy neural network function with parameter 6 = 0
SV—RM SVoRM RM solution to original/modified equation with
6 o initial parameter 6y = 65V
x X = (x1,...,xq_1) forx = (x1,...,x4) € R?
B, (x) ball centered at x with radius r
Ty Ty ={xel: 2 (x)—x (x) 20} Sec. 4.1
U<§=<U ¢>0inR? with { =1in U and { =0 in RA\U’
dist(U,U") Euclidean distance between two sets U and U’
X X ={Lw: we H}(CY)NH*(Q;C¥)} Sec. 5.3
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B Functions of bounded variation

Here we list several definitions and theorems used in the main text.

Definition B.1 (function of bounded variation (BV), pp.117-118 [47]). Let Q be an open
subset of RY and y € L'(Q). We say that X is a function of bounded variation on Q. if the
distributional derivative of X is representable by a finite Radon measure in Q, that is, if

/XDi(de:_/(PDiX VoeCr(Q), i=1,...,d
Q Q

for some R?-valued measure DY = (D1 ....Dgx)" in Q. The vector space of all func-
tions of bounded variation on Q is denoted by BV (Q).

Definition B.2 (approximate limit, rephrased from pp.160 [47]). Let x € LIIOC(Q). We say
that X has an approximate limit at x € Q if there exists 7 € R such that

—z|dy=0. (B.1)
I oy o 20 4=
The set Sy of points where this property does not hold is called the approximate discon-

tinuity set. For any x € Q\Sy, z is uniquely determined by (B.1), denoted by x*°(x), and
called the approximate limit of } at x.

Definition B.3 (approximate jump points, pp.163 [47]). Let x €Ll .(Q)and x € Q. We

say that x is an approximate jump point of X if there exist x*(x) € R and a unit vector
vy (x) € S 1 such that x*(x) # x~ (x) and

1
lim—/ —xF(x)|dy =0, B.2
P BE (v Jnscen) 2 () =2~ ()] dy (B.2)
where Bg(x,v) ={y€Bp(x): £(x—yv) >0} The triplet (" (x),x (x),vy(x)) is
uniquely determined by (B.2) up to a permutation of (x " (x),x ™ (x)) and a change of sign
of vy (x). The set of approximate jump points is denoted by J.

Theorem B.1 (structure theorem of BV function, rephrased from pp.183-185 & pp.212-2
13 [47]). By Radon—Nikodym theorem, we have the representation Dy = D*x + D%y,
where Dy is the absolutely continuous part with respect to L% and Dy is the singular
part with respect to L. Forany x € BV (Q), the jump part of the derivative Diy and the
Cantor part of the derivative D) are defined as

DjX:DSXLJX7 Dcx:DSXLQ\Sxa
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respectively. Then we have
Dy =Dy +Dy +D°y,

where D'y =Vx.Z 4 Vy is the Radon—Nykodim density of D*x with respect to ¢ and
Dy=—x)vi ',

Theorem B.2 (Structure theorem of approximate jump set for BV functions, pp.150 [48]).
Let Q be a bounded open set and Y € BV(Q), then there exist countably many C'-
hypersurfaces ((d — 1)-dimensional C'-manifolds) {S;}r, such that

-1 (JX\U::ISk) =0

Definition B.4 (special function of bounded variation (SBV), pp.212 [47]). We say that
X € BV(Q) is a special function of bounded variation and we write ¥ € SBV(Q), if the
Cantor part of its derivative D€y is zero. Thus, for x € SBV(Q), we have

Dy =Dx+Dy=VyL'+ (x"—x") vy’ ',
We further say that y € SBVP(Q), p € [1,0] if and only if x € SBV(Q) and V) € LP(Q).

Corollary B.1 (property of special funtion of bounded variation, pp.212 [47]). For any
X € SBV(Q), we have

xewWh(Q) = (1) =0.

C Existence theorems for linear elliptic equations and
systems in literature

In this appendix, we rephrase some existence theorems for linear elliptic equation
and system from the literature. Theorems C.1 and C.2 focus on linear divergence and
nondivergence equation, respectively, while Theorem C.3 works for linear divergence
system.

Theorem C.1 (Theorem 8.3, rephrased from pp.181-182 [45]). Let Q be a bounded C'-!
domain in R, and let the operator L

d
Lu=—div-(ADu) = — Y Dj(a;;Dju)
i,j=1

being uniformly elliptic in Q with coefficients a;j € L (), namely there is A > 0 sat-
isfying ETAE > A|E'|? for all & € RY. Then the equation: Lu = f in Q,u =0 on dQ
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with f € L*(Q) (or f € H~'(Q)) is uniquely solvable. Furthermore, there is a constant C
independent of u such that

[l (@) < ClIfllz2 (@) or (S Cllflg-1(0))-

Theorem C.2 (Lemma 9.17, rephrased from pp.241-243 [45]). Let Q be a bounded C'!
domain in R, and the operator L

Lu= Z a,jD,ju+ZbDu+cu
i,j=1

being uniformly elliptic in Q with coefficients a;; € C(Q),b;,c € L*(Q), ¢ <0, withi, j €
{1,...,d}. If f € LP(Q) for some p € (1,), then the equation: Lu = f in Q, u=0 on
dQ has a unique solution u € WO1 P(Q)NW?2P(Q). Furthermore, there is a constant C
independent of u such that

[ullwzr () < CllLullLr()

Theorem C.3 (Theorem 1.3, rephrased from pp.9—14 [46]). Let Q be a bounded C'!
domain in RY. Also define the operator L as follows

/

(Lu)® Zdlv (A% (x)DuP) Z Z Di(AP DuP),
B=1 =1i,j=1

where a € {1,2,...,d'}. Suppose that measurable functions A%B ¢ §dxd gre symmetric in
o, B, namely A“ﬁ ABO‘ and that the Hadamard—Legendre condition holds, namely there

is A > 0 satisfying Z (ENTAXB (x)EP > A|E|? for all E* € RY, where |E|? = Z |E*|2.
—1

OC
Then the equation: Lu= f in Q,u =0 on 0Q with f € L*(Q;R?) (or f e H~ (Q;Rd/))
is uniquely solvable. Moreover there is a constant C independent of u such that

”uHHl(Q;Rd/) < CHfHLZ(Q;]Rd/) (or < CHfHHfl(Q;]Rd/))-

D A short proof of the failure of PINN in 1-d

To fix ideas and to understand the failure example of PINN given in Section 2.3,
we provide in this appendix a succinct explanation to the failure phenomenon with one-
dimensional setting Q = (—1,1). More general results and the complete analysis for the
case of higher dimensional problem are given in the main text.
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Assumption D.1 (uniform ellipticity condition and piece-wise continuous coefficients).
Assume there are constants 0 < A < A satisfying A < A(x) < A for all x € Q and

Njump

Alx) =a(x)+ Y aH(x—ji),
k=1
where a is an absolutely continuous function on Q, weights a; € R, and discontinuities
{ jk}zji“fp C Q for njymp € N*. Here H is the Heaviside step function.

As the general case in the main text, we introduce the modified problem:

— 2 = — i
{_(anqu(Dxa)Dxu) =/ inQ, (D.1)

u(£1)=0.

and denote its solution as i € Hj (Q) N H*(Q). The existence and regularity are guaran-
teed by Theorem 5.1 in the general setting.
The following proposition shows that the original operator L maps i to the RM-

Njum,

transformed data f — Y. aD.ii(ji)6;,. Thus it is clear that the latter equals f if and
k=1
only if D, vanishes at all jump points ji.

Proposition D.1 (representation by RM-transformed data for 1-d linear elliptic equation).
Suppose that Assumption D.1 holds and f € L?. Let ii be the solution to problem (D.1).
Then ii is the weak solution to

Mjump
Li=f— ) aDyi(jx)0;, inQ,

kg,l <ii(ji) 3, ©2)
i(£1) =0,

where 8;, is the Dirac measure satisfying (8;,, @) = 8;,(9) = @(ji) for any ¢ € H}(Q).

Proof. Without loss of generality, we assume that ji < jp if 1 <k <k’ < njymp, and set
Jjo = —1, juymy+1 = 1. The solution & € H?(Q) implies that D,ii € C(Q) and AD,ii €
H'((jk, jxs1)) fork =0, ... ,jump- Using Lebesgue integral theorem, we have

Jk+1 Jk+1 Jkr1
/ Dy (ADii) @ dx + / ADyiiD @dx = ADyiig| ", k=0,...,njump,
Jk J Tk
where
-k , : "y . : o ,
AD,ag| " = A1~ €)Daile1 ~€)@(ies1 ~€) = Alju-+ €)DD) o +2))
k
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Since there is no jump discontinuity of A(x) for x € Q\{ jk}zji“fp , we have —D,(AD,it) = f
on (jk, ji+1) and

Vo € H)(Q).

Jr+1 Ji+1
/ AD,iiDy ¢ dx :/ fodx+AD,iip
Jk J

Ji+1
. )
Jk

Thus the proof is completed by the following calculation

Mump . Mump e iy

1 +1 +1
/ (AD,ii)Dy¢p dx = Z AD,iiD @ dx = Z fodx+AD,iip
-1 =0  Jk

Ty
=0 “ Jk '

0 T
I Mjump

:/1f(pdx_ Y. axDxii(ji) (8ji: @) -
- k=1

]

Next we describe the gap between u and ii in terms of the L? norm. As in the main
text, we will show this is non-zero.

Proposition D.2 (deviation occurs for 1-d linear elliptic equation). Suppose that Assump-
tion D.1 holds and f € L*(Q). Let u and ii be the solution to the problem (2.8) and (D.1),
respectively. If there exists k € {1,...,njump} such that Dyi( jx) # 0, then we have that:

Hu - ﬂ”Lz(Q) > 0.
The existence and regularity are guaranteed by Theorem C.1 in a more general setting.

Proof. By Theorem D.1, we have

Mjump
Lu—i)=f-Li= Y aD:(ji).
k=1

Without loss of generality, we can choose some function ¢ € C°(Q) such that @(j;) =1
and @(ap) =0 for k' € {1,...,njump }\{k} and [|@|| ;1 (q) > 0.
Since there are 0 < A < A such that A < A(x) < A for all x € Q, we have

1
AllDstt — Dyt 20y |0l () > ‘ / 1<ADx<u—a>>quodx'
1
- '/IL(u—ﬁ)(pdx‘ = |axDyxii(ji)| > 0.

This implies ||u — || ;2(q) > 0. O
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