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Abstract. The classical Andrásfai–Erdős–Sós Theorem states that for ℓ≥ 2,
every n-vertex Kℓ+1-free graph with minimum degree greater than 3ℓ−4

3ℓ−1n must
be ℓ-partite. We establish a simple criterion for r-graphs, r ≥ 2, to exhibit
an Andrásfai–Erdős–Sós type property, also known as degree-stability. This
leads to a classification of most previously studied hypergraph families with this
property. An immediate application of this result, combined with a general
theorem by Keevash–Lenz–Mubayi, solves the spectral Turán problems for a
large class of hypergraphs.
We show an interesting application of the degree-stability in Complexity Theory:
For every r-graph F with degree-stability, there is a simple algorithm to decide
the F -freeness of an n-vertex r-graph with minimum degree greater than (π(F )−
εF )

(
n

r−1

)
in timeO(nr), where εF>0 is a constant. In particular, for the complete

graph Kℓ+1, we can take εKℓ+1
= (3ℓ2−ℓ)−1, and this bound is tight up to

some multiplicative constant factor unless W[1]=FPT. Based on a result by
Chen–Huang–Kanj–Xia, we further show that for every fixed C>0, this problem
cannot be solved in time no(ℓ) if we replace εKℓ+1

with (Cℓ)−1 unless ETH fails.
Furthermore, we apply the degree-stability of Kℓ+1 to decide the Kℓ+1-freeness
of graphs whose size is close to the Turán bound in time (ℓ+1)n2, partially
improving a recent result by Fomin–Golovach–Sagunov–Simonov.
As an intermediate step, we show that for a specific class of r-graphs F , the
(surjective) F -coloring problem can be solved in time O(nr), provided the input
r-graph has n vertices and a large minimum degree, refining several previous
results.
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1 Introduction

Fix an integer r≥2, an r-graph H is a collection of r-subsets of some finite set V .
We identify a hypergraph† H with its edge set and use V (H) to denote its vertex set.
The size of V (H) is denoted by v(H). For a vertex v∈V (H), the degree dH(v) of
v in H is the number of edges in H containing v. We use δ(H), ∆(H), and d(H) to
denote the minimum degree, the maximum degree, and the average degree
of H, respectively. We will omit the subscript H if it is clear from the context.

Given a family F of r-graphs, we say H is F-free if it does not contain any
member of F as a subgraph. The Turán number ex(n,F) of F is the maximum
number of edges in an F -free r-graph on n vertices. The Turán density of F
is defined as π(F) := limn→∞ex(n,F)/

(
n
r

)
, the existence of the limit follows from a

simple averaging argument of Katona–Nemetz–Simonovits [47]. We say a family F
is nondegenerate if π(F)> 0. The study of ex(n,F) has been a central topic in
extremal graph and hypergraph theory since the seminal work of Turán [81] who
proved that ex(n,Kℓ+1)=

⌊
ℓ−1
2ℓ
n2
⌋
for all n≥ ℓ≥2 (with the case ℓ=2 proved even

earlier by Mantel [62]). We refer the reader to surveys [29,48,75] for related results.

1.1 Degree-stability

In this subsection, we focus on the structure of dense F -free hypergraphs. Here,
dense can refer to either a large number of edges or a large minimum degree. This
important topic in Extremal Combinatorics traces its origins to the seminal work of
Simonovits [78], who proved that for ℓ≥2, every Kℓ+1-free n-vertex graph with at
least ℓ−1

2ℓ
n2−o(n2) edges can be made ℓ-partite by removing o(n2) edges (see [30] for

a concise proof). The classical Andrásfai–Erdős–Sós Theorem [4] demonstrates an
even stronger stability for Kℓ+1-free graphs. It states that for ℓ≥2, every n-vertex
Kℓ+1-free graph with minimum degree greater than 3ℓ−4

3ℓ−1
n must be ℓ-partite.

Let r≥ 2 be an integer, F be a nondegenerate family of r-graphs, and H be a
family of F -free r-graphs. We say

†A graph is viewed as a 2-uniform hypergraph.
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• F is edge-stable with respect to H if for every δ>0, there exist ε>0 and n0

such that every F -free r-graph H on n≥n0 vertices with |H|≥(π(F )/r!−ε)nr

becomes a member in H after removing at most δnr edges,

• F is degree-stable with respect to H if there exist ε> 0 and n0 such that
every F -free r-graph H on n≥n0 vertices with δ(H)≥ (π(F )/(r−1)!−ε)nr−1

is a member in H,

• F is vertex-extendable with respect to H if there exist ε>0 and n0 such that
for every F -free r-graphH on n≥n0 vertices with δ(H)≥(π(F )/(r−1)!−ε)nr−1

the following holds: if H−v is a member in H, then H is a member in H as
well.

Vertex-extendability was introduced in [60] to provide a unified framework for
proving the degree-stability of certain classes of nondegenerate families of hyper-
graphs. However, one limitation of the main results in [60] is that they only apply
to families F that are either blowup-invariant (see [60, Theorem 1.7]) or have a
strong stability called vertex-stability (see [60, Theorem 1.8]). In the following the-
orem, we extend the results of [60] to include the broader class of families with
edge-stability, a property satisfied by almost all nondegenerate hypergraph families
(with known Turán densities).

Theorem 1.1. Let F be a nondegenerate family of r-graph and H be a hereditary‡

class of F-free r-graphs. If F is both edge-stable and vertex-extendable with respect
to H, then F is degree-stable with respect to H.

Recall that an r-multiset is an unordered collection of r elements with repe-
titions allowed. The multiplicity e(i) of i in a multiset e is the number of times
that i appears. An r-pattern is a pair P =(ℓ,E) where ℓ is a positive integer and
E is a collection of r-multisets on [ℓ]. It is clear that pattern is a generalization of
r-graph, since an r-graph is a pattern in which E consists of only simple r-sets. For
convenience, we call E the edge set of P and omit the first coordinate ℓ if it is clear
from the context. An r-graph H is P -colorable if there exists a homomorphism
ϕ from H to P , where homomorphism means ϕ(e)∈P for every e∈H.

For many r-graph families F , extremal F -free constructions are typically P -
colorable for some specific pattern P . We refer to such a pair (F ,P ) as a Turán
pair. More specifically, given a pair (F,P ), where P is an r-uniform pattern and F
is a family of r-graphs, we say (F,P ) is a Turán pair if every P -colorable r-graph is
F -free and every n-vertex F -free r-graph with ex(n,F )−o(nr) edges is P -colorable
after removing at most o(nr) edges. In most cases, applying Theorem 1.1 involves

‡A family H is hereditary if all subgraphs of every member H∈H are also contained in H.
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choosing H as the collection of all P -colorable hypergraphs. Hence, when stating that
F is edge-stable/degree-stable/vertex-extendable, it is implied that this property is
with respect to the family of P -colorable hypergraphs for simplicity.

Table 1: List of hypergraphs with and without degree-stability.

Hypergraph Degree-stable?
Edge-critical graphs [4, 20] Yes
Non-edge-critical graphs [60] No

Expansion of edge-critical graphs [56,60,65,72] Yes
Expansion of non-edge-critical graphs No

Expansion of extended Erdős–Sós tree [10,69,77] Yes
Expansion of Mr

2 for r≥3 [5, 39,60] Yes
Expansion of M3

k , L
3
k, or L

4
k for k≥2 [39,45,60] Yes

Expansion of M4
k for k≥2 [84] Yes

Expansion of K3
4⊔K3

3 [83] Yes
Generalized triangle Tr for r∈{3,4} [9, 26,50,56,60,71,76] Yes

Generalized triangle Tr for r∈{5,6} [27, 71] No
Weak triangle ∆r [57] Yes

Expanded triangle C2r
3 [25, 51] No

Fano Plane [15,34,52] Yes
F3,2 (3-book with 3 pages) [32] No
F7 (4-book with 3 pages) [33] Yes
F4,3 (4-book with 4 pages) [31] No

C3−
5 (tight 5-cycle minus one edge) [7, 54] No

{K3
4 ,C

3
5} (tetrahedron and the tight 5-cycle) [8] No

In Table 1, we summarize (most of) the previously studied hypergraph families
(their definitions are included in the Appendix.) with degree-stability. Since they
are all edge-stable, according to Theorem 1.1, proving degree-stability is reduced to
verifying their vertex-extendability. This verification is relatively straightforward,
and we refer the reader to [42,60] for systematic results on this property.

Proof for Theorem 1.1 is presented in Section 2.

1.2 Spectral Turán problems

In this subsection, we show a quick application of Theorem 1.1 in spectral Turán
problems.

Given an r-graph H on [n], the Lagrange polynomial of H is defined as

ΛH(X1,...,Xn) :=
∑
E∈H

∏
i∈E

Xi.
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For every real number α≥1, the α-spectral radius of H is

λH,α :=max
{
ΛH(x1,...,xn) : (x1,...,xn)∈Sn−1

α

}
,

where Sn−1
α :=

{
(x1,...,xn)∈Rn

≥0 : x
α
1+···+xαn=1

}
. The spectral Turán problem stud-

ies, for fixed family F of r-graphs, the value

specexα(n,F) :=max{λG,α : G is an n-vertex F -free r-graph}.

This problem was the focus of long-term research by Nikiforov (see the survey [68])
and is relatively well-understood for graphs, with the general theorem by Wang–
Kang–Xue [82] being a notable highlight. However, similar to the ordinary Turán
problem, understanding of the hypergraph spectral Turán problem remains relatively
limited, with only a few known examples. By combining Theorem 1.1 with a general
theorem of Keevash–Lenz–Mubayi [49], we derive the following theorem, significantly
enhancing our understanding of the hypergraph spectral Turán problem.

Theorem 1.2. Suppose that F is an r-graph in Table 1 with degree-stability. Then
for sufficiently large n, every F -free r-graph H on n vertices satisfies

λH,α≤max{λG,α : G is P -colorable and v(G)=n},

where P is the pattern such that (F,P ) is a Turán pair. Moreover, equality holds
only if H is P -colorable.

Theorem 1.2 follows relatively straightforwardly from the following theorem by
Keevash–Lenz–Mubayi [49]. For convenience, we use x= y±δ to represent that
y−δ≤x≤y+δ. Given a family H of r-graphs, we let

λα(H,n) :=max{λG,α : G∈H and v(G)=n}.

Theorem 1.3 (Keevash–Lenz–Mubayi [49]). Let N ≥ r≥ 2, α> 1, ε> 0, F be a
nondegerate family of r-graphs, and H be a hereditary family of F-free r-graphs.
There exist δ>0 and n0>N such that the following holds. Suppose that

1. F is degree-stable with respect to H,

2. ex(n,F)−ex(n−1,F)=π(F)
(

n
r−1

)
±δnr−1 for all n≥N , and

3. λα(H,n)=
r!·ex(n,F)

nr/α ±δnr−r/α−1 for all n≥N .

Then specexα(n,F)=λα(H,n) for every n≥n0.
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In the special case where H is the collection of all P -colorable r-graphs for some
pattern P , Assumption 2 in Theorem 1.3 is automatically true due to [42, Theo-
rem 1.9]. Therefore, in this case, one only needs to verify Assumption 3, which in-
volves calculating the maximum α-spectral radius of n-vertex P -colorable r-graphs.
This task is generally non-trivial. However, for r-graphs in Table 1 with degree-
stability, Assumption 3 can be verified either using theorems from [46] or through
calculations similar to those in the proof of [49, Corollary 1.6]. Hence, we omit the
proof for Theorem 1.2.

1.3 Deciding the F -freeness of dense hypergraphs

In this subsection, we present applications of the degree-stability in the decision
problem of testing whether a hypergraph is F -free, a fundamental problem in Com-
plexity Theory.

Given two r-graphs F and H, a map ψ : V (F )→V (H) is an embedding of F if
ψ is injective and ψ(e)∈H for all e∈F . For a fixed r-graph F , let Embed-F denote
the following decision problem:

F -embedding

Input: An r-graph H on n vertices.
Question: Is there an embedding from F to H?

Notice that, for a fixed r-graph F , the brute-force search can solve Embed-F in
time O(nv(F )). For r=2, faster algorithms improving the exponent v(F ) have been
explored by many researchers [3, 19, 44, 53, 67]. In the case of r≥ 3, Yuster [85]
demonstrated algorithms that improve the exponent v(F ) for certain classes of r-
graphs. However, an open problem remains: determining whether there are faster
algorithms that improve the exponent v(F ) when F is a complete r-graph with at
least r+1 vertices. The current record for this problem is due to Nagle [66]§. On
the other hand, for the complete graph Kℓ, a result by Chen–Huang–Kanj–Xia [12]
shows that Embed-Kℓ cannot be solved in time no(ℓ) unless the ETH (exponential
time hypothesis [43]) fails. For complete bipartite graphs Kt,t, a result by Lin [55]
shows that no algorithm can solve Embed-Kt,t in time nO(1) ifW[1] ̸=FPT (see [17]),

and no algorithm can solve Embed-Kt,t in time no(
√
t) if randomized ETH holds

(see [14]).
Motivated by the recent work of Fomin–Golovach–Sagunov–Simonov [24], we

consider the following two embedding problems in dense hypergraphs. For a fixed
r-graph F , let Embedavg-(F,n,k) denote the following decision problem:

§Nagle’s result was improved by a polylog(n) factor very recently [1].
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F -embedding with average degree constraint

Input: An r-graph H on n vertices with |H|≥ex(n,F )−k.
Question: Is there an embedding from F to H?

In addition, define Embedmin-(F,α) as the following decision problem:

F -embedding with minimum degree constraint

Input: An r-graph H on n vertices with δ(H)≥(π(F )−α)
(

n
r−1

)
.

Question: Is there an embedding from F to H?

Among other results, Fomin–Golovach–Sagunov–Simonov [24] proved thatEmbedavg

-(Kℓ,n,k) can be solved in time 2.49knO(1). A key ingredient in their proof involves
reducing Embedavg-(Kℓ,n,k) to the task of verifying the Kℓ-freeness of a graph with
at most 5k vertices. This reduction is rooted in Erdős’ proof [22], which essentially
employs the Zykov symmetrization [86] to establish the Turán theorem. Regrettably,
Erdős’ proof does not appear to readily extend to general graphs and hypergraphs,
and as a consequence, neither does the reduction employed by Fomin–Golovach–
Sagunov–Simonov.

Using a different strategy based on the degree-stability, we show that Embedmin-
(F,α) (and hence, Embedavg-

(
F,n,α

(
n

r−1

))
) can be solved in time O(nr) when α is

sufficiently small.

Theorem 1.4. Suppose that F is an r-graph in Table 1 with degree-stability. Then
there exist constants εF >0 and CF >0 depending only on F such that the problem
Embedmin-(F,α) can be solved in time CFn

r for all α≤ εF , where n is the number
of vertices of the input hypergraph.

A natural and interesting problem arises in determining the optimal upper bound
for εF in Theorem 1.4. For F =Kℓ+1, we can establish the lower bound 1

3ℓ2−ℓ
for

εKℓ+1
. Moreover, this bound is tight up to some multiplicative constant factor if

W[1] ̸=FPT. In addition, using the results of Chen–Huang–Kanj–Xia [12], we can
also show that εKℓ+1

must be of order o
(
1
ℓ

)
, even with a running time of no(ℓ).

Theorem 1.5. There is an algorithm that solves Embedmin-(Kℓ+1,α) in time (ℓ+
1)n2 for all ℓ≥2 and α< 1

3ℓ2−ℓ
, where n is the number of vertices of the input graph.

On the other hand, for every i≥ 2 there exists δi> 0 and ni such that Embedmin-
(Kℓ+1,(δiℓ

2)−1) cannot be solved in time O(ni) for any ℓ≥ni if W[1] ̸=FPT, and for
every fixed C > 0 Embedmin-(Kℓ+1,(Cℓ)

−1) cannot be solved in time no(ℓ) if ETH
holds.
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Another interesting problem is to characterize the family of nondegenerate r-
graphs F for which there exists a constant εF > 0 such that Embedmin-(Kℓ+1,εF )
can be solved in time O(nr). The following result, whose proof relies on results by
Lin [55], provides a natural class of graphs that do not lie in this family.

Given a graph F , the t-blowup F [t] (of F ) is obtained from F by replacing each
vertex with a set of size t and each edge with a corresponding complete bipartite
graph. It is well-known that π(F )=π(F [t]) for every t≥1 (see [21]).

Theorem 1.6. For every fixed ℓ≥2, there is no algorithm that solves Embedmin-
(Kℓ+1[t],0) in time nO(1) if W[1] ̸=FPT, and there is no algorithm that solves

Embedmin-(Kℓ+1[t],0) in time no(
√
t) if randomized ETH holds.

We would like to remind the reader that in Theorem 1.4, one should view F
as fixed and n as large (since for small n, we can just use the brute-force search).
Similarly, in the second part of Theorem 1.5, the integer ℓ should also be considered
fixed. Meanwhile, in the first part of Theorem 1.5, we do not require ℓ to be fixed.

For the problem Embedavg-(Kℓ+1,n,k), the following result improves upon the
running time provided by Fomin–Golovach–Sagunov–Simonov within a specific range.

Theorem 1.7. There is an algorithm that solves Embedavg-(Kℓ+1,n,k) in time
(ℓ+4)n2 for integers n≥ℓ≥2 and k≥0 satisfying max{6ℓ2, 30kℓ}≤n.

Note that if ℓ is fixed, then Theorem 1.7 implies that Embedavg-(Kℓ+1,n,k) can
be solved in time O(n2) when k≤ n

30ℓ
. The following result shows that this linear

bound cannot be improved to n1+δ for any constant δ > 0, thus leaving an open
problem to determine the optimal bound for k in Theorem 1.7.

Theorem 1.8. Unless ETH fails, for every fixed δ > 0 there is no algorithm that
solves Embedavg-(Kℓ+1,n,n

1+δ) in time no(ℓ).

Proofs for Theorems 1.4, 1.5, 1.6, 1.7, and 1.8 are presented in Section 4.

1.4 Homomorphism and surjective homomorphism

To establish the results in the previous subsection, we need to determine whether
a given r-graph with a large minimum degree exhibits a specific structure. This
is a particular instance of the homomorphism (or coloring) problem. To address
this objective, we delve into the study of the homomorphism problem for dense
hypergraphs in this subsection.

Given an r-pattern P =(ℓ,E), let the Lagrange polynomial of P be

ΛP (X1,...,Xℓ) :=
∑
e∈E

ℓ∏
i=1

X
e(i)
i

e(i)!
.
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The Lagrangian λP of P is defined as

λP :=max
{
ΛP (x1,...,xℓ) : (x1,...,xℓ)∈∆ℓ−1

}
,

where ∆ℓ−1 :=
{
(x1,...,xℓ)∈Rℓ

≥0 : x1+···+xℓ=1
}
is the standard (ℓ−1)-dimensional

simplex. It is worth mentioning that the definition of λP is equivalent to the defini-
tion of λP,1 from Section 1.2 when P is a hypergraph (see e.g. [13,28]). Lagrangian
is a crucial concept and has many applications in Extremal Combinatorics, and we
refer the reader to [27,64,73,76] for some examples.

We say a pattern P =(ℓ,E) is minimal if λP−i<λP for all i∈ [ℓ]. Here P−i
denotes the pattern obtained from P by removing i and all edges containing i.
Simple calculations show that a graph is minimal iff it is complete.

Given an r-graph H and an r-pattern P = (ℓ,E), a map ϕ : V (H)→ V (P ) is
a homomorphism (or a P -coloring) if ϕ(e)∈E for all e∈H. We say H is P -
colorable if there is a homomorphism from H to P . For a fixed r-pattern P , the
P -coloring problem consists in deciding whether there exists a homomorphism
of a given input r-graph H to P . When P is a graph, the classical Hell–Nešetřil
Theorem [40] states that the P -coloring problem is in P if P is bipartite and is
NP-complete otherwise. For r≥3, the P -coloring problem is already NP-complete
when P =Kr

r (i.e. the r-graph with only one edge) [79].
For an r-pattern P and a real number α∈[0,1], letHom(P,α) denote the following

problem:

Homomorphism with minimum degree constraint

Input: An r-graph H on n vertices with δ(H)≥αnr−1.
Question: Is there a homomorphism from H to P?

Edwards [18] was the first to explore Hom(Kℓ,α), proving that for every ℓ≥3, the
problem Hom(Kℓ,α) is in P if α> ℓ−3

ℓ−2
and is NP-complete otherwise. Subsequent

extensions to general graphs and hypergraphs were considered in [16, 80], although
many problems in this direction remain unresolved. Unfortunately, the exponents
in the running time for algorithms provided in [16,18,80] for large α are excessively
large and depend on F , rendering them impractical for our purposes (Theorem 1.4).
Therefore, we present the following theorem, which efficiently solves Hom(P,α) in
time O(nr) when P is a minimal r-pattern and α is close to rλP (observe that,
by Euler’s homogeneous function theorem, if α > rλP , then there is not such a
homomorphism).

Theorem 1.9. Suppose that P is a minimal r-pattern on ℓ vertices. Then there
exist εP >0 and nP depending only on P such that the problem Hom(P,α) can be
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solved in time (ℓ+1)nr for all for n≥nP and α≥ rλP−εP , where n is the number
of vertices of the input r-graph. Moreover, for every r-graph H on n≥nP vertices
with δ(H)≥ (rλP−εP )nr−1, the homomorphism from H to P is unique (up to the
automorphism¶ of P ) if it exists.

For complete graphs, the requirement that n≥nP is not necessary.

Theorem 1.10. For every ℓ≥ 2, the problem Hom(Kℓ,α) can be solved in time
(ℓ+1)n2 for all α > 3ℓ−4

3ℓ−1
, where n is the number of vertices of the input graph.

Moreover, for every graph G on n vertices with δ(G)> 3ℓ−4
3ℓ−1

n, the homomorphism
from G to Kℓ is unique (up to the automorphism of Kℓ) if it exists.

Remark. It would be interesting to determine the infimum of α for which
Hom(Kℓ,α) can be solved in time O(n2). It follows from Theorem 1.10 and Edwards’
result that this infimum lies in the interval

[
ℓ−3
ℓ−2

, 3ℓ−4
3ℓ−1

]
(assuming P ̸=NP).

We take a step further by extending Theorem 1.9 to an important variant of the
homomorphism problem, specifically the surjective homomorphism problem. For
a fixed r-pattern P , the surjective P -coloring problem involves determining
whether a surjective homomorphism exists for a given input r-graph H to P . Un-
like the P -coloring problem, a Hell–Nešetřil-type theorem for the graph surjective
homomorphism problem is still elusive (see e.g. [6, 23, 36–38, 63] for some related
results).

For an r-pattern P and a real number α ∈ [0,1], let SHom(P,α) denote the
following decision problem‖:

Surjective homomorphism with minimum degree constraint

Input: An r-graph H on n vertices with δ(H)≥αnr−1.
Question: Is there a surjective homomorphism from H to P?

Let us introduce some technical definitions before stating the result. For an r-
pattern P =(ℓ,E), let ΦP denote the maximum value of the following optimization
problem:

max z

s.t. ∃(x1,...,xℓ)∈∆ℓ−1 with ∂iΛP (x1,...,xℓ)≥z for all i∈ [ℓ].
(1.1)

Here ∂iΛP denotes the partial derivative of ΛP with respect to the i-th variable.
For convenience, let DP be the collection of all optimal solutions to optimization

¶An automorphism of P is simply a bijective homomorphism from P to P .
∥A quick observation is that the results in [16,18,80] concerning Hom(P,α) can be easily extended
to SHom(P,α) with a minor modification to their original proofs.
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problem (1.1), and let

ϕP := min
(x1,...,xℓ)∈DP

min{xi : i∈ [ℓ]}.

We say P is rigid if ϕP >0 and ∂iΛP (x1,...,xℓ)=ΦP holds for all i∈ [ℓ] and for all
(x1,...,xℓ)∈DP . Otherwise, we say P is non-rigid. A quick observation, derived
from the Lagrangian multiplier method, asserts that every minimal pattern P is rigid
(but not vise versa, for example, Ck is rigid for k≥5 but not minimal). Furthermore,
for a minimal r-pattern P we have rλP =ΦP .

Theorem 1.11. Suppose P is a rigid r-pattern on ℓ vertices. Then there exist
εP>0 and nP depending only on P such that the problem SHom(P,α) can be solved
in time (ℓ+1)nr for all for n≥ nP and α≥ ΦP−εP , where n is the number of
vertices of the input r-graph. Moreover, for every r-graph H on n≥ nP vertices
with δ(H)≥(ΦP−εP )nr−1, the surjective homomorphism from H to P is unique (up
to the automorphism of P ) if it exists.

Proofs for Theorems 1.9, 1.10, and 1.11 are presented in Section 3.

2 Proof of Theorem 1.1

Given an F -free r-graph H with large minimum degree, our objective is to show
that H is contained in H. The strategy in the following proof is to first use the edge-
stability of F to find a large minimum degree subgraph (i.e. H1[U ]) of H that is
contained in H. Then we add the vertices in V (H) back to H1[U ] one by one, where
adding a vertex means adding all edges in H\H1[U ] containing this vertex. Using
the vertex-extensibility, we will show that adding vertices preserves the containment
in H, and hence, in the end, we obtain H∈H.

Proof of Theorem 1.1. Let F be a nondegenerate family of r-graphs and H be a
hereditary family of F -free r-graphs. Fix ε1≥ε2>0 sufficiently small and n0 suffi-
ciently large such that

1. every F -free r-graph H on n≥n0 vertices with |H|≥(π(F )/r!−ε2)nr becomes
a member in H after removing at most ε1n

r/2 edges, and

2. every F -free r-graphH on n≥n0 vertices with δ(H)≥
(
π(F )/(r−1)!−2ε

1/3
1

)
nr−1

the following holds: if H−v is a member in H, then H is a member in H as
well.
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Take 0<ε3 ≤ ε2/2. Let H be an F -free r-graph on n≥ 2n0 vertices with δ(H)≥
(π(F)/(r−1)!−ε3)nr−1. We aim to show that H∈H.

First, notice that

|H|≥ n

r
×δ(H)≥ n

r
×
(
π(F)

(r−1)!
−ε3

)
nr−1≥

(
π(F)

r!
−ε3

)
nr.

So it follows from Assumption 1 that there exists a subgraph H1 ⊂H such that
H1∈H and

|H1|≥|H|− ε1
2
nr≥

(
π(F)

r!
−ε3

)
nr− ε1

2
nr≥

(
π(F)

r!
−ε1

)
nr.

Let

V :=V (H), Z :=
{
v∈V : dH1(v)<

(
π(F )/(r−1)!−ε1/31

)
nr−1

}
and U :=V \Z.

We claim that |Z|≤ ϵ
1/3
1 n. Suppose, for contradiction, that |Z|>ϵ1/31 n. Then one

could take a set X⊆Z of size |X|=ϵ1/31 n. The definition of Z leads to

|H1−X|≥
(
π(F)

r!
−ϵ1

)
nr−

(
π(F)

(r−1)!
−ϵ1/31

)
nr−1|X|

=

(
π(F)

r!
− π(F)

(r−1)!
ϵ
1/3
1

)
nr+

(
ϵ
2/3
1 −ϵ1

)
nr

>
π(F)

r!
(n−|X|)r.

However, this contradicts the fact that H1−X is F -free. Hence,

δ(H1[U ])≥
(
π(F )/(r−1)!−ε1/31

)
nr−1−|Z|nr−2≥

(
π(F )/(r−1)!−2ε

1/3
1

)
nr−1.

Since H is hereditary and H1∈H, we have H1[U ]∈H. Let v1,...,vn be an ordering
of vertices in V such that {v1,...,v|U |}=U . For convenience, let Vi := {v1,...,vi}
for i∈ [n]. Let G0 :=H1[U ], and for i∈ [n] let Gi := Gi−1∪{e∈H[Vi] : vi ∈ e}. In
particular, note that V (Gi)=U for i≤|U |, and V (Gi)=Vi for i≥|U |. We prove by
induction on i that Gi∈H. The base case i=0 is clear, so we may assume that i≥1.
Assume that we have shown that Gi−1∈H for some i≥1, and we want to show that
Gi :=Gi−1∪{e∈H[Vi] : vi∈e} is also contained in H.

If vi∈U , then it follows from Gi−vi⊂Gi−1∈H,

δ(Gi)≥δ(H1[U ])≥
(
π(F )/(r−1)!−2ε

1/3
1

)
nr−1,
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and Assumption 2 that Gi∈H.
If vi∈Z, then, similarly, it follows from Gi−vi⊂Gi−1∈H,

δ(Gi)≥δ(H)−|Z|nr−2≥
(
π(F)

(r−1)!
−ε3

)
nr−1−ε1/31 nr−1≥

(
π(F)

(r−1)!
−2ε

1/3
1

)
nr−1,

and Assumption 2 that Gi∈H. This proves our claim. Therefore, H=Gn∈H.

3 Proofs for Theorems 1.9, 1.10, and 1.11

We prove Theorems 1.9, 1.10, and 1.11 in this section. The core of the proofs is a
simple clustering algorithm based on the distance (defined below) between a pair of
vertices.

Given an n-vertex r-graph H the link LH(v) of a vertex v∈V (H) is

LH(v) :=

{
A∈

(
V (H)

r−1

)
: A∪{v}∈H

}
.

The ( Hamming ) distance between two vertices u,v∈V (H) is distH(u,v) :=
|LH(u)△LH(v)|. It is clear that distH(u,v) can be calculated in time nr−1. Observe
that for a graph G, the value distG(u,v) is simply the Hamming distance of the
row vectors corresponding to u and v in the adjacency matrix of G. The following
clustering algorithm based on the distance of vertices will be crucial for proofs in
this section.

Proof of Theorem 1.10. Let n≥ ℓ≥ 2 be integers. Suppose that G is an n-vertex
graph with δ(G)=αn, where α> 3ℓ−4

3ℓ−1
is a real number. Let δ:= 2

3ℓ−1
. Run Algorithm 1

with input (G,ℓ,δ), and let V1∪···∪Vℓ=V (G) denotes the output partition. It is
easy to see that the running time for this step is at most ℓn2.

Claim 3.1. The graph G is ℓ-partite iff
⋃

i∈[ℓ]G[Vi]=∅.

Proof. Suppose that G is ℓ-partite. Suppose that U1∪···∪Uℓ=V (G) is a partition
with

⋃
i∈[ℓ]G[Ui]=∅ (this partition is used only for the proof and is not used for the

algorithm). It suffices to show that {V1,...,Vℓ}={U1,...,Uℓ}.
Let xi := |Ui|/n for i∈ [ℓ]. Since G is ℓ-partite, we obtain 1−xi=

∑
j∈[ℓ]\{i}xj ≥

δ(G)/n>α for all i∈ [ℓ]. Consequently, xi<1−α for all i∈ [ℓ], and hence, 1−xi=∑
j∈[ℓ]\{i}xj<(ℓ−1)(1−α) for all i∈ [ℓ]. In summary, we have

1−(ℓ−1)(1−α)<xi<1−α for all i∈ [ℓ]. (3.1)
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Algorithm 1 Hamming Clustering

Input: A triple (H,ℓ,δ), where H is an n-vertex r-graph, ℓ≥2 is an integer, and
δ∈ [0,1] is a real number.
Output: A partition V (H)=V1∪···∪Vℓ.
Operations:

1. Take a vertex v1∈V (H), and letW1 :={u∈V (H) : distH(u,v1)≤δnr−1}. Sup-
pose that we have defined W1,...,Wi for some i∈ [ℓ−1]. If V (H)\(W1∪···∪
Wi) ̸=∅, then take an arbitrary vertex vi+1 from it, and let

Wi+1 :=

{
{u∈V (H) : distH(u,vi+1)≤δnr−1} if i ̸=ℓ−1,

V (H)\(W1∪···∪Wi) if i=ℓ−1.

Otherwise, let Wi+1= ···=Wℓ=∅.
2. Let Vi :=Wi\(Wi+1∪···∪Wℓ) for i∈ [ℓ−1], and let Vℓ :=Wℓ.

Fix i,j ∈ [ℓ] with i ̸= j. Suppose that u,u′ ∈Ui are two distinct vertices. Then it
follows from the Inclusion-Exclusion Principle and (3.1) that

distG(u,u
′)=dG(u)+dG(u

′)−2|NG(u)∩NG(u
′)|

≤dG(u)+dG(u′)−2(dG(u)+dG(u
′)−(1−xi)n)

=2(1−xi)n−(dG(u)+dG(u
′))

≤2(1−xi−α)n≤2(ℓ−1−ℓα)n<δn.

According to Algorithm 1, u,u′⊂Vi∗ for some i∗∈ [ℓ].
Suppose that v∈Ui and v

′∈Uj are two distinct vertices. Then by (3.1),

distG(v,v
′)≥dG(v)−

∑
k∈[ℓ]\{i,j}

xkn+dG(v
′)−

∑
k∈[ℓ]\{i,j}

xkn

≥2(α−(1−xi−xj))n
≥2(α+2(1−(ℓ−1)(1−α))−1)n

=2((2ℓ−1)α−2ℓ+3)n>δn.

According to Algorithm 1, v and v′ do not belong to the same part Vi. This proves
that {V1,...,Vℓ}={U1,...,Uℓ}, and hence,

⋃
i∈[ℓ]G[Vi]=

⋃
i∈[ℓ]G[Ui]=∅. Additionally,

observe that this proof shows the uniqueness of the partition U1∪···∪Uℓ=V (G).

According to Claim 3.1, to check whether G is ℓ-partite we just need to check
whether

⋃
i∈[ℓ]G[Vi]=∅. This can be accomplished in at most n2 time. Therefore,

the overall time complexity is at most (ℓ+1)n2.
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Next, we present the proof for Theorem 1.11, while Theorem 1.9 follows from a
similar argument and its proof is omitted.

Proof of Theorem 1.11. Fix a rigid r-pattern P on ℓ vertices. For simplicity, let us
assume that the vertex set of P is [ℓ]. For every β>0, let

DP,β :=

{
(y1,...,yℓ)∈∆ℓ−1 : ∃(x1,...,xℓ)∈DP with max

i∈[ℓ]
|xi−yi|<β

}
,

and let ΦP,β denote the optimal value of the following optimization problem:

max y

s.t. ∃(x1,...,xℓ)∈∆ℓ−1\DP,β with ∂iΛP (x1,...,xℓ)≥y for all i∈ [ℓ].

It is easy to see from the definitions that ΦP,β<ΦP for all β>0. Take

δ :=
(ϕP/2)

r−1

(r−1)!
, δ∗ :=

δ

2rℓ
<
1

ℓ
, and εP :=min

{
ΦP−ΦP,δ∗

2
,
δ

5

}
.

Let n be sufficiently large, and let H be an n-vertex r-graph with δ(H)=αnr−1≥
(ΦP−εP )nr−1. Run Algorithm 1 with input (H,ℓ,δ) and let V1∪···∪Vℓ=V (H) denote
the output partition. It is easy to see that the running time for this step is at most
ℓnr.

Claim 3.2. There is a surjective homomorphism from H to P iff
⋃

i∈[ℓ]H[Vi]=∅ and

Vi ̸=∅ for all i∈ [ℓ].

Proof. Suppose that ψ : V (H)→ [ℓ] is a surjective homomorphism from H to P .
Let Ui :=ψ

−1(i)⊂V (H) and yi := |Ui|/n for i∈ [ℓ]. Notice that yi>0 for i∈ [ℓ] and
U1∪···∪Uℓ is a partition of V (H). Observe from definitions that for every i∈ [ℓ] we
have

ΦP,δ∗<ΦP−εP ≤α=
δ(H)

nr−1
≤∂iΛP (y1,...,yℓ).

So, it follows from the definitions of εP and ΦP,δ∗ that there exists (x1,...,xℓ)∈DP

such that maxi∈[ℓ] |xi−yi|<δ∗. Since for every vector (z1,...,zℓ)∈Rℓ with maxk∈[ℓ] |zk−
xk|≤δ∗, the inequality

|∂2i,jΛP (z1,...,zℓ)|≤(|z1|+···+|zℓ|)r−2≤(1+ℓδ∗)
r−2≤2r−2.

holds for all i,j∈ [ℓ], it follows Taylor’s theorem that for every i∈ [ℓ],

|∂iΛP (y1,...,yℓ)−∂iΛP (x1,...,xℓ)|≤2r−2 ·
∑
k∈[ℓ]

|yk−xk|≤2r−2ℓδ∗.
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Therefore, ∂iΛP (y1,...,yℓ)≤∂iΛP (x1,...,xℓ)+2r−2ℓδ∗=ΦP+2r−2ℓδ∗.
Fix distinct i,j∈[ℓ]. Suppose that u,u′∈Ui. Similar to the proof of Theorem 1.10,

it follows from the Inclusion-Exclusion Principle and the inequality above that

distH(u,u
′)=dH(u)+dH(u

′)−2|LH(u)∩LH(u
′)|

≤dH(u)+dH(u′)−2
(
dH(u)+dH(u

′)−∂iΛP (y1,...,yℓ)·nr−1
)

=2·∂iΛP (y1,...,yℓ)·nr−1−(dH(u)+dH(u
′))

≤2
(
ΦP+2r−2ℓδ∗−α

)
nr−1

=2
(
2r−2ℓδ∗+εP

)
nr−1<δnr−1.

Suppose that v∈Ui and v
′∈Uj are two distinct vertices. A simple but crucial obser-

vation is that a rigid pattern does not contain twin vertices, i.e. vertices with the
same link. Therefore, the two polynominals ∂iΛP (X1,...,Xℓ) and ∂jΛP (X1,...,Xℓ)
are not identical. Hence,

distH(v,v
′)≥

(
mini∈[ℓ]yi

)r−1

(r−1)!
·nr−1>

(ϕP−δ∗)r−1

(r−1)!
·nr−1>δnr−1.

It follows from the definition of Algorithm 1 that {U1,...,Uℓ}={V1,...,Vℓ}, and hence,⋃
i∈[ℓ]H[Vi]=∅ and Vi ̸=∅ for all i∈ [ℓ].

According to Claim 3.2, to check whether there is a surjective homomorphism
from H to P we just need to check whether

⋃
i∈[ℓ]H[Vi]=∅ and Vi ̸=∅ for all i∈ [ℓ].

This can be accomplished in at most nr time. Therefore, the overall time complexity
is at most (ℓ+1)nr.

4 Proofs for Theorems 1.4, 1.5, 1.6, 1.7, and 1.8

We prove Theorems 1.4, 1.5, 1.6, 1.7, and 1.8 in this section.

Proof of Theorem 1.4. Let F be an r-graph in Table 1 with degree-stability. Let P
be the minimal pattern such that (F,P ) is a Turán pair. Simple calculations show
that π(F ) = r!λP . Let ℓ denote the number of vertices in P . Let εP > 0 and nP

be constants given by Theorem 1.9. Take εF ∈ (0,εP ) to be sufficiently small and
n0≥nP be sufficiently large such that: every F -free r-graph H on n≥n0 vertices with
δ(H)≥(π(F )−εF )

(
n

r−1

)
is P -colorable (this is guaranteed by the degree-stability of

F ). Consider the following algorithm:
It is easy to see from Theorem 1.9 that the running time of Algorithm 2 is at

most max{nv(F )
0 , (ℓ+1)nr}=O(nr), proving Theorem 1.4.
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Algorithm 2Deciding F -freeness in large minimum degree hypergraphs

Input: An n-vertex r-graph H with δ(H)≥(π(F )−εF )
(

n
r−1

)
.

Output: ”Yes”, if H is F -free; ”No”, otherwise.
Operations:

1. If n<n0, then use the brute-force search to check the F -freeness of H and
return the answer.

2. If n≥ n0, then run the Algorithm 1 with input (H,ℓ,εF ). Assume that
V1∪···∪Vℓ=V (H) is the output partition. Check whether H[Vi]=∅ holds for
all i∈ [ℓ]. If it does hold for all i∈ [ℓ], then return ”Yes”; otherwise, return
”No”.

Next, we prove Theorem 1.5.

Proof of Theorem 1.5. The proof for the first part of Theorem 1.5 is similar to the
proof of Theorem 1.4, so we omit it here and focus on the second part of Theorem 1.5.

First, we prove that Embedmin-(Kℓ+1,(Cℓ)
−1) cannot be solved in time no(ℓ) for

any fixed C, unless ETH fails. Indeed, fix C > 0 (we may assume that C is an
integer) and suppose to the contrary that there exists an algorithm A that solves
Embedmin-(Kℓ+1,α) in time no(ℓ) for α= 1

Cℓ
. We claim thatA can also solves Embed-

Kℓ+1 in time no(ℓ), which would contradict the result by Chen–Huang–Kanj–Xia [12].
Indeed, consider an arbitrary n-vertex graph G. Let V0 :=V (G). Let Ĝ be the graph
obtained from G by adding q :=Cℓ sets V1,...,Vq, each of size n, and adding new
edges {u,v} for all (u,v)∈Vi×Vj whenever 0≤ i < j≤ q. Let N := (q+1)n denote

the number of vertices in Ĝ and let L := q+ℓ=(C+1)ℓ. Observe that Kℓ+1⊂G iff
KL+1⊂Ĝ. Since

δ(Ĝ)≥qn= q

q+1
N=

(
L−1

L
− ℓ−1

(q+1)L

)
N>

(
L−1

L
− 1

CL

)
N, (4.1)

by assumption, algorithm A can decide in time N o(L) = ((C+1)ℓn)o((C+1)ℓ) = no(ℓ)

whether KL+1⊂Ĝ, and equivalently, whether Kℓ+1⊂G, proving our claim.
Now assume that W[1] ̸=FPT. For every i≥2 let ℓi be the smallest integer such

that Embed-Kℓi+1 cannot be solved in time O(ni), let δi :=
1

2(ℓi−1)
and ni :=2ℓi. We

claim that Embedmin-(Kℓ+1,(δiℓ
2)−1) cannot be solved in time O(ni) for any ℓ≥ni.

Indeed, suppose to the contrary that there exist an i∗≥2 and an algorithm Ai∗ that
solves Embedmin-(Kℓ∗+1,(δi∗ℓ

2)−1) in time O(ni∗) for some ℓ∗ ≥ ni∗ . Consider an
arbitrary n-vertex graph G. Let Ĝ be the same construction as defined above by
replacing ℓ with ℓi∗ and C with ℓ∗/ℓi∗−1≥1 (hence, L=ℓ∗ and L/2≥ℓi∗). It follows
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from (4.1) that

δ(Ĝ)≥
(
L−1

L
− ℓi∗−1

(q+1)L

)
N>

(
L−1

L
− ℓi∗−1

L2/2

)
N=

(
L−1

L
− 1

δi∗L
2

)
N.

By assumption, algorithmAi∗ can decide in timeO(N i∗)=O(((C+1)ℓi∗n)
i∗)=O(ni∗)

whether KL+1⊂Ĝ, and equivalently, whether Kℓi∗+1⊂G, contradicting the definition
of ℓi∗ .

Next, we present the proof of Theorem 1.6.

Proof of Theorem 1.6. Fix ℓ≥ 0, and suppose to the contrary that there is an al-
gorithm A that solves Embedmin-(Kℓ+1[t],0) in time nO(1) (or no(

√
t)). Consider an

arbitrary n-vertex graph G. We may assume that n≥ t. Let V0 := V (G). Let Ĝ
be the graph obtained from G by adding ℓ−1 sets V1,...,Vℓ−1, each of size n, and
adding new edges {u,v} for all (u,v)∈Vi×Vj whenever 0≤ i<j≤ℓ−1. Let N :=ℓn

denote the number of vertices in Ĝ. Observe that Kt,t⊂G iff Kℓ+1[t]⊂Ĝ. Since

δ(Ĝ)≥(ℓ−1)n=
ℓ−1

ℓ
N=π(Kℓ+1[t])N,

by assumption, algorithm A can decide in time NO(1)=(ℓn)O(1)=nO(1) (or N o(
√
t)=

no(
√
t)) whether Kℓ+1[t]⊂ Ĝ, and equivalently, whether Kt,t⊂G, contradicting the

result by Lin [55].

Next, we prove Theorem 1.7. In the proof, we will use the Andrásfai–Erdős–Sós
Theorem.

Theorem 4.1 (Andrásfai–Erdős–Sós [4]). For all integers n≥ℓ≥2, every n-vertex
Kℓ+1-free graph G with δ(G)> 3ℓ−4

3ℓ−1
n is ℓ-partite.

Proof of Theorem 1.7. Let n≥ℓ≥2 and k≥1 be integers satisfying n≥max{6ℓ2,30kℓ}.
Let G be an n-vertex graph with at least ex(n,Kℓ+1)−k edges. Let V0 :=V (G). For
0≤ i≤ n−1, we pick a vertex vi+1 of minimum degree in the induced subgraph
G[Vi], and let Vi+1 :=Vi\{vi+1}. Let z be the smallest positive integer i such that
dG[Vi](vi+1)>

3ℓ−4
3ℓ−1

(n−i) (if there is no such i, then let z=n). Let Z :={vi : i∈[z]} and
U :=V (G)\Z. We claim that the following Algorithm 3 can decide the Kℓ+1-freeness
of G in time (ℓ+4)n2.

The validity of Algorithm 3 will be established through the following claims.
Suppose that G isKℓ+1-free. First, notice from the fact ex(n,Kℓ+1)−ex(n−1,Kℓ+1)=
n−⌈n/ℓ⌉ that δ(G)≥ n−⌈n/ℓ⌉−k > ℓ−1

ℓ
n−k−1. Since otherwise we would have

|G|<n−⌈n/ℓ⌉−k+ex(n−1,Kℓ+1)≤ex(n,Kℓ+1)−k, a contradiction.
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Algorithm 3 Deciding Kℓ+1-freeness in dense graphs

Input: An n-vertex graph G with |G|≥ex(n,Kℓ+1)−k.
Output: ”Yes”, if G is Kℓ+1-free; ”No”, otherwise.
Operations:

1. Let Z and U be as defined in the proof of Theorem 1.7. If z > 12ℓ2

n

(
k+ ℓ

8

)
,

then return ”No”; otherwise, do the following operations.

2. Run Algorithm 1 with input (G[U ],ℓ,δ), where δ := 1
3ℓ+1

, and assume that
U1∪···∪Uℓ =U is the output partition. If G[Ui] ̸= ∅ for some i∈ [ℓ], then
return ”No”; otherwise, do the following operations.

3. For every v ∈Z find the smallest index iv ∈ [ℓ] such that NG(v)∩Uiv = ∅.
If there is no such iv for some v∈Z, then return ”No”; otherwise, do the
following operations.

4. Let Vj :=Uj∪{v∈Z : iv=j} for j∈ [ℓ]. If
⋃

j∈[ℓ]G[Vj]=∅, then return ”Yes”;
otherwise, return ”No”.

Claim 4.1. We have z≤ 12ℓ2

n

(
k+ ℓ

8

)
. In particular, z≤ 13n

120ℓ
.

Proof. Since dG[Vi](vi+1)≤ 3ℓ−4
3ℓ−1

(n−i) for i≤z, we obtain

|G[U ]|≥|G|−
z−1∑
i=0

3ℓ−4

3ℓ−1
(n−i)

≥ex(n,Kℓ+1)−k−
3ℓ−4

2(3ℓ−1)
(2n+1−z)z

=ex(n,Kℓ+1)−
ℓ−1

2ℓ
(2n−z)z−k+ (2n−z)z

2(3ℓ2−ℓ)
− 3ℓ−4

2(3ℓ−1)
z

≥ ℓ−1

2ℓ
(n−z)2−

(
k+

ℓ

8
+

3ℓ−4

2(3ℓ−1)
z− (2n−z)z

2(3ℓ2−ℓ)

)
, (4.2)

where the last inequality follows from the fact that ex(n,Kℓ+1)=
ℓ−1
2ℓ
n2− s

2

(
1− s

ℓ

)
≥

ℓ−1
2ℓ
n2− ℓ

8
, where s:=n−ℓ⌊n/ℓ⌋. Let k′:=k+ ℓ

8
+ 3ℓ−4

2(3ℓ−1)
z− (2n−z)z

2(3ℓ2−ℓ)
≤k+ ℓ

8
. Since |G[U ]|≤

ex(n−z,Kℓ+1)≤ ℓ−1
2ℓ

(n−z)2, we have k′≥0, and hence,

z≤ 4(3ℓ2−ℓ)
2n−z

(
k+

ℓ

8

)
≤ 12ℓ2

n

(
k+

ℓ

8

)
.

Here we used fact that 3ℓ−4
2(3ℓ−1)

z≤ (2n−z)z
4(3ℓ2−ℓ)

, which follows from n≥6ℓ2.
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Since δ(G[U ])> 3ℓ−4
3ℓ−1

(n−z), it follows from Theorem 4.1 that there exists a par-
tition U1∪···∪Uℓ=U such that G[Ui] = ∅ for all i∈ [ℓ]. Moreover, it follows from
uniqueness that this partition is identical to the one generated by Algorithm 3. Let
xi := |Ui|/(n−z) for i∈ [ℓ]. It follows from (3.1) (by plugging in α= 3ℓ−4

3ℓ−1
) that

2

3ℓ−1
<xi<

3

3ℓ−1
for all i∈ [ℓ].

For every i∈ [ℓ] let Bi := {v∈Ui : ∃u∈U \Ui such that {v,u} ̸∈G} and U ′
i :=Ui\Bi.

Let B :=B1∪···∪Bℓ, and notice that |B| ≤ 2k′ and |Bi| ≤ k′ for i∈ [ℓ] (recall the
definition of k′ from Claim 4.1). Therefore, |U ′

i |≥xi(n−z)−k′ for i∈ [ℓ].
Observe that the induced subgraph of G on U ′

1∪···∪U ′
ℓ is complete ℓ-partite.

Therefore, for every v∈Z there exists iv ∈ [ℓ] such that v has no neighbor in U ′
iv .

Suppose that v has a neighbor u∈Biv . Since δ(G[U ])>
3ℓ−4
3ℓ−1

(n−z), the vertex u has
at least

3ℓ−4

3ℓ−1
(n−z)−

∑
k∈[ℓ]\{iv ,j}

xk(n−z)−|Bj|≥
3ℓ−4

3ℓ−1
(n−z)− 3(ℓ−2)

3ℓ−1
(n−z)−k′

≥ 2(n−z)
3ℓ−1

−k′

neighbors in U ′
j for every j∈ [ℓ]\{iv}. Since G is Kℓ+1-free, there exists jv∈ [ℓ]\{iv}

such that v has no neighbor in NG(u)∩U ′
jv . This means that the number of non-

neighbors of v in U is at least

xiv(n−z)−k′+
2(n−z)
3ℓ−1

−k′> 4(n−z)
3ℓ−1

−2k′

>
4(n−z)
3ℓ−1

−2

(
k+

ℓ

8
+

3ℓ−4

2(3ℓ−1)
z− (2n−z)z

2(3ℓ2−ℓ)

)
>

4n

3ℓ−1
−2

(
k+

ℓ

8

)
,

where in the last inequality, we used (2n−z)z
2(3ℓ2−ℓ)

≥ 3ℓ
2(3ℓ−1)

z, which follows from n≥6ℓ2.

Since n≥max{30kℓ,6ℓ2}, we have 4n
3ℓ−1

−2
(
k+ ℓ

8

)
> n

ℓ
+k+1. Therefore, dG(v)<

ℓ−1
ℓ
n−k−1, a contradiction. This shows that v does not have any neighbor in Biv ,

and hence, v has no neighbor in Uiv .
Let Z1∪···∪Zℓ=Z be a partition such that for every i∈ [ℓ] and for every v∈Zi

we have NG(v)∩Ui=∅.

Claim 4.2. We have G[Zi]=∅ for i∈ [ℓ].
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Proof. First, we improve the lower bound xi>
2

3ℓ−1
for i∈ [ℓ]. Notice that |G[U ]|≤∑

1≤i<j≤ℓxixj(n−z)2. So, it follows from (4.2) and the following inequality (which
follows from the Maclaurin’s inequality, see [60, Lemma 2.2])

∑
1≤i<j≤ℓ

xixj≤
ℓ−1

2ℓ
− 1

2

∑
i∈[ℓ]

(
xi−

1

ℓ

)2

that 1
2

∑
i∈[ℓ]

(
xi− 1

ℓ

)2≤ k′

(n−z)2
≤ k+ℓ/8

(n/2)2
. It follows from n≥max{6ℓ2,30kℓ} and ℓ≥2

that

xi≥
1

ℓ
−
(
8k+ℓ

n2

)1/2

≥ 1

ℓ
−
(

8

302k
+

1

62ℓ

)1/2

· 1
ℓ
≥ 5

6ℓ
for all i∈ [ℓ].

Suppose that this claim is not true, and by symmetry, we may assume that {v,v′}∈
G[Z1] is an edge. It follows from the Kℓ+1-freeness of G that there exists 2≤ i∗≤ ℓ
such that U ′

i∗∩NG(v)∩NG(v
′)=∅. By the Pigeonhole Principle, we may assume that

at least half vertices in U ′
i∗ are not adjacent to v. This implies that

dG(v)≤n−|U1|−
1

2
|U ′

i∗|≤n−
5

6ℓ
(n−z)− 1

2

(
5

6ℓ
(n−z)−2k′

)
≤ ℓ−1

ℓ
n−k−1−

(
n

4ℓ
−k′−k− 5z

4ℓ
−1

)
.

Since k≤ n
30ℓ

, ℓ≤ n
6ℓ
, k′≤k+ℓ/8≤ 13n

240ℓ
(all due to n≥max{6ℓ2,30kℓ}), and z≤ 13n

120ℓ

(by Claim 4.1), we have n
4ℓ
−k′−k− 5z

4ℓ
−1≤ 0. Therefore, dG(v)≤ ℓ−1

ℓ
n−k−1, a

contradiction.

Let Vi :=Ui∪Zi for i∈ [ℓ]. It follows from Claim 4.2 that
⋃

i∈[ℓ]G[Vi]=∅, proving
the correctness of Algorithm 3.

Now we present the proof of Theorem 1.8.

Proof of Theorem 1.8. Fix δ > 0 (we may assume that C := 1/δ is an integer) and
suppose to the contrary that there exists an algorithm A that solves Embedavg-
(Kℓ+1,n,n

1+δ) in time no(ℓ). We claim that A can also solves Embed-Kℓ+1 in time
no(ℓ), which would contradict the result by Chen–Huang–Kanj–Xia [12].

The construction is very similar to that in the proof of Theorem 1.5. Consider
an arbitrary n-vertex graph G. Let Ĝ be the graph obtained from G by adding
ℓ sets V1,...,Vℓ, each of size nC , and adding new edges {u,v} for all (u,v)∈Vi×Vj
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whenever 1≤i<j≤ℓ. Let N :=ℓnC+n denote the number of vertices in Ĝ. Observe
that Kℓ+1⊂G iff Kℓ+1⊂Ĝ. Since

|Ĝ|=
(
ℓ

2

)
n2C+|G|≥ ℓ−1

ℓ

(N−n)2

2
≥ ℓ−1

ℓ

N2

2
−Nn>ex(N,Kℓ+1)−N1+δ,

it follows from our assumption that algorithmA can decide in timeN o(ℓ)=
(
ℓnC+n

)o(ℓ)
=no(ℓ) whether Kℓ+1⊂Ĝ, and equivalently, whether Kℓ+1⊂G, proving our claim in
the first paragraph.

5 Concluding remarks

Recall that the core of the algorithm for Embedmin-(Kℓ+1,α) when α>
3ℓ−4
3ℓ−1

is the
structural theorem by Andrásfai–Erdős–Sós [4]. It seems worth exploring whether
refined structural theorems (see e.g. [2, 11, 35, 70]) can be used to push the lower
bound for α further.

The proof of Theorem 1.4 can be easily modified to cover some hypergraph fam-
ilies with multiple extremal constructions (see e.g. [58, 59]). There are hypergraph
Turán problems whose structure of extremal constructions can exhibit a nonminal
pattern (see e.g. [41]), a recursive pattern (see, e.g. [73]), or even a mixed recursive
pattern (see, e.g. [61]). It is of interest to investigate whether Theorems 1.4 and 1.9
can be extended to cover nonminal/recursive/mixed recursive patterns.

Recall the nice structural characterization of minimal graphs: a graph is minimal
iff it is complete. It would be interesting to explore a characterization of rigid graphs.
Simple linear algebra arguments show that non-singular (i.e. the adjacency matrix
is full rank) regular graphs are rigid. We refer the reader to [74] for related results
on singular graphs. In general, one could ask for a characterization of the families
of all minimal/rigid r-graphs.
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Definitions for hypergraphs in Table 1

• A graph F is edge-critical if there exists an edge e∈F such that χ(F−e)<
χ(F ).

• Fix a graph F , the expansion Hr
F of F is the r-graphs obtained from F by

adding a set of r−2 new vertices into each edge of F , and moreover, these new
(r−2)-sets are pairwise disjoint.

• Given an r-graph F with ℓ+1 vertices, the expansionHF
ℓ+1 of F is the r-graph

obtained from F by adding, for every pair {u,v}⊂V (F ) that is not contained
in any edge of F , an (r−2)-set of new vertices, and moreover, these (r−2)-sets
are pairwise disjoint.

• We say a tree T is an Erdős–Sós tree if it satisfies the famous Erdős–Sós
conjecture on trees. The (r−2)-extension Ext(T ) of a tree T is

Ext(T ) :={e∪A : e∈T},

where A is a set of r−2 new vertices that is disjoint from V (T ). An r-graph
F is an extended tree if F =Ext(T ) for some tree.

• The (r-uniform) generalized triangle Tr is the r-graph with vertex set [2r−1]
and edge set

{{1,...,r−1,r},{1,...,r−1,r+1},{r,r+1,...,2r−1}}.
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• Given integers r>i≥1, let Tr,i denote the r-graph whose vertex set is [2r+1]
and whose edge set is

{{1,...,r}, {1,...,i,r+1,...,2r−i}, {i+1,...,r,r+1,2r−i+1,...,2r−1}}.
The weak triangle ∆r is the family defined by

∆r :={Tr,i : 1≤ i≤⌈r/2⌉}.

• Let C2r
3 (the expanded triangle) denote the 2r-graph with vertex set [3r]

and edge set

{{1,...,r,r+1,...,2r},{r+1,...,2r,2r+1,...,3r},{1,...,r,2r+1,...,3r}}.

• The Fano plane F is the 3-graph with vertex set {1,2,3,4,5,6,7} and edge set

{123,345,561,174,275,376,246}.

• Let F7 (4-book with 3-pages) denote the 3-graph with vertex set {1,2,3,4,5,6,
7} and edge set

{1234,1235,1236,1237,4567}.

• Let F4,3 denote the 4-graph with vertex set {1,2,3,4,5,6,7} and edge set

{1234,1235,1236,1237,4567}.

• Let F3,2 denote the 3-graph with vertex set {1,2,3,4,5} and edge set

{123,124,125,345}.

• The 3-graph K3
4⊔K3

3 has vertex set {1,2,3,4,5,6,7} and edge set

{123,124,234,567}.

• The r-graph M r
k (r-uniform k-matching) is the r-graph consisting of k pair-

wise disjoint edges.

• The r-graph Lr
k (r-uniform k-sunflower) is the r-graph consisting of k edges

e1,...,ek such that for all 1≤ i<j≤k, it holds that ei∩ej={v} for some fixed
vertex v.

• The 3-uniform tight 5-cycle C3
5 is the 3-graph with vertex set {1,2,3,4,5}

and edge set

{123,234,345,451,512}.

• The 3-uniform tight 5-cycle minus one edge C3−
5 is the 3-graph with vertex

set {1,2,3,4,5} and edge set

{123,234,345,451}.


