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Abstract. Let t be a non-negative real number. If a graph G has toughness
t, and deleting any edge of G decreases its toughness, then G is a minimally
t-tough graph. Katona et al. conjectured that the minimum degree of every
minimally ¢-tough graph is [2¢]. Although the conjecture is disproved in gen-
eral, authors attempt to confirm it for some classes of graphs. In this paper,
for each positive integer k> 2, we prove that every minimally %—tough graph
whose matching number is at most 3 has a vertex of degree one.
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1 Introduction

All graphs that we consider are simple, undirected and finite. Let G be a graph
with vertex set V(G) and edge set E(G). For a non-empty subset T'C V(G), let
GI[T] be the subgraph induced by T, and let G-T =G[V(G)-T]. If T ={v},
then we use G—v to replace G—T. A vertex subset TCV(G) is a cutset if G—T
is disconnected. The empty set is considered a cutset of a disconnected graph.
We use w(G) to denote the number of components and k(G) the connectivity of
G. Given a graph H, G is called H-free if it does not contain H as an induced
subgraph.

Let ¢ be a non-negative real number. A graph G is t-tough if w(c|:S—|S) >t
for any cutset S of G. The toughness of G, denoted by 7(G), is defined as
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T(G):min{% |S is a cutset of G} if G is a non-complete graph, and 7(G)=00
if G is a complete graph, which was introduced in [5]. The toughness of a non-
complete tree is the reciprocal of its maximum degree. Chvatal [5] proposed a
conjecture that there exists a constant ¢ such that all #-tough graphs are hamil-
tonian. Bauer, Broersma and Veldman [1] showed that ¢’ 2% if the conjecture is
true. The conjecture is still open. Broersma, Engbers and Trommel [2] introduced
the concept of minimally ¢-tough graphs to investigate the conjecture.

Definition 1.1. Lett be a positive real number. A connected graph G is minimally
t-tough if T(G)=t and 7(G—e) <t for every edge e in G.

A graph G is minimal if there exists a positive real number ¢ such that G
is minimal ¢-tough. Clearly, for a non-complete graph, we have x(G) > 27(G).
Kriesell [6] conjectured that each minimally 1-tough graph has a vertex of degree
two. Katona et al. confirmed this conjecture for minimally 1-tough claw-free
graphs in [7] and proposed a generalized version in [8].

Conjecture 1.1 ([8]). The minimum degree of each minimally ¢-tough graph is

r2t].

Conjecture 1.1 was disproved in [12] by constructing a family of counterexam-
ples. But authors attempt to prove that Conjecture 1.1 holds for some classes of
graphs, see [3-5, 7-11]. Let k be a positive integer. Conjecture 1.1 was confirmed
for minimally %-tough claw free graphs [8], minimally %-tough 2K5-free graphs with
k>1 [10], and minimally %—tough K j+1-free graphs with £>2 [11]. In this paper,
for each positive integer k> 2, we confirm Conjecture 1.1 for minimally %—tough
graphs with matching number at most three by characterizing their structures.

Theorem 1.2. Let k>2 be a positive integer and G be a minimally %—tough graph.
If u(G) <3, then G belongs to one of the graph families H; for 1<i<21 as shown
in Figures 2 and 3.

Theorem 1.3. Let k>2 be a positive integer and G be a minimally %—tough graph.
If W(G) <3, then the minimum degree of G is one.

2 Preliminaries

Let G be a simiple graph. We say that a component of G is trivial if it has only
one vertex, otherwise, it is non-trivial. For a vertex vV (G), we let Ng(v) be the
neighbor set and dg(v) the degree of v. We define V;(G) as the set of all vertices
of degree i in G, and V53(G) be the set of vertices of degree at least three, that
is Vo3(G)={v|dg(v) >3,0€V(G)}. In a graph, we call a vertex of degree one
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as a leaf vertex. The vertex of degree r in a star K, is called its center vertex
or center. For two non-empty vertex subsets T} and Ty of G, let G[T},Ts] denote
the set of edges with one end in 7} and another end in T3, and we denote the set
obtained from 77 by deleting all the vertices in T by 17 —T5. We replace T1 —T5
by Ty —{x} if To={x}. We say v is adjacent to Tj if Ng(v)NT;#0. The matching
number p(G) is defined as the size of a largest matching in G. For an edge e=xy
of G, we define g(zy)=|Ng(z)NNg(y)|.

Lemma 2.1 ([8]). Let t <1 be a positive rational number, G be a graph with
toughnesst, and let S be a non-empty proper subset of V(G). Then |S|>t-w(G—S).

Lemma 2.2 ([8]). Let t be a positive rational number, and let G be a minimally
t-tough graph. For each edge e of G, then one of the following results holds:

(1) e is a bridge of G.

(13) there ezists a vertex set S=S(e) CV(G) with

t-w(G=95)<|S|<t-w((G—e)—S9).
If e is a bridge of G, we define S=S(e)=10.
The following lemma is obtained in [10] based on Lemma 2.2.

Lemma 2.3 ([10]). Let k be a positive integer, and let G be a minimally 1-tough
graph. For any non-bridge edge e € E(G), there exists a non-empty vertex set
SCV(G) such that

ElS|=w(G—=S)=w((G—e)—S)—1.

Lemma 2.4. Let k>2 be a positive integer, G be a minimally %—tough graph, and
let S be a vertex set which satisfies Lemma 2.2 for a non-bridge edge e of G. If
|S|>2, then each vertex of S is adjacent to at least three components of G—S and
SCV53(G).

Proof. Since S is a vertex set satisfying Lemma 2.2 for the edge e of GG, we have
1 1
7 WG9S < w((G—e)=5)

and e is a bridge of G—S. Then w(G—S5)>k|S|—1>3. Suppose to the contrary
that there exists a vertex s& S which is adjacent to less than three components
of G=S. Then w(G—(S—{s}))>w(G—S)—1>3. Thus, S—{s} is a cutset of G.

However,
|S—{s}| 1S|—1 <%-W(G—S)+%—1_l+ 2_1 1
w(G—=(S—{s})) " w(G-=9)-1 wG@=9S) -1 k wG-9)—1"k

which contradicts 7(G) = % Thus, each vertex of S is adjacent to at least three

components of G—.S. This implies that each vertex of S is of degree at least three
in G. Therefore, S CV53(G). O
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Lemma 2.5. Let k>2 be a positive integer, G be a minimally %-tough graph, and
let S be a vertex set which satisfies Lemma 2.2 for a non-bridge edge e=uv of G.
Then the following results hold:

(1) If Vo3(G)—{u,v} is of size at most one, then |S|=1.

(2) If Vos3(G) —{u,v}={u/,v'} and w(G—{u',v'})=|A|+|B|+1, then |S|=1, where

A and B are sets of leaf vertices which are adjacent to u' and v', respectively.

Proof. If |S| >2, then by Lemma 2.4, we have S C V53(G)—{u,v}. Then the
result (1) holds obviously. For the second part, suppose to the contrary that
|S|>2. Then S={u,v'} and w(G—S)=k|S|>2k. It follows from 7(G)=1 that
0<|A|<k-1and 0<|B|<k—1. Then w(G-S)=|A|+|B|+1<2k—1, which
contradicts w(G—S5) > 2k. O

Lemma 2.6. Let tg% be a positive rational number, G be a minimally t-tough
graph, and let S be a vertex set which satisfies Lemma 2.2 for an edge e. If e is
a part of a cycle in which every vertex, except for the endpoints of e, is not a cut
vertez of G, then |S|>2.

Proof. Note that S is a vertex set satisfying Lemma 2.2 for the edge e of GG, that
is,

t-w(G—8)<|S| <t-w((G—e)—89)

and e is a bridge of G—S. Suppose to the contrary that |S|=1. Let u and v be the
endpoints of the edge e. Since e is contained in a cycle, say C', the unique member
of S must be a vertex of V(C')—{u,v}. Since each vertex of V(C)—{u,v} is not
a cut vertex of G, we have w(G—S)=1. Then ¢t > w((GLSel)fS) = W(G‘i‘,)ﬂ = %, which
contradicts t < % O

Lemma 2.7. Let k>2 be a positive integer, G be a minimally %—tough graph, and
let w be a cut vertex of G. If W is a component of G—w, then the induced subgraph
GV (W)U{w}] is not isomorphic to Gy as shown in Figure 1.

Proof. Suppose to the contrary that G[V(W)U{w}] is isomorphic to Go. Let
v1,Vs,...,U; be vertices of W which is adjacent to w, where [ >2. Let e=wuv;, and
let S be a vertex set satisfying Lemma 2.2 for e. Clearly, e is a part of a cycle
in which every vertex, excepting the endpoints of e, is not a cut vertex of G. By
Lemma 2.6, we have |S|>2. Since vvywuvv forms a cycle, it follows that v€ .S or
v1€S. However, since Ng(vi)={v,w}C Ng(v;) and Ng(v)={vi,vs,...,v,} CNg(w),
if veS (or vy €S), then v (or vy) is adjacent to exactly one component of G—S,
which contradicts Lemma 2.4. O

Lemma 2.8 ([4]). Let t be a positive rational number, and let G be a minimally
t-tough graph. Then each vertex of any triangle in G has degree at least three.
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Figure 1. Gg.

Observation 2.1. If H is a connected simple graph with u(H)=1, then H is a
triangle or a star.

3 Minimally %-tough graphs

In this section, we first construct a family of minimally %—tough graphs.

Lemma 3.1. Let C' be a cycle of length n, and let T be a set of disjoint trees whose
mazimum degree is at most k, where k>2. Let G(n,k) be the graph obtained from
C by joining a leaf vertex of each tree in T and a vertex on C by an edge such that
the mazimum degree of G(n,k) is k+1. Then the following results hold:

(1) If n>4, then G(n,k) is a minimally %-tough graph if and only if G(n,k) has
two non-adjacent vertices with degree k+1;

(13) If n=3, then G(n,k) is a minimally %-tough graph if and only if each vertex
on C' has degree k+1.

Proof. Obviously, each vertex of degree k+1 in G(n,k) is on the cycle C. We first
show 7(G(n,k))=1. Since each vertex of degree k+1 is a cut vertex of G(n,k) such
that the deletion of which produces exactly k& components, we have 7(G(n,k)) <+
We now show 7(G(n,k)) > 1. Let S be an arbitrary cutset of G(n,k). Then S
must contain at least one non-leaf vertex of G(n,k). Without loss of generality, we
assume that u€S. Then w(G(n,k)—u)<k and let m=|S—{u}|. Since the removal
of each vertex in S—{u} creates at most k new components, we have

|S] - l+m 1
w(G(n,k)—S) " k+km K’

Therefore, 7(G(n,k))= 1.

Suppose that G(n,k) has two non-adjacent vertices if n>4 and each vertex on
C has degree k+1 if n=3. Let e be an arbitrary edge of G(n,k). If e¢ E(C), then
e is a bridge of G(n,k), and so 7(G(n,k)—e)=0<+. If ec E(C), then G(n,k)—e
is a tree with maximum degree k+1, and so 7(G(n,k)—e) = 37 < 3. Therefore,
G(n,k) is a minimally ;-tough graph.

Assume now that G(n,k) is a minimally %—tough graph. For n >4, suppose
to the contrary that there does not exist two non-adjacent vertices of degree k+1
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in G(n,k). Then G(n,k) has either exactly one vertex of degree k+1, or exactly
two adjacent vertices of degree k+1. For the former case, let v be the unique
vertex with degree k+1 in G(n,k), and let e; be an edge on C' that is incident to
v. For the later case, let v; and vy denote the vertices of degree k+1, and take
the edge vivy as e;. Then G(n,k)—e; is a tree with maximum degree k, and thus,
7(G(n,k)—e1)=1=7(G(n,k)), a contradiction. Thus, G(n,k) has two non-adjacent
vertices of degree k+1.

For n=3, let z1, 2o and z3 denote the three vertices on C. Note that at least
one vertex on C has degree k+1. Suppose to the contrary that at least one vertex
on C' has degree at most k. Without loss of generality, we assume that z; has
degree at most k. Then G(n,k)— 223 is a tree with maximum degree k, and thus
7(G(n,k)—z23) = + = 7(G(n,k)), which contradicts the definition of minimally
t-tough graphs. Therefore, each vertex on C has degree k+1. m

By Lemma 3.1, we have the following result.

Proposition 3.1. If G is a graph that belongs to the graph classes in Figures 2
and 3, then G is minimally %—tough for some positive integer k> 2.

Proof. If G belongs to classes in Figure 2, then G is a tree with maximum degree
1

greater than two. Thus, G is a minimally W—tough graph.

By Lemma 3.1, all graphs in Figure 3, except for Hig, are minimally %—tough
graphs. Now we will prove that Hi9 is a minimally %—tough graph. Since the
deletion of any cut vertex of H9 produces exactly k& components, we have 7(Hig) <
%. We now show 7(Hi9) > % Let S be an arbitrary cutset of Hi9. Then S must
contain at least one non-leaf vertex of Hig9. Without loss of generality, we assume
that ue S. Then w(Hi9—u) <k and let m=|S—{u}|. Since the removal of each

vertex in S—{u} creates at most k new components, we have

S| - I+m 1
w(/}‘[lg—S) - k—l—km_ k'

Therefore, 7(Hig) =1

Let e be an arbitrary edge of Hig. If e is a bridge of Hig, then T(H19—6)20<%.
If e is not a bridge of GG, then since H19—e contains a vertex whose deletion yields
k+1 components, we have 7(Hig—e) < k%l < % Therefore, Hi9 is a minimally
%—tough graph. O]

4 Proof of Theorem 1.2

In this section, we prove Theorem 1.2 by examining two cases depending on
whether G is a tree.
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Figure 2. Minimally %—tough trees with k> 2.

Theorem 4.1. let k>2 be a positive integer and G be a minimally %—tough tree.
If u(G) <3, then G belongs to one of the graph families H; for 1<i<12 as shown
in Figure 2.

Proof. The maximum degree of G is k. Let v be a vertex with maximum degree in
G. If u(G)=1, then G belongs to class H;. If u(G)=2, the graph G—v must have
a non-trivial component; otherwise, G would be a star with center v, contradicting
u(G)=2. Let us denote one such non-trivial component of G—v by Gy, and let
Go=G—V(Gy). Then pu(Gy)=pu(G2) =1, meaning both graphs G; and G, are
stars. Let the vertex u be the center of graph G;. If v is the center of Gy, then: G
belongs to class Hs if v is adjacent to u and G belongs to class H3 if v is adjacent
to any leaf vertex within G;. If v is not the center of G5, then it can be concluded
that k=2 and G5 is a path of length two with one endpoint being vertex v. Thus,
G is a path of length four that belongs to class Hs. Finally, we encounter the case
where 1(G) =3, we will proceed by analyzing two subcases.

Case 1. G—w has trivial components.

Let N be the union of the non-trivial components of G—wv. Since u(G)=3, we
have 1 <|N|<2.

If |[N|=1, we denote the unique non-trivial component by G;. Since u(G)=3,
it can be inferred that p(G1)=2. Based on previous discussions, it follows that G
resembles to either graph class Hs or Hz and A(Gh)<k. If G belongs to class Ha,
then: G belongs to class Hj if v is adjacent to a leaf vertex in Gy, and G belongs
to class H, if v is adjacent to a non-leaf vertex in ;. By similar discussion, if G
belongs to class Hs, then: G belongs to class H; if v is adjacent to a leaf vertex
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Figure 3. Minimally %—tough graphs with k> 2.

in GGy, and G belongs to class either Hg or Hg if v is adjacent to a non-leaf vertex
in GG.

If |[N|=2, we denote the two non-trivial components by Gy and Gj. Since
u(G)=3, we have u(G2)=pu(G3)=1. So both G5 and G are stars. If v is adjacent
to the centers of both GG and G3, then G belongs to class Hig. If v is adjacent to
the center of Gy and a leaf vertex of Gs(or the center of G3 and a leaf vertex of
Gs), then G belongs to class Hg. If v is adjacent to leaf vertices of both G5 and
(3, then G belongs to class Hig.

Case 2. G—wv does not have trivial components.

Clearly, d¢(v)=w(G—v). Since u(G)=3, we have 2<w(G—v)<3. If w(G—v)=2,
then dg(v)=2, implying that G is a path of length at least five. Consequently, G
must be either Ps or P;, which belongs to the classes Hs or Hy, respectively. If
w(G—v)=3, then dg(v)=3. Let us denote the components of G—v by G1, G2 and
G3. Since p(G)=3, each G; satisfies u(G;)=1 and is a star, and v must be adjacent
to the centers of each G;. Given that v has maximum degree and considering that
each center of these stars is of degree at most three. We conclude that graph G
belongs to class Hs. O

Theorem 4.2. Let k> 2 be a positive integer and G be minimally %—tough. If
G is not a tree and p(G) <3, then G belongs to one of the graph families H; for
13<i<21 as shown in Figure 3.

Proof. Let e be a non-bridge edge of G with endpoints v and v such that
g9(uv) =max{g(zy)|zy € E(G)}.
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By Lemma 2.3, there exists a vertex set SCV/(G) with
w(G—-S)=kl|S|,

and e is a bridge of G—S. Let C(e) be the component of G—S containing the
edge e, and let D(e) be the union of the components of G—S—C/(e). We let |D(e)|
denote the numbers of components of D(e). Let G, and G,, denote the components
of (G—e)—.S containing u and v, respectively. Denote their sets by L, and L,,
where

LUIL()ULlU"'ULa,
L,=RyURU---URy,

with
Li={z|dg, (z,u)=i,x€L,}, 0<i<a,

R;={y|dc,(y,v)=j,y€L,}, 0<;j<b.

Here, a is the longest distance from any vertex in G, to u, and b is the longest
distance from any vertex in G, to v. Since e is a bridge of G—.S, we have Ng(u)N
Ng(v)CS. Thus, g(uv) <|S].
Case 1. All components of D(e) are non-trivial.

Since pu(G) <3, we have w(G—S5)<3. Because k> 2, the following inequality
holds:

2| <k|S| =w(G—S)<3.

Thus, we conclude that |S|=1, and k=2 or 3. Hence, g(uv)=0 or 1. Let S={s}
and G; =G|V (C(e))US]. Then the following claim holds.
Claim 1. u(G;)=2.

Proof. Suppose to the contrary that p(G1)=1. By Observation 2.1, Gy is either
a triangle or a star. Since e is not a bridge of GG, G; must be a triangle. Then,
dg(u)=dg(v)=2, which contradicts Lemma 2.8. Thus, u(G1)=2. O

If k=3, then w(G—S)=3, implying p(G1) =1, which contradicts Claim 1.
Therefore, we assume k=2 in the following discussion. Since D(e) is non-trivial,
it follows that pu(D(e))>1. Note that u(G1)+u(D(e)) <pu(G)<3. By Claim 1, we
have u(G1)=2 and p(D(e))=1.

Claim 2. The following results hold for a and b:

(1) a<2,b<2 and a+b<3;

(2) If a=2 and b=1, then s is not adjacent to L,—{v}; and if b=2 and a=1,
then s is not adjacent to L, —{u}.
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Proof. Since u(C(e))<u(G1)=2, the longest path in C(e) has length at most four.
By the definition of L; and R;, there exists a path with one endpoint in L, and
the other in R,. Thus, a+b+1<4, which implies a+b<3. If a=3, then b=0. Since
e is not a bridge of GG, vertex s must be adjacent to v. This implies pu(G;1)=3,
contradicting p(G1)=2. Hence, a<2. A similar argument shows that b<2.

For the second part, we assume that a=2 and b=1. Since each path from Lo
to Ry in C(e) has length four and u(G;)=2, it follows that s cannot be adjacent
to Ry =L,—{v}. By symmetry, if b=2 and a =1, then s is not adjacent to
Li=L,—{u}. O

Claim 3. If u(C(e)) =2, then the induced subgraph G[V(D(e))US] is a path of
length two.

Proof. Given u(G)<3 and p(C(e)) =2, we have u(G[V(D(e))US])=1. By Ob-
servation 2.1, the subgraph G[V(D(e))US] is a triangle or a star. If it were a
triangle, then each vertex in D(e) would have degree two in G, contradicting
Lemma 2.8. Thus, the subgraph G[V(D(e))US] is a star with its center vertex
in D(e), which is a cut vertex of G. Since 7(G)=1 and D(e) is non-trivial, the
subgraph G[V (D(e))US] must be a path of length two. O

Claim 4. If |S|=1 and u(C(e))=1, then g(uv)=0 and C(e) is a star whose center
vertex is a cut vertex.

Proof. Let S={s}. Since u(C(e))=1, then C(e) is a star by Observation 2.1.
Without loss of generality, we assume that v is the center of C(e). Then L,={u}
and L,={v}UR;. Clearly, us € F(G). By Lemma 2.8, we get vs¢ E(G). Thus,
g(uv)=0. It follows that R; is an independent set. Noting that e is not a bridge of

G, it follows that s is adjacent to R;. By Lemma 2.7, the vertex v is a cut vertex
of G. O

Case 1.1. g(uv)=1.

In this case, us,vs € E(G). By Lemma 2.8, we have L1 #0) and R; #(. Then
there exists a path of length four from L; to R; with internal vertices u, s and v.
Since u(G1)=2, we deduce that LyURy =0, and L; and R; are independent sets.
Given g(uv)=1, s is not adjacent to L1 UR;. Consequently, both u and v are cut
vertices of G. Since 7(G)=3, we have |L;|=|R;|=1. Thus, ;(C(e))=2. By Claim
3, the subgraph G[V (D(e))US] is a path of length two. Therefore, G is isomorphic
to the graph Ho;.

Case 1.2. g(uv)=0.

In this case, s is adjacent to at most one of v and v. By the symmetry of u

and v, we only discuss the cases us¢ E(G), vs¢ E(G) and use€ E(G), vs¢ E(G).

Case 1.2.1. us¢ E(G) and vs¢ E(G).
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Since e is not a bridge of G, it follows that L;#( and R, #(). By Claim 2, we
have a=0=1. Then s is adjacent to both L; and Ry, and both L; and R; are
independent sets. Thus, u(C(e))=2. Without loss of generality, let x; € Np, (s)
and y; € Ng,(s). Then uz;syjv is a path in Gy, which implies |L;| = |R;|=1.
Consequently, Gy is C5. By Claim 3, the subgraph G[V(D(e))US] is a path of
length two. By Lemma 3.1(i), G is not minimal, a contradiction.

Case 1.2.2. us€ E(G) and vs¢ E(G).

Since e is not a bridge of G, we have R; #() and s is adjacent to L,—{v}. By
Claim 2(2), a<1. It follows from g(uv)=0 that R; is an independent set. If b=2,
then since us and an edge of G[R;,Rs] consist of a matching, we have |R;|=1.

Case 1.2.2.1. a=1.

By Claim 3, the subgraph G[V (D(e))US] is a path of length two. Since g(uv)=0
and us € E(G), we have that L is an independent set and s is not adjacent to L;.
Thus, the vertex u is a cut vertex of G. It follows from 7(G)=3 that [L;|=1. Let
x denote the unique vertex in L.

If Ry=(), then s is adjacent to R;. Let y; € Ng,(s). Then zusy;v is a path in
G. Combining this with u(G1)=2, we have |R;|=1. By Lemma 3.1(i), G is not
minimal, a contradiction.

If Ro#0, then |Ry|=1. Let Ry ={y}. Since g(uv)=0, Ry is an independent
set. Assume that s is adjacent to Ry. Let y' € Ng,(s). Then there exists a path
vyy'suzx in Gy, which contradicts p(G1)=2. Thus, s is not adjacent to Ry. So s is
adjacent to Ry. This implies that y is a cut vertex of G. As 7(G)=1, we conclude
that |Re|=1. Therefore, G belongs to class His with k=2.

Case 1.2.2.2. a=0.

By Claim 2(1), b<2. If b=2, then |R;|=1. By Claim 3, the subgraph
G[V(D(e))US] is a path of length two. It follows from g(uv)=0 that R, is an
independent set and s is adjacent to exactly one of Ry and R,. If s is adjacent to
Ry, then G is a graph as constructed in Lemma 3.1. By Lemma 3.1(i), G is not
minimal, a contradiction. If s is adjacent to Ry, let v/ € Ng,(s). Then {uv,sy’} is
a matching. So |Ry|=1. By Lemma 3.1(i), G is not minimal, a contradiction.

If b=1, then R; is an independent set and s is adjacent to R;. By Lemma 2.7,
the vertex v is a cut vertex of G. So |Ry|>2. Since {v,s} is a cutset of G, by
the definition of toughness, we have w(G'—{v,s}) =2+|Ry| <k-|[{v,s}| =4, which
implies |R;|=2. Then s is adjacent to exactly one vertex of R;. Since u(D(e))=1
and g(uv)=0, Observation 2.1 implies that D(e) is a star. Let w denote the center
vertex of D(e). If s is adjacent to w, then since g(uv)=0, it follows that s is not
adjacent to any leaf vertex of D(e). Thus, w is a cut vertex of G. Noting that
7(G)=1, we have that D(e) is path of order two. Therefore, G belongs to class
Hqz with £=2. If s is not adjacent to w, then s is adjacent to some leaf vertices
of D(e). If s is adjacent to exactly one leaf vertex of D(e), then D(e) is a path of
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order two or three, and so G belongs to class Hi3 or Hq4 with k=2. If s is adjacent
to at least two leaf vertices of D(e), then Lemma 2.7 ensures s can not be adjacent
to all leaf vertices of D(e). Then w is a cut vertex of G. Because 7(G) =73 and
{w,s} is a cutset of G, we get D(e) is a star K 3 and G belongs to class Hjg with

k=2.
Case 2. D(e) has both trivial and non-trivial components.

In this case, w(G—S5)>3. Since u(G) <3, we have that D(e) contains exactly
one non-trivial component. Let Dj(e) be the non-trivial component in D(e), and
let Dy(e)=D(e)—D;(e). Then Dy(e) is an independent set. As p(G) <3, we have
p(C(e))=p(D1(e)) = u(G[V (D2(e))US]) =1.

We claim that |S|=1 and k>3. Suppose to the contrary that |S|>2. By
Lemma 2.3, w(G—S)=k|S| >4, which implies |Ds(e)| >2. Since pu(G[V (D2(e))U
S]) =1, the subgraph G[V(Dy(e))US] is a star with center vertex in S. By
Lemma 2.4, each vertex in S has at least one neighbor in Ds(e), which contradicts
G[V(D2(e))US] is a star. Therefore, |S|=1. Since w(G—S)=k|S|>3, we have
k>3.

Let S={s}. By Claim 4, g(uv)=0 and C(e) is a star such that the center
vertex of which is a cut vertex. Without loss of generality, we assume that v is
the center of C(e). Then L,={u} and L,={v}UR;. It follows that us€ E(G)
and vs ¢ E(G). Since e is not a bridge of G, s must be adjacent to R;. Since
w(Dy(e))=1, then by Observation 2.1, the subgraph D;(e) is a star. Let w denote
the center vertex of Dj(e). If s is adjacent to w, then s is not adjacent to any leaf
vertex of Dj(e); and if s is not adjacent to w, then by Lemma 2.7, s is not adjacent
to all leaf vertices of Dj(e). In both cases, w must be a cut vertex of G. Let m
and n be the number of the vertices of degree one in C(e) and D;(e), and let m/
and n’ be the number of the vertices of degree two in C'(e) and D (e), respectively.
Since 7(Q) :% and v is a cut vertex of G, by the definition of toughness, we
have w(G—v) =m+1<k-|{v}| =k, which implies 1 <m <k—1. Using the cut
vertex w, we can get 1<n<k—1. Noting that dg(u)=2 and Ng, (s)#0, we have
m’>2. Since {v,s} is a cutset of G, we deduce that w(G—{v,s}) <k-|{v,s}| =2k.
Clearly, the components of G—{v,s} are D(e), Ry and an isolated vertex u. Thus,
w(G—{v,s})=m+m/+k—1, and so m+m’ <k+1. Let y; € Ng,(s). Let eg=y1s
and let Sy be a vertex set satisfying Lemma 2.3 for eq. We divide the following
discussion into two cases.

Case 2.1. s is adjacent to exactly one vertex in D (e).

If |So| >2, then w(G—Sy)=k|So|>2k. By Lemma 2.4, Sy CV>3(G) C{v,s,w}.
Then Sy={v,w}, and D;(e) has at least three leaf vertices or D;(e) is Kj 5 and s
is adjacent to w. For the former case, w(G—Sy)=m+n+1<k—1+k—14+1=2k—1.
For the later case, n=2 and it follows from k>3 that w(G—Sp) =m+n+1<
k—1424+1=k+2<2k—1. In all these cases, we conclude that w(G—Sy) <2k—1,
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which contradicts w(G—Sp)>2k. Hence, |So|=1, w(G—Sy)=k>2 and the vertex
in Sy is a cut vertex. The cycle usy;vu implies Sp={v}. Then w(G—Sy)=m~+1.
Thus, m=k—1. Combining this with m'>2 and m+m’'<k+1, we have m’ =2.
According to the above analysis, if s is adjacent to w, then G belongs to class Hs;
and if s is adjacent to exactly one leaf vertex of Dj(e), then G belongs to class
7_[14.

Case 2.2. s is adjacent to at least two vertices in D;(e).

As g(uv) =0, s is not adjacent to w. Thus, n’ >2. Without loss of generality,
let wi,wy € Np,(¢)(s). Lemma 2.7 implies that w is a cut vertex of G and n>1.
Since {w,s} is a cutset of G, we have w(G—{w,s})=n+n"+k—1<k-|{w,s}|=2k.
Thus, n+n' <k+1.

For the edge eg=sy1, since V>3(G)—{s,y1 } C{v,w} and w(G—{v,w})=m+n+1,
then by lemma 2.5(2), we have |So|=1. Since vy;suv forms a cycle and w is not
a cut vertex, we have Sy={v}. Then w(G—Sy)=m+1=k, forcing m=k—1. It
follows from m’>2 and m+m’<k+1 that m'=2.

Let e; =sw; and let S; be a vertex set satisfying Lemma 2.3 for e;. Since
Vos3(G)—{s,w1 } C{v,w} and w(G—{v,w})=m+n+1, then by Lemma 2.5(2), we
have |S;|=1. The cycle wwyswyw implies Sy ={w}. Then w(G—S;)=n+1=k,
and so n=k—1. Combining this with n’>2 and n+n’<k+1, we have n’=2. Then
G belongs to class Hg.

Case 3. All components of D(e) are trivial.

We first show |S|<2. Suppose to contrary that |S|>3. Then w(G—S)=k|S|>6.
Thus, |D(e)| >5. By Lemma 2.4, every vertex of S is adjacent to at least two
components of D(e). Since every vertex of D(e) is adjacent to S and |S| >3, we
have ju(GISUV(D(e))]) >3. Thus, we get 4(G) > u(C(e)) +u(GISUV(D(e))) > 4,
a contradiction. Therefore, |S|<2.

Case 3.1. |S|=1.

Let S={s}. In this case, |D(e)|=w(G—S5)—1=k—1>1 and the subgraph
G[V(D(e))US] is a star with center s. Since pu(G) <3, we have u(C(e)) <2.
Case 3.1.1. u(C(e))=1.

By Claim 4, we have that g(uv)=0 and C(e) is a star such that the center
vertex of which is a cut vertex. Without loss of generality, assume that v is the
center of C'(e). Then L,={u} and L,={v}UR;. Since e is not a bridge of G,
we have that su€ E(G) and s is adjacent to R;. Let m and m’ be the number
of vertices of degree one and two in C(e), respectively. Noting that dg(u)=2, it
follows that m’'>2. Let y€ Ng,(s). Let ea=sy and let Sy be a vertex set satisfying
Lemma 2.3 for es. Since V>3(G) C {v,s}, Lemma 2.5(1) implies |Sz|=1. Thus,
w(G—S3)=k>2. The cycle uvysu implies Sy ={v}. So w(G—S2)=m+1=Ek.
Thus, m=k—1. Since {v,s} is a cutset of G, we have

w(G—{v,s})=m—+m'+|D(e)|=m+m'+k—1=2(k—1)+m' <2k.
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Hence, m’ <2. Combining this with m’>2, it follows that m’=2. Therefore, G is
belongs to class H7.

Case 3.1.2. u(C(e))=2.
Since there exists a path of length a+b+1 from L, to R, in C(e), we have
a+b<3.

Case 3.1.2.1. g(uv)=1.

Then us,vs € E(G) and uvsu is a triangle. By Lemma 2.8, we have L; #() and
R1#£0. As g(uv)=1, s is adjacent to neither L; nor R;. Without loss of generality,
we assume that Ry =0. Since g(uv)=1, each vertex in R; has degree one or two
in G. By Lemma 2.8, the subgraph G[L,] contains no triangle. Therefore, R; is
an independent set, and thus v is a cut vertex of G. It follows from 7(G)=1 that
1<|Ry|<k—1.

If Ly =0, then by similar discussion, we have L; is an independent set and
1<|Ly|<k—1. By Lemma 3.1(ii), G is a minimally +-tough graph if and only if
|L1|=|Ri|=k—1. Thus, G belongs to class Hap.

If Ly#0, then since Ry #0, we have u(G[L,])=1. Thus, G[L,] is a star whose
center is in Ly, which implies |L;|=1 and L. is an independent set. Let m be
the number of vertex in Ly that has degree one in GG. Let e3=wus and let S
be a vertex set satisfying Lemma 2.3 for es. Since Vs3(G)—{u,s} C {z,v} and
w(G—{x,v})=m+]|Ry|+1, then by Lemma 2.5(2), we have |S3|=1. Thus, s is not
adjacent to Ly. By Lemma 3.1(ii), G is not minimal, a contradiction.

Case 3.1.2.2. g(uv)=0.
In this case, s is adjacent to at most one of © and v. By the symmetric property,
we only need to consider the cases us,vs¢ E(G) and us¢ E(G), vs€ E(Q).

Case 3.1.2.2.1. us¢ E(G) and vs ¢ E(G).

Since e is not a bridge of G, we have L;#() and Ry #0. Tt follows from g(uv)=0
that L, and R; are independent sets. Note that a+b<3. Without loss of generality,
we assume that Ry=0. Then s is adjacent to R;. Let m’ and n’ be the number of
vertices in R; that have degree one and two in G, respectively. Since 7(G)= %, we
have 0<m’<k—1. Since {v,s} is a cutset of G, by the definition of toughness, we
have

W(G—{v,s)=|Ri|+|D(e)| +1=|Ry|+k < 2k.

Thus, |Ri|=m'+n'<k. Let y; € Ng,(s). Let e,=sy; and let Sy be a vertex set
satisfying Lemma 2.3 for ey.

Subcase 1. a=1.

Then s is adjacent to L;. Let m and n denote the number of vertices in L,
which have degree one and two in G, respectively. By symmetric property of «
and v, we have 0<m <k—1 and |L;|=m+n<k. Since V53(G)—{s,y1} C{u,v}
and w(G—{u,v})=m+m/+1, we have |S;]=1 by Lemma 2.5(2). Let z; € N, (s).
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The cycle uvy; sziu forces Sy={u} or Sy={v}.

If Sy={u}, then w(G—S,)=m+1=k, implying m=k—1. Combining this with
n>1 and |Li|=m+n <k, we have n=1. Since e, is a bridge of G—5,, we have
n’=1. Therefore, G belongs to class Hs.

If Sy={v}, then w(G—S,)=m'+1=k. Thus, m'=k—1. Combining this with
n'>1 and |Ri|=m'+n' <k, we have n'=1. Let e5 =sx; and let S5 be a vertex
set satisfying Lemma 2.3 for e;. Similar to the discussion that is for e;, we have
Ss={u} or Ss={v}. If S5={v}, then since e;5 is the bridge of G— S5, we have
n=1. If Ss={u}, then w(G—S5)=m+1=Fk. Therefore, m=k—1, and thus n=1.
We conclude that if Sy={v}, then n=n"=1. Thus, G also belongs to class H;s.

Subcase 2. a=2.

Since Ry #0, we have G[L,] is a star. Thus, |L1|=1, Ly is an independent set
and s is adjacent to exactly one of L; and Ly. Let x denote the unique vertex in
Ll.

If s is adjacent to Ly, then z is a cut vertex. So 1<|Ly|<k—1. For the edge
es = sz, since V53(G) C {s,x,v}, by Lemma 2.5(1), we have |S;|=1. The cycle
wvyysxu implies S; = {v}. Then w(G—S5) =m'+1=k, which forces m'=k—1.
Thus, n’ =1. Therefore, G belongs to class Hs.

Assume now that s is adjacent to Ls. Let T} and T, be the sets of vertex in Lo
that has degree one and two in G, respectively. Clearly, T} CVi(G), To C V5(G),
|T1| <k—1 and |T5| > 1. Since {s,z} is a cutset of G, we have w(G—{s,z})=
|Lo|+k<k-|{s,x}|=2k. Thus, |Ls|=|T1|+|T>| <k.

If |S4]>2, then by Lemma 2.4, we have Sy CV53(G) C{v,s,z}. Thus, Sy={z,v}.
Then w(G—S4) =|T1|+m'+2=2k. Note that |T}|<k—1 and m' <k—1. Then
|Ty|=m'=k—1. Since |T}|+|T3| <k and n'+m’ <k, we have |T5|=n'=1. Hence,
G belongs to class Hg.

If |S4|=1, then Sy={z} or Sy={v}. If Sy={z}, then w(G—Sy)=|T,|+1,
forcing |T)|=k—1, and thus |T5|=1. Since e, is a bridge of G—S4, we get n’'=1.
Therefore, G' also belongs to class Hg.

If Sy={v}, then w(G—S,;)=m/+1=k. Thus, m’=k—1. Combining this with
m/+n' <k, we have n’=1. Let x; be an arbitrary vertex in T5. Let eg=sxz; and let
Se be a vertex set satisfying Lemma 2.3 for eg. If |Sg| >2, then since Lemma 2.4
implies S CV53(G) C{v,s,2}, we have Sg={x,v}. Thus, w(G—Se)=|T1|+m'+2=
|T1|+k+1=2k. It follows that |T3|=k—1. So |Tz|=1. If |Sg|=1, then the cycle
woysx;eu implies Sg={x} or Sg={v}. If S¢={z}, then w(G—Ss)=|T1|+1=k.
Thus, |T1|=k—1 and |T|=1. If Sg={v}, since eg is the bridge of G—Sg, then
|T5|=1. We conclude that if Sy={v}, then m'=k—1 and |T3|=n'=1. Therefore,
G also belongs to class Hig.

Case 3.1.2.2.2. us¢ F(G) and vs€ E(G).
Since e is not a bridge of G, we have L; #£(. It follows from g(uv)=0 that L;



K. Gao et al. / Ann. Appl. Math., 41 (2025), pp. 414-440 429

is an independent set.

Subcase 1. R, =0.

Since u(C(e))=2, we have 2<a <3 and u(G[L,—u])=1.
Subcase 1.1. a=2 and G[L,—u] is disconnected.

Since u(G[L,—u])=1, then G[L,—u] has exactly one non-trivial component,
denoted by G;. Since g(uv) =0, we have that G is a star by Observation 2.1.
Denote the center of Gy by x;. We first characterize the structure of G;. If
x1€ Ly, then since L is an independent set, we have LiNV (G1)={z1} and V(G;)=
LoU{x}. If @y € Ly, then Lo={z1} and V(G;)={x1}UL}, where L) C L;. Let
{A1,A3} be a partition of L; —V(G;) where

A={ze L -V(Gy)|sz€ E(G)},

Ay = {ZL‘ € Ll—V(Gl) | Sl‘€ E(G)}
Clearly, A1 CV,5(G) and Ay CVi(G). It follows from T(G):% that 0<|As| <k—1.

Subcase 1.1.1. x;€ L.
Then V(G1)=LyU{z,} and Lo is an independent set. Let {A3,A4} be a par-
tition of L, where

As={we Ly |swe E(G)},
A4:{'IUEL2|SU}¢E(G)}

Clearly, A3CV5(G), AyCVi(G) and 0<|Ay|<k—1. Then V53(G)C{u,s,z1}. Since
{u,s} is a cutset of G such that the components obtained from G by deleting
{u,s} are G and all isolated vertices in V' (D(e))UA;UAsU{v}, by the definition
of toughness, we have that

w(G—{u,s})=|A1|+|A2|+24|D(e)|=|L1|+k < 2E.

Thus, |L1|<k. The following discussions are based on whether s is adjacent to Lj.

Assume first that s is adjacent to L;. Let e;=wvs and let S; be a vertex set
satisfying Lemma 2.3 for e;. Since V>3(G)—{v,s} C{u,z1} and w(G—{u,z,})=
| Aa|+]Ag|+1, then by Lemma 2.5(2), we have |S;|=1.

If s is adjacent to x4, then since g(uv)=0, we have |A3|=0. Thus, 1<|A4|<k—1.
The cycle uwvsziu implies S;={u} or S;={z1}. If S;={u}, then w(G—5;)=
|As|[+1=Fk. Thus, |As|=k—1. Combining this with |L,|=|A;|+|A2|+1<k, we have
|A1|=0. Therefore, G belongs to class Hy7. If S;={x1}, then w(G—S57)=|A4|+1=kF,
forcing |A4| =k—1. Since e; is a bridge of G—S7, we have |A;|=0. By Lemma
3.1, G is a minimally %-tough graph if and only if |Ay|=k—1. Therefore, G also
belongs to class H7.

If s is not adjacent to x1, then A;#(. Without loss of generality, let x5 be a
vertex in Aj. Since uvszou forms a cycle, we can obtain that S;={u}. If A3#0,
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then w(G—S7)=|Az|+1=Fk, implying |L;|=|A1|+|A2|+1>k+1, which contradicts
|L1| <k. Therefore, A3=10. Then |44 >1 and w(G—S7) =|As|+2=k. Hence,
|Ag|=k—2. Noting that |L;|=|A;|+|A2|+ 1<k, we have |A;|=1. Thus, G belongs
to class His.

Suppose now that s is not adjacent to L;. Then sz; ¢ E(G) and A; = 0.
Since e is not a bridge of G, s is adjacent to Ly. Thus, Az#(). Without loss of
generality, let x3€ A3. Let eg=sx3 and let Sg be a vertex set satisfying Lemma 2.3
for eg. Since Vo3(G)—{s,x3} C{u,z1} and w(G—{u,x1})=|As|+|A4|+1, then by
Lemma 2.5(2), we have |Sg| =1. Noting that uvszsziu is a cycle, it follows that
Ss={u} or Sg={x1}. If Sy={u}, then w(G—Sg)=|A2|+1=k. Thus, |As|=k—1.
Since eg is a bridge of G—Sg, we have |A3|=1. Therefore, G belongs to class Hs.
If Sg={x1}, then w(G—Ss)=|A4|+1=k. Thus, |A4|=Fk—1. Since {z1,s} is a
cutset of G, we have

w(G—{ZL'l,S}):|A3’+|A4|+|D(€)|+1:|A3|+|A4|+k§2]€

Thus, |As|+|As| <k. It follows from Az #( that |A3|/=1. In this case, G also
belongs to class Hs.

Subcase 1.1.2. x; € Lo.

Then Ly={xz}. If G; is of order two, we have already discussed in the case
that z1 € Ly. Thus, assume |V (Gy)|>3. That is, |L}| >2. Clearly, each vertex of
L has degree two or three in G. Let z; € L] such that dg(x;) =3 if L] has vertex
of degree three. Take eg=wux;. Let Sy be a vertex set satisfying Lemma 2.3 for ey.
Without loss of generality, let z; be an arbitrary vertex in L} —z;. By the choice
of z;, we have Ng(x;) C Ng(x;)UNg(u). If [So|>2, then z; ¢ Sy by Lemma 2.4.
Thus, Sg={s,x1} if |Se| >2. Then w(G—295y)=|D(e)|+1=Fk, which contradicts
w(G—Sy) >2k. Hence, |So|=1. Since uz;z1z;u forms a cycle, we have z; € Sy or
x1 €S. However, neither of ; and z; is a cut vertex of G, a contradiction.

Subcase 1.2. a=2 and G[L,—u] is connected.

Since g(uv)=0, then by Observation 2.1, we can obtain that G[L,—u] is a star.
Let us denote the center vertex of G[L,—u] by . It follows from e is not a bridge
of G and g(uv)=0 that s is adjacent to exactly one of L; and L.

Assume first that 3 €L;. Since L; is an independent set, we have |L1|=1. If s is
adjacent to Ly, then G—sx is a tree in which the vertex s has the maximum degree
k, which contradicts G is a minimally %—tough graph. Hence, s is adjacent to Lo.
Since {z1,s} is a cutset of G, we have w(G—{x1,s})=|La|+1+|D(e)| <2k. Thus,
|Lo|<E. For the edge ez=vs and its corresponding vertex Sz, since V53(G)C{xy,s},
then by Lemma 2.5(1), we deduce that |S;|=1. Since z; is the only possible cut
vertex in G, we have Sy={z1}. So w(G—S57)=|T|+1=k, where T is the set of
vertex in Ly which is of degree one in G. Thus, |T|=k—1, and s is adjacent to
exactly one vertex in Ly. Therefore, G is a graph which belongs to class H;s.
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Suppose now that x1€ Ly. Since each vertex of Ly has a neighbor in L;, we have
Ly={x1}. Since the case |L;|=1 has been already discussed in the case x; € L,
we assume that |L;|>2. Without loss of generality, let x; € L; such that dg(z;)=3
if s is adjacent to L;. Suppose that s is adjacent to L. Let e;o=wux; and let Si
be a vertex set satisfying Lemma 2.3 for e;o. Since uvsz; and uz;xz; are two u-z;
paths in G, we have |S1o| >2. Without loss of generality, let z; be an arbitrary
vertex in Ly —{z;}. By the choice of x;, we have Ng(z;) C Ng(x;)UNg(z,). By
Lemma 2.4, we have S1o CV53(G) C{u,s,21} and LiNS1o=0. Thus, Sio={s,z1}.
Then w(G—510) =|D(e)|+1=k, which contradicts w(G—S19) >2k. Thus, s is
adjacent to Ls. Let e;; =sx; and let S1; be a vertex set satisfying Lemma 2.3 for
eq1. Since V53(G) C{xy,s,u}, then by Lemma 2.5(1), we have |S1;|=1. However,
s is the only cut vertex of GG, a contradiction.

Subcase 1.3. a=3 and G[L,—u] is disconnected.

As u(G[L,—u])=1, the subgraph G|[L,—u] has exactly one non-trivial com-
ponent, denoted by Go. By the definition of Ly and L3, we have V(Gq)ULj #()
and LyUL3CV(Gs). By Observation 2.1, we have that G is a star and the center
vertex of which is in L,. Let us denote the center vertex of Gy by 1. It follows
from g(uv)=0 that Ly={z1}. Let {11,75,T5} be a partition of L; where

Ty={xcL,-V(Gy)|sx¢ E(G)},
TQZ{ZL’ELl—V(Gg) | SJIGE(G)},
Ts=LNV(Gy),

and let {77,753} be a partition of L3 where

Ti={ze€Ls|sx¢ E(G)},
Ty={x€eLs|sxe E(G)}.

Clearly, TYUT] CV1(G) and ToUT, CVo(G). For each vertex x; € Tz, we have

Ne(w;) ={u,x1} or Ng(2;)={u,21,s}. Since 7(G) =1, we conclude that 0<|T}|<

k—1and 0<|T]|<k—1. As {u,x1,s} is a cutset of G, we can obtain that
w(G—{u,x1,5})=|L1|+|Ls|+|D(e)|+1=|L1|+|L3|+k < 3k.
Thus, |Li|+|Ls| <2k. Since {u,s} is a cutset of G, we have
w(G—{u,s}) = [T[+[To|+w(G2) +|D(e)|[+1=[Th|+[To +k+1<2k.

Hence, |T1|+|T2| <k—1.

Subcase 1.3.1. s is adjacent to T5.
Without loss of generality, let z; € Nz, (s). Let ejo=wuz; and let Si2 be a vertex
set satisfying Lemma 2.3 for e;5. We first prove that |73/ =1. Suppose to the
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contrary that |75] >2. Let x; be an arbitrary vertex in T3—x;. Since uvsz; and
ux;jT1x; are two u-z; paths in G, we have |S12|>2. Note that V>5(G)C{xq,s,u}UTs.
By the choice of x;, we have Ng(z;) C Ng(x;)UNg(u). By Lemma 2.4, z,;¢ S5 and
SlgﬂTP,:@. ThUS, 512:{8,1'1} and W(G—Slg):|T{|+|T2I|+|D<€)|+1:|T{|+|T2/|+k3:
2k. Hence, |T]|+|Ty| =k. Let e;3=x12; and let Si3 be a vertex set satisfying
Lemma 2.3 for ej3. Suppose that |S13|>2. Lemma 2.4 implies S13CV53(G). By the
choice of z;, we have S13={s,u} and w(G—S13)=|T1|+|Ta|+|D(e)|+2=|T1 |+ |T>|+
k+1:2]€ Thus, |T1|+|T2| =k—1. Then |L1|+‘L3| = ’T1|+|T2|+|T3’+|T1/|+|T2/| =
2k —1+|T3| > 2k+1, which contradicts |Li|+|Ls| <2k. Therefore, |Si3]=1. Since
there exists a cycle uz;x;2;u where z; is not a cut vertex, we have Sjz={u}. Thus,
T5=0. It follows from |T7{|+|Ty| =k that |T]| =k, which contradicts |T7| <k—1.
Therefore, |T5|=1.

Let ey4=sx; and let Si4 be a vertex set satisfying Lemma 2.3 for ey4. Since
Vos3(G)—{s,2;} S{u,x1} and w(G—{u,z:})=|T1|+|T]]+1, then by Lemma 2.5(2),
we have |S14|=1. Since svuz; is a s-z; path and v is not a cut vertex in G, we have
S1a={u}. Then Ty=0 and w(G—S14)=|T1|+1=k. Thus, |T{|>1 and |T1|=k—1.
It follows from |T}|+|Ts| <k—1 that |75|=0. Then, G belongs to class His.
Subcase 1.3.2. s is adjacent to L; but not to T3.

In this case, To #(. Since |T1|+|T2| <k—1, we have |T;| <k—2. Without loss
of generality, let x5 €T and x3€T5.

Subcase 1.3.2.1. Ty=0.

In this case, vertex x; becomes a cut vertex. Thus, 1<|T]|<k—1. Suppose
that sx1 € F(G). Let e;5=sz; and let Si5 be a vertex set satisfying Lemma 2.3 for
ey5. Since Vo3(G) C{u,s,x1}, then by Lemma 2.5(1), we have |S15|=1. The cycle
uzysrixrgu implies S15={u}. Then, w(G—55)=|T1|+1=k. Thus, |T}|=k—1,
which contradicts |7} | <k—2. Therefore, sz, ¢ E(G).

Assume first that |T3]=1. Let ejg=szy and let Sy be a vertex set satisfying
Lemma 2.3 for ejg. Assume that |Sig| > 2. Since Vs3(G) C {u,z1,s}, then by
Lemma 2.4, we have Sig={u,z;}. Then

W(G=Si6) =|Th|+|T]| +|T5| + 1= T |+ |T]|+2<k—2+k—1+2=2k—1,

which contradicts w(G—S16) >2k. Therefore, |Si6|=1. The cycle uvszou implies
S16={u}, leading to w(G—Sis) =|T1|+w(G2)+1=|T1|+2=Fk. Hence, |T1|=k—2.
Combining this with |T1]|+|T5| <k—1 and Ty #0, we get |Tz|=1. Thus, G belongs
to the family H 4.

Assume now that |T3| >2. Select an arbitrary vertex x; € T3—x3. Let e;r=ux3
and let Sy7 be a vertex set satisfying Lemma 2.3 for ej7. Since Vs3(G)—{u,x3} C
{s,z1} and w(G—{s,z1})=|D(e)|+|T]|+1, then by Lemma 2.5(2), we have |S;7|=
1. Given that z; is the only possible cut vertex in the cycle uxsziz;u, we have
517: {231} Then w(G—Sn) = |T1/|+1 :k, nnplylng ‘T“ =k—1.
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Let ejg=x3x71 and let Sig be a vertex set satisfying Lemma 2.3 for e;5. If |Si5|=1,
then w(G—Sis) =k. The cycle uzxsriz;u implies Sijs ={u}. Then w(G—95i5) =
71| +14w(Gy) =|T1|+2=Fk, implying |T}|=k—2. Since |T|+|T>| <k—1, we have
|T5|=1. Noting that |L;|+|Ls|=|T1|+|T2|+|T5|+|17| <2k, it follows that |T5] <2.
Since |T3|>2, we have |T3|=2. Therefore, G belongs to class Hg.

If | S13]>2, then by Lemma 2.4, we have S1sCV53(G) C{u,s,21}. So Sis={u,s}.
Then

Thus, |T1|+|T2|=k—1. Noting that |Lq|+|Ls| = |T1|+|Ta|+|T5]|+|17| < 2k, we get
T3] < 2. As |T3| > 2, it follows that |T3| =2. For the edge e = szy and its
corresponding vertex set Sig. If |Sig| >2, then Lemma 2.4 implies S16C V53(G) C
{u,s,21}. So Sig={u,x1}. Then w(G—Sis)=|T1|+|T7|+|T3|+1=|T1|+k+2=2k.
If |S16| =1, the cycle uvszou forces Sig={u} and w(G—Sis) =|T1|+w(Gs)+1=
|T1|+2=Fk. Therefore, we conclude that |T;|=k—2. So |T5|=1. Therefore, G also
belongs to class Hig.

Subcase 1.3.2.2. Tj#0.

Let ejg=vs and let Sig be a vertex set satisfying Lemma 2.3 for e;9. Suppose
that |Sig| >2. Lemma 2.4 implies S19 C V53(G) C{u,s,x1}. So Sig={u,x;} and
w(G—S19)=|T1|+|T]|+|T5|+1. Note that |Li|+|Ls|=|T1|+|T2|+|T5|+|T]|+| T3] <
2k. Since To#0 and Ty#0D, we have |T1|+|T7|+|T3]|<2k—2. Thus, w(G—5S19)<2k—1,
which contradicts w(G—Si9) >2k. Therefore, |Sig|=1. The cycle uvszyu implies
Sio={u}. Then w(G—S19)=|T1|+1=k, forcing |T}|=k—1. Since To#0, it follows
that |11|4|7T%| >k, which contradicts the conclusion |1} |+|T3| <k—1.

Subcase 1.3.3. s is not adjacent to L;.

Then |T3|=0 and T3CV5(G). Since e is not a bridge and g(uv)=0, s is adjacent
to exactly one of Ly and Ls. Let x; be an arbitrary vertex in T3.

If s is adjacent to Lo, then Ty =0 and 1 <|T|<k—1. Let ey =sz; and let
Sao be a vertex set satisfying Lemma 2.3 for eg. Since Vs3(G) C {u,x1,s}, then
by Lemma 2.5(1), we have |S90|=1. The cycle uvszix;u implies Soo={u}. Thus,
w(G—Sy)=|T1|+1=k, forcing |T1|=k—1. If |T3|=1, then G belongs to class H;s.
If |T5|>2, since {u,z;} is a cutset of G, we have w(G—{u,z1})=|T1|+|T3|+|T]|+1=
|T5|+|T7|+k<2k. Thus, |T3|+]|T]| <k, which implies |T]|<k—2. Let ey =ux; and
let S9; be a vertex set satisfying Lemma 2.3 for ey;. Since Va3(G)—{u,z;} C{xy,s}
and w(G—{x1,s})=|D(e)|+|T]|+1, we have |Sy;|=1 by Lemma 2.5(2). Let z; be
an arbitrary vertex in 75 —x;. Since ux;z1z;u forms a cycle in which x; is the only
possible cut vertex, we have So;={x;}. Then w(G—Ss)=|T]|+1<k—24+1=k—1,
contradicting w(G— S ) =k.

If s is adjacent to Lz, we claim that |T3|=1. Suppose to the contrary that
75| >2. Let x; € T5—x;. Let exp =x12; and let Syy be a vertex set satisfying
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Lemma 2.3 for egs. If |S95|>2, Lemma 2.4 implies Sgo CV53(G) C{u,x1,s}, then
Sog = {s,u} and w(G—S%) =|T1|+|D(e)|+2=|T1|+k+1=2k. If |Sxp|=1, the
cycle ux;xixju implies Sy ={u}, and so w(G—S%)=|T1|+1=k. In both cases,
we conclude that |T7|=k—1. Then |Li|=|T1|+]|T3|>k—14+2=k+1. Noting that
|L1|+|L3| <2k, we have | L3|<k—1. We use the edge eo; =uzx; and its corresponding
set So1 again. Since Vs3(G)—{u,z;} C{x1,s} and w(G—{x1,s})=|D(e)|+|T]|+1,
we have |Sy;| =1 by Lemma 2.5(2). The cycle uz;x z;u forces So; ={z1}. Thus,
wW(G—9521) =|T]|+1 < |Ls|+1 < k, which contradicts w(G—Ss1) =k. Therefore,
|T5[=1.

Let x; be a vertex in T5. Let es3 =15 and let Spz be a vertex set satisfying
Lemma 2.3 for eg3. If [Sa3] >2, Lemma 2.4 implies Sao3 CV53(G) C{u,z1,s}. Thus,
Soz={u,z1}. It follows that w(G—Ss3) = |T7|+|T1|+|T3]+1=2k. So |T7|+|T|=
2k—2. Given that |T]|<k—1 and |T1| <k—1, we deduce that |T]|=|T}|=k—1.
Noting that |Ly|+|Ls| <2k, which implies |T3|=1. Therefore, G belongs to class
Hie-

If | Soz|=1, the cycle uvsx;zyz;u implies So3={u} or Sog={x1}. If Sos3={u}, then
w(G—Sa3)=|T1|+ 1=k, forcing |T1|=k—1. Since ey3 is a bridge of G—Sa3, we have
|Ty|=1. Thus, G belongs to class Hig. If Sog={z1}, then w(G—Sa3)=|T]|+1=k,
which implies |T]|=k—1. Since {s,z;} is a cutset of G, we have

W(G—{s,21})=|T]|+|Ty|+1+|D(e)| = |T|+2k—1 < 2k.

Then |T3|=1. Thus, G belongs to class Hg.

Subcase 1.4. a=3 and G[L,—u] is connected.

Since g(uv)=0, then by Observation 2.1, we conclude that G[L,—u] is a star
with its center vertex in Ls. Thus, |Ls|=1. Let Ly={x;}. For each vertex z;€ L,
the neighbor set Ng(z;) is either {u,z1} or {u,z1,s}.

We first prove that |L;|=1. Suppose to the contrary that |L;|>2. Let z; be
a vertex of Ly such that dg(z;) =3 if s is adjacent to Ly, and let z; € Ly —z;. Let
eas=x1x; and let Spy be a vertex set satisfying Lemma 2.3 for eqy. If |Sa4|=1, since
uz;x1z;u forms a cycle, we have that Sy, must be {u} or {z;}. However, neither
u nor z; is a cut vertex of GG, which leads to a contradiction. Thus, |Sy|>2. By
Lemma 2.4, Soq CV53(G) C{u,x1,s}ULy. By the choice of z;, we have Syy={s,u}.
Since G[L,—u] is connected, it follows that w(G—Sa4)=|D(e)|+2=k+1, which
contradicts w(G —Say) >2k as k>2. Therefore, |L1|=1.

Let Ly ={xz3}. Suppose that s is adjacent to L;. Then s is not adjacent to Ls.
Suppose s is not adjacent to Ls. Then z; is a cut vertex of G, and so |L3|<k—1.
By Lemma 3.1(i), G is not minimal, a contradiction. Hence, s is adjacent to Ls.
Let x3€ Np,(s). Let egs =sxe and let Ses be a vertex set satisfying Lemma 2.3
for eg5. Using the cycles wvszou and xosxgryzy, we conclude that |Sys|> 2, and
at least one of u and v must belong to Ss5. According to Lemma 2.4, we have
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Sa5 CV53(G). However, both u and v have degree two, a contradiction. Hence, s
is not adjacent to L.

Since e is not a bridge of G and g(uv) =0, it follows that s is adjacent to
exactly one of Ly and Lz. Assume that s is adjacent to Lo, then by Lemma 3.1(i),
G is not minimal, a contradiction. Thus, s is adjacent to L3. Let z;€ Np,(s).
Let ey = sx; and let Spg be a vertex set satisfying Lemma 2.3 for ess. Since
V53(G) C{z1,s}, Lemma 2.5(1) yields that |Sas| =1. Let T be the set of leaf
vertices in Lz. Clearly, 0<|T|<k—1. The cycle uvsz;xixou implies Sog={z1}.
Thus, w(G—Sa) =|T|+1=k, forcing |T|=k—1. Since {s,z1} is a cutset of G,
we have w(G—{s,z1})=|Ls|+|D(e)|+1=|Ls|+k <2k. Hence, |L3|<k and s is
adjacent to exactly one vertex in L3. Thus, G belongs to class Hig.

Subcase 2. R;#0.

Since g(uv)=0, vertex s is not adjacent to Ry, and both R; and L; are inde-
pendent sets. Noting that 2<a+b<3 and L;#0, we have 1<b<2. If b=1, then
v is a cut vertex. Since w(G—{v})=|Ry|+1, we have 1 <|R;|<k—1.

Claim 5. If a=2, then |L;|=1 and L, is an independent set, and if b=2, then
|R1|=1 and Rj is an independent set.

Proof. Suppose that a=2. It follows from u(C(e)) =2 that u(G[L,])=1. Since
g(uv) =0, then by Observation 2.1, G[L,] is a star with center vertex in L;. As
L, is an independent set, we have |L;| =1, and thus L, is an independent set.
Similarly, if b=2, then |R;|=1 and Rs is an independent set. H

Subcase 2.1. a=1.

Let T1=Nyp,(s) and To=L;—T;. Clearly, T} CV5(G) and T, CVi(G). Since e is
not a bridge of G, we have Ty #(). Let x; be an arbitrary vertex in 7. Let eg;=sv
and let Sy7 be a vertex set satisfying Lemma 2.3 for eo;.

If b=1, then V53 C{v,s,u}. By Lemma 2.5(1), we have |Sy7|=1. The cycle
uvsz;u implies Soy = {u}. Consequently, w(G—Ss;) = |T5|+1 =k, which forces
|T5|=k—1. Since {s,u} is a cutset of G, we have w(G—{s,u})=|L|+|D(e)|+1=
|L1|+k <2k. Hence, |Li| <k. Combining this with |L;|=|T1|+|Tz|, we deduce
|T1|=1. Thus, G belongs to class Hi7.

If b=2, then by Claim 5, | R;|=1 and R is an independent set. Let us denote the
unique vertex in Ry by y;. Let R} be a set of vertex of Ry which has degree one in G.
Since 7(G) =1, we have 0<|R}|<k—1. For the edge a7, since Vaz—{v,s} C{u,y}
and w(G—{u,y1 })=|Ts|+|R5|+1, then by Lemma 2.5(2), we have |Sa7|=1. Suppose
that s is adjacent to Ry. Let y; € Ng,(s). Since vux;s and vy y;s are two v-s paths
in G, we have |Sy7| >2, a contradiction. Thus, s is not adjacent to Ry. Then y; is
a cut vertex. Since 7(G)=1, we have 1<|Ry|<k—1. As wvszyu forms a cycle, we
have Sy ={u}. Then w(G—Ss;)=|T5|+1=k, forcing |T5|=k—1. Since {u,s} is a
cutset of G, we have w(G—{u,s})=|L1|+|D(e)|+1=|L1|+k <2k. Thus, |L1|<k.
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Combining this with |7} |+|T5|=]|L1|, we get |T1|=1. Therefore, G belongs to class
ng.
Subcase 2.2. a=2.

In this case, b=1. By Claim 5, |L;|=1 and L, is an independent set. Denote
the unique vertex of L; by x;. Obviously, s is adjacent to exactly one of L; and
LQ, and V23 - {U,S,Il}.

If s is adjacent to Ly, then by Lemma 2.5(1), we have |Sy7|=1. The cycle uvsziu
implies Soy={x1}. Then w(G—Sa7)=|Lo|+1=k. Thus, |Ly|=k—1. Choose the
edge sx1, we can get |Ri|=k—1 by similar discussion. Therefore, G belongs to
class Hq7.

If s is adjacent to Lo, let T3 =Ny, (s) and Ty = Lo—T3. Then T3 C V5(G) and
T, CVi(G). By Lemma 2.5(1), we have |So7|=1. Let z; €T5. The cycle uvsx;ziu
implies So;={z1}. Then w(G—Ss7)=|Ty|+1=Fk, which implies |Ty|=k—1. Since
{s,z1} is a cutset of G, we have w(G—{s,x1})=|La|+|D(e)|+1=|La|+k < 2k.
Hence, |Ly| <k, and so |T3|=1. Therefore, G belongs to class Hs.

Case 3.2. |S|=2.

Let S={s1,52}. By Lemma 2.3, w(G—S)=k|S|=2k>4. By Lemma 2.4, every
vertex of S must be adjacent to at least three components of D(e). Since u(G)<3
and p(C(e)) >1, we have pu(G[SUV(D(e))]) =2, and so u(C(e))=1. Since e is a
bridge of C(e), C(e) is a star by Observation 2.1. Without loss of generality, let
u be the center vertex of C'(e). Then b=0 and 0<a<1. Let {N,,,Ny,,N,, ,} be a
partition of V(D(e)) where

Ny, ={weV(D(e))|sswe E(G),saw¢ E(G)},
Ng,={weV(D(e))|siwé¢ E(G),sow e E(G)},
Ny, ={weV(D(e))|siwe E(G),s;we E(G)}.
Observe that N, UN,, CVi(G) and N, , CV5(G). Since 7(G) =1, we have 0<
|Ns, |<k—1and 0<|N,,|<k—1. As |D(e)|=w(G—S)—1=2k—1, we conclude that
|Ng,,|>1. Let wy be a vertex in Ny, ,. It follows from g(uwv) <|S| that g(uv) <2.
Case 3.2.1. g(uww)=2.

Then every vertex of S'is adjacent to both u and v. Let ess=usy and let Ssg be a
vertex set satisfying Lemma 2.3 for esg. Since uvsy and us;w,se are two u-s, paths
in G, we have |Sag| >2 and v € Sss. However, Ng(v)={u,s1,52} C Ng(u)UNg(s2),
which contradicts Lemma 2.4.

Case 3.2.2. g(ww)=1.

Without loss of generality, we assume that us;,vs; € E(G). By Lemma 2.8, we
have L1#0 and vso€ E(G). Given that g(uv)=1, it follows that s is not adjacent to
Ly, and usy,s150¢ E(G). Let Ty=Np, (s2) and To=L;—T). Clearly, T, CV5(G), T,C
V1(G) and |Ty| <k—1. Suppose that T} #0 and let x;€T}. Let eag=vsy and let Sag



K. Gao et al. / Ann. Appl. Math., 41 (2025), pp. 414-440 437

be a vertex set satisfying Lemma 2.3 for eag. Since vux;se and vsjw,sg are two v-$o
paths in G, we have |Sag|>2. By Lemma 2.4, we have Sg9 CV53C{u,v,s1,89}, which
implies Sog={u,s1}. Then w(G—Ss9)=|Ts|+|N;, | +1<k—1+k—1+1=2k—1, which
contradicts w(G—Sa9)>2k. Hence, T1=0, and so |L1|=|T|<k—1. Let e3p=vs; and
let S5 be a vertex set satisfying Lemma 2.3 for e3q. Since vus; and vsow, sy are two
v-s1 paths in G, we have |S3y|>2. By Lemma 2.4, we have S50 CV53C{u,v,51,52},
which implies S3o={u,s2}. Then w(G—S30)=|L1|+|Ng, | +1<k—14+k—1+1=2k—1,
which contradicts w(G—S30) > 2k.
Case 3.2.3. g(uv)=0.

Without loss of generality, suppose that vs,€ E(G). Since g(uv)=0 and | N, ,|>
1, we can obtain that s;so ¢ E(G).

Case 3.2.3.1. L;=0.

Since g(uv) =0, we have us; € E(G) and uss,vs; ¢ E(G). Let es; =us; and
let S3; be a vertex set satisfying Lemma 2.3 for es;. Since Vi3(G) C {s1,2},
then by Lemma 2.5(1), we have |S3;|=1. The cycle uvsyw;s; implies S3; ={s2}.
Consequently, w(G—S31)=|N,|+1=k, forcing |Ny,|=k—1. By a similar argument
for the edge vsy, we deduce that [Ny, |=k—1. Noting that |D(e)|=|Ny, |+|Ns,|+
|Ng, ,|=2k—1, it follows that | Ny, ,|=1. Therefore, G belongs to the family #;s.
Case 3.2.3.2. L, #(.

Since g(uv)=0, this implies that L; is an independent set. Since {u,s1,s2} is
a cutset of G, we have:

w(G—{u,s1,81})=|L1|+1+|D(e)|=|L1|+2k < 3k.
Thus, |Li|<k. Let { M, My, M3, M,} be a partition of L; where

M1:{$€L1|81£L‘€E(G) SQ$¢E(G)}

={z€L|sr€ E(G),s10¢ E(G)},
Ms={zeL|s1x¢ E(G),s20 ¢ E(G)},
M4:{$€L1|81$€E(G> SQZL’EE(G)}

Clearly, M3 CVi(G), MiUM;CVo(G) and M, CV3(G). Since 7(G) =1, we have
0<|Ms| <k—1.
Case 3.2.3.2.1. s; is not adjacent to L,.

Then M;=M,;=( and syu¢ E(G). Since e is not a bridge of G and g(uv)=0,
we have soué F(G) and s, is adjacent to L,. Therefore, My ). Without loss of
generality, let x; be a vertex in M.

Let e3o =wvsy and let S3p be a vertex set satisfying Lemma 2.3 for ezs. Since
Vo3(G)—{v,82} C{u,s1} and w(G—{u,s1})=| Ny, |+|M;s|+1, then by Lemma 2.5(2),
we have |S3p| =1. Consequently, vs; ¢ F(G). Otherwise, vuzysy and vsjwi sy are
two v-sg paths in G, which implies |S32| > 2, a contradiction. The cycle uvssziu

1
L



438 K. Gao et al. / Ann. Appl. Math., 41 (2025), pp. 414-440

implies Sso={u}. Then w(G—Ss3)=|Ms|+1=Fk, forcing |M3|=Fk—1. Since |L,|=
| Ms|+|Ms| <k and My+#0, we have |My|=1. As w(G—{s2})=|Ns,|+2, it follows
that |N,,|<k—2. Noting that |D(e)|=|N, |+|Ns,|+|Ns, ,|=2k—1 and | N, |<k—1,
we have [N, ,|>2.

Let wy € N, ,—w;. Let esz3 =sow; and let S33 be a vertex set satisfying
Lemma 2.3 for ez3. Since V53(G)—{s2,w1} C {u,s1} and w(G—{u,s1})=|Ns, |+
|M3]41, we have |Ss3] =1 by Lemma 2.5(2). The cycle sjw;sowss; implies Ss3=
{s1}. Thus, w(G—S533)=|Ns,|+1=k, forcing |Ns,|=k—1. Let egs=siw; and let
Ss34 be a vertex set satisfying Lemma 2.3 for esy. If |S34] >2, then by Lemma 2.4,
we have Sy ={u,s0} and w(G—Ss4) = |M;|+|Ma|+|Ns, | +2=|Ng, | +k+2=2k. If
|S34] =1, the cycle sywysowas; implies Sy ={s2} and w(G—S34) =|Ns,|+2=k.
By the above equalities, we have |N,,|=k—2. Noting that |D(e)|=|Ns, |+|N,|+
|Ng, ,|=2k—1, we have | Ny, ,|=2. Therefore, G belongs to class Hg.

Case 3.2.3.2.2. s; is adjacent to u.

It follows from g(uv)=0 that vs; ¢ F(G) and s; is not adjacent to L;, which
implies M;=My=0. Let ess=us; and let S35 be a vertex set satisfying Lemma 2.3
for egs. Since Vso3(G) C{u,s1,s2}, then by Lemma 2.5(1), we have |S35|=1. As
uvsewi s1u is a cycle in which sg is the only possible cut vertex, we have S3s={ss}.
Then w(G—S35)=|N,|+1=Fk. Thus, |N,,|=k—1.

Suppose that | Ny, ,|>2. Note that |D(e)|=|Ng, |+|Ng,|+| N, ,|=2k—1. Thus,
|Ng, | <k—2. For the edge e33 =sow; and its corresponding vertex set Sz, since
Vos(G)—{s2,w1 } C{u,s;} and w(G—{u,s1})=|Ng, |+|Ms|+1, we have |Ss33]=1 by
Lemma 2.5(2). Let w; be an arbitrary vertex in N, ,—wi. The cycle syw;sowss;
implies S33={s1}. Then w(G—Ss33)=|Ns,|+1<k—24+1=k—1, which contradicts
w(G —Ss3) =k. Therefore, [Ny, ,|=1. Since |D(e)|=|Ng, |+ |Ng,|+| N 2k—1,
we have |Ng |=k—1.

Suppose that My (. Since {u,s2} is a cutset of G, we have

1,2|

1,2|_

w(G—{u,s9}) =|Mjs|+| M|+ |Ng, | +2=|Ms|+ | M|+ k+1 < 2k.

Combining this with M, #0), we have |M3| <k—2. For the edge ez, =wvss, since
Vos3(G)—{v,s2} C{u,s1} and w(G—{u,s1})=|Ns, |+|Ms3|+1, then by Lemma 2.5(2),
we have |S3p| =1. Let x; be a vertex in Ms. As uvssxiu is a cycle in which w is
the only possible cut vertex, then S3;={u}. Consequently, w(G—Ss2)=|Mjz|+1<
k—2+1=k—1, which contradicts w(G—Ss2) =k. Hence, My=0. Tt follows that
1<|M3|<k—1. Therefore, G belongs to class Hs.

Case 3.2.3.2.3. s; is adjacent to L;.

Let x9 be an arbitrary vertex in Np, (s1). Suppose that vs; € E(G). Let esg=vs;
and let S3g be a vertex set satisfying Lemma 2.3 for e3q. Since vuxss; and vsowy sy
are two v-s; paths in G, we have |Sss| >2. Clearly, the neighbor set of each vertex
of My is {u,s1,s2}, which is contained in Ng(v)UNg(s1). By Lemma 2.4, we have
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MyNS36=10. Then S35 C V53(G) C MyU{u,v,s1,82}. Therefore, Sz ={u,s2} and
w(G—S36)=|Ms|+| Ny, |+1<k—14+k—14+1=2k—1, which contradicts w(G—S555)>
2k. Hence, vs ¢ E(G).

Suppose that M, #0. Without loss of generality, Let 23 be a vertex in M,. Let
es7=x3s9 and let S37 be a vertex set satisfying Lemma 2.3 for e3;. Since xzuvsy and
T3S1W1Se are two x3-$o paths in G, we have |S37|>2. Since the neighbor set of each
vertex of My is {u,s1,$2}, then by Lemma 2.4, we have MyNS37=0. Since V53(G)C
MyU{u,s1,s2}, we get Sgy={u,s1}. Note that |L;|=|M;|+|Ma|+|Ms|+|Ms| <k.
Then W(G—Sg7):|N51|+|M3|+1—|—’M1| S |Nsl‘+l{'—’Mg‘—‘M4| Sl{?—1+]€—1+1:
2k—1, which contradicts w(G—Ss7) >2k. Hence, My=1.

As s; is adjacent to Li, we have M; #( and x5 € M;. Suppose that M, +#0.
Without loss of generality, let x4 be a vertex in M,. Let ess =x459 and let Ssg
be a vertex set satisfying Lemma 2.3 for egs. If |S3s| >2, then since Lemma 2.4
ensures S3z C V53(G) C{u,s1,82}, we have S3s ={u,s1}. Note that |Li|=|M;|+
’MQ‘—"’M:}‘ Sl{? ThUS, |M1|—|—|M3| Sk‘—l and LU(G—Sgg): |N51‘+’M3‘+|M1|+1§
|Ns,|+|L1|—|Ma|<k—1+4k—141=2k—1, which contradicts w(G—Sss) >2k. Thus,
|S3s]=1. The cycle uvsyz u implies Ssg={u}. Then w(G—Sss)=|M;3|+1=Fk. Thus,
|Ms| =k—1. However, |L|=|M|+|Ms|+|Ms|=|M;|+|Ms|+k—1>k+1, which
contradicts |L;| <k. Hence, My=1{).

Suppose that [M;]|>2. Tt follows from |Li|=|M;|+|M;| <k that |M;3| <k—2.
Let x; be a vertex in My —x9. Let e3g=s119 and let S39 be a vertex set satisfying
Lemma 2.3 for egg. If |S59|>2, then by Lemma 2.4, we have S39CV53(G)C{u, 51,52}
Thus, Ssg={u,s2} and w(G—Ss9) =|M;3|+|Ns,| +2<k—2+k—14+2=2k—1, which
contradicts w(G —Sz9) >2k. Thus, |S3e|=1. The cycle uzss;x;u implies Szg={u},
and so w(G—Ss9) =|M3|+1<k—1, which contradicts w(G—Ssg) =k. Therefore,
|M;|=1.

Suppose that [N, ,|>2. It follows from |D(e)|=|Ng, ,|+|Ng [4+| Ny, | =2k—1
that |Ng | <k—2 or |N,,|<k—2. Without loss of generality, we assume that
|Ng, | <k—2. Let wy € Ny, ,—wy. For the edge es3 =s,w; and its corresponding
vertex Sy, if |S33]>2, since V>3(G) C{u, 1,82}, we conclude that Ss3={u,s;}, and
w(G—S33)=|Mjs|+|Ng, | +2<k—1+k=2k—1, which contradicts w(G—Ss3)>2k. If
|S33| =1, then since sjw;sewss; forms a cycle, we have S33=1{s;}. Consequently,
w(G—S33) = |Ng |+1 <k—2+1=Fk—1, which contradicts w(G—S33) =k. Thus,
’N81,2|: L.

It follows from 7(G) =+ that [Ms| <k—1, N, |<k—1 and |N,,|<k—1. Since
[N, ,| =1 and |D(e)| = [Ny, |4+ |Ngy|+|Ns, ,| =2k —1, we have [Ny | =[Ny, | =k—1.
Thus, G belongs to class Hig. m
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