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Abstract. This paper concerns the Cauchy problem of three-dimensional in-
compressible magneto-micropolar equations with partially mixed velocity dissi-
pation and magnetic diffusion. Under smallness assumption on initial data, we
first establish the global existence of smooth solution, and then derive the long-
time decay estimates for the solution. The proof is based on energy methods,
and some new weighted energy functionals and bootstrap argument are intro-
duced. We remark that, despite the lack of dissipation in certain directions, the
solution exhibits power decay rates as time tends to infinity.
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1 Introduction

The magneto-micropolar fluid equations describe the motion of small-scale ferro-
magnetic particle aggregates suspended in a viscous magneto-fluid, such as saline
solutions, esters, or fluorocarbons, under an external magnetic field, and it is of
great importance in both theoretical studies and practical applications; see, for
example, [1]. Based on the dissipation mechanisms, the incompressible magneto-
micropolar fluid equations are classified as either fully dissipative systems, where
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dissipation is uniform in all directions, or partially dissipative systems, where it is
weak or absent in some directions. In this paper, we are concerned with the in-
compressible magneto-micropolar fluid system with mixed velocity dissipation and
magnetic diffusion in dimension three. The mathematics model describing can be
written as (cf. [6]):

(
ou+u-Vu+Vp=A+b-Vb+2xV xw,

Ob+u-Vb=B+b-Vu,
(1.1)
dw—+u-Vw+4dxyw=vyAw+2xV X u,

V-u=0,V-b=0,
\

where the functions u=(uy,us,u3), b=(b1,b2,b3), and w=(wy,ws,ws) are the velocity
field, magnetic field, and micro-rotation field, respectively. p is the pressure. v and
X are the angular viscosities and spin viscosity, respectively. The functions

(M+X) (0£2$2u1 +6£3x3U1) T] <6£2$2 bl +a§%3$3 bl)
A: (ILL+X> (a§1x1u2+aggxgu2) ’ B: n(aglxle—i_angSbQ) ’
(M_’_X) (a§1m1u3+a£2x2u3) n (a£1w1b3+a£2$2b3)

where © >0 and x >0 are the kinematic viscosity coefficients, and 7 >0 is the
magnetic diffusivity coefficient. We study the Cauchy problem of (1.1) with the
given boundary conditions

(u,b,w)(z,t>0)=(0,0,0) asx—+oo (1.2)

and
(u,b,w)(z,t=0)=(ug, by, wo) (z). (1.3)

In recent years, substantial progress has been achieved in understanding the
global regularity, well-posedness, and decay behavior of solutions for magneto-
micropolar systems with partially dissipations. When all the velocity field, mag-
netic field, and micro-rotation field exhibit both horizontal and vertical dissipation,
Wang-Wang [18] proved the global existence of smooth solutions under small initial
assumption. Ma [13] proved the global existence of solutions of three-dimensional
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Cauchy problem under anisotropic mixed dissipation. Wang-Li [17] discussed a large
number of magneto-micropolar systems with mixed partial dissipation, and showed
the global existence of classical solution and its stability in case when the initial data
has small perturbations near equilliba. By energy methods and Blowup mechanism,
Wang-Gu [16] proved the global existence of smooth solution with with finite ini-
tial energy. Zhong-Xu [21] established the local existence and uniqueness of strong
solutions in both bounded domains and the whole space. Yan-Chen [22] analyzed
the fully viscous incompressible magneto-micropolar system and present a new reg-
ularity criterion in terms of pressure term. Li-Shang [11] examined the fully viscous
three-dimensional system with initial data belongs to L'(R3*)NL?(R?) and proved
that the weak solutions possess the following decay rate

lu() ]2+l (@)l 2+ 15[ 22 < C(1+8) 7%,

and additionally, under smallness assumption, the smooth solution satisfies

m

D™ () s) + D™ w0l sy + Dbl 2y < C(14) 747,
For other related results, we refer to [2-5,9,10,12,19,20,23] and references therein.

In this paper, we shall prove that (1.1)-(1.3) admits a unique global smooth so-
lution, provided that the initial data are small in some Sobolev space. Furthermore,
we obtain long-time decay rates for the solution.

Theorem 1.1. Let s>32 and let the initial data (uo,bo,wo) € H* (R?) satisfy V-uo=
V-by=0. Assume that there is a small constant 6 >0 such that

||(u0,b0,w0)||Hs(R3)<(5. (14)

Then the the problem (1.1)-(1.3) admits a unique global smooth solution (u,b,w)
which satisfies

(u,b,w) € L= (0,T;H* (R*))NL? (0,75 H* ' (R?)),
and

T
2 2
|| (u,b,w) ||%{S(R3)+/ <§ul|Vu||§{g(R3)d+ g?’]HVbH%{s(Ra)+2’7||Vw||%p(R3)) dTS 0527
0

(1.5)
where the constant C' depends on p,n,7.
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Theorem 1.2. Let s* > —2 and let the initial data (ug,bo,wo) € H® (R3) satisfy
V- ug=V-by=0. Assume that there is a some small 6 ; >0 such that

H(Uo,boawo)’

Then the problem (1.1)-(1.3) admits a global solution (u,b,w)€ C([0,00);H*" (R?))
which satisfies

Hs* (R3) <d7.

IMES

_3
4
)

| (AP, A¥b, AP w) || p2rey < O (1+4)
where the constant C' depends on p,n,v, and k>—1 is an integer.

Remark 1.1. We point out that the solutions still exhibited sharp power decay
rates, although some dissipation lost in certain directions.

Remark 1.2. In the proof of the Thorem1.2, the idea is to use the weighted energy
estimate to get the decays we want,namely

E(t)= sup H(A_lu(T),A_lb(T),/l_lw(T))Hiz+§u/0 lu(r)||3.dr

0<r<t

) t t
s [ IOIEsdr+2y [ o),
0 0

Es(t)= sup H(A_Zu(T),A_Qb(T),/1_2w(7'))Hiz—l—g,u/o A u(7)||72dT

0<r<t

9 t t
s [ AT Badr2y [ 4 w(o)ladr
0 0

Ba(t) = sup (1+7)" 2] (A7 u(). A0 A ) [, 5 [ (L) 2 (o)

0<r<t

D) t t
s [ Qery P lladr 2y [ 1r) o) e,
0 0

Ey(t)= sup (1+T)3/2||(U(T),b(f)aw(f))lliﬁgu/o (1+7)"2|[Vu(7) |72 dr

0<r<t 3

2 t t
2 [ Vb adr2y [ (4 Tuln)]adr
0 0

We comment on the proof of Theorem 1.1 and Theorem 1.2.

Since local existence result is known in [11], we complete the proof of Theorem
1.1 by using the a priori estimates and continuity method. To do this, we first prove
Lemma 2.2, it not only reveals the intrinsic properties of the equations (1.1) but
also greatly simplifies the proof. In Section 3, we are devoted to proving the needed
a priori estimates. By considering the energy functional
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4.dr

E(t)= sup [|(u(7),b(7),w(r))]

0<r<t

2) t
+n [ 190
0

2 2 !
bt s [ 19u(7)
0

2 dr

t
qud7+2'y/ |Vw(T)]
0

and making use of the equivalence of ||(u,b,w)|| gs ~|| (u,b,w)| 2+ V*(u,b,w)]|| 12, we
can prove the inequality

E(t)<CoE(0)+CLE> (1), Vt>0.

By this and initial smallness assumption, we complete the proof via continuity
method. The proof of Theorem 1.2 primarily employs the weighted energy method
in combination with a mathematical induction argument. To obtain more precise
decay estimates and to clarify the structure of the proof, we first introduce several
new energy functionals and weighted energy functionals (see Remark 1.2 for de-
tails). Similar to the proof of Theorem 1.1, by synthesizing the four estimates from
Propositions 4.1 and 4.2, it is evident that the weighted energy functional E(t) re-
mains uniformly bounded. As a result, we obtain decay estimates for the first-order
negative derivatives of the solution (see Proposition 4.1), as well as for the basic
energy (see Proposition 4.2). Finally, for the decay of higher-order derivatives, we
combine the stability result provided in Theorem 1.1 with a mathematical induction
argument to derive the desired conclusion.

Notations: We denote by A~ B if c;A< B <c3A for some positive constants.

Refer to [14], the operator (—A)* is defined via the Fourier transform (—/AF f(&)=
|€]2¢ £ (&) for a€(0,1), and in particular A=(—A)2. For simplicity we write

/// u(xl,xg,xg)dxldedxgz/ u(z)dz.
R3 R3

]| s w3y +110]] s sy + [|w || s msy = || (w0, b,0) || s 3y = || (A*w, A°0, A%w) || 2 ms)
=[[(A%u, A°b, A°w)|| 2,5 EZN][—2,00).

The norm identity

The remainder of this paper is organized as follows. Section 2 introduces two fun-
damental lemmas: the commutator estimate and the dissipation lemma. Section
3 provides a detailed proof of Theorem 1.1, consisting of three parts: establishing
basic and higher-order a priori estimates via propositions, and closing them through
a bootstrap argument. Section 4 proves Theorem 1.2 through three propositions.
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The first establishes a priori estimates for negative-order derivatives in three steps:
estimating (A~ u, A7, A7 w), then (A~2u,A72b,A7%w), and finally deriving decay
rates via the weighted energy method. The second proposition gives the basic decay
estimate, while the third, combining weighted energy with induction, yields decay
estimates for higher-order derivatives. In the sequel, the capital letter C'>0 symbols
a generic constant which may vary from line to line.

2 Some useful lemmas

The first lemma is for the commutator estimates. The detailed proof can be find
in [7.8].

Lemma 2.1. Define [A®, f-V]g:=A°(f-Vg)—f-VA°g. Assume s>0 and 1<r<oo,
with 1 =2 4+L =L+ L yhere q1,p, €(1,00) and p1,q2 €[1,00). Then

r g ' p1 g2 ' p2
1A%, £ Vgl <CUV fllzo [[A7 gl Lo + [ A° f | 292 |V g 192)

and
[2°(f P llr SC U gllee | A7 fl| Lo +[[A%g| Loz || f1] 2a2)

where the constant C depends only on r, q1, g2, p1, and ps.

Lemma 2.2. Let h=(hy,ho,h3) satisfy V-h=0. Then, for any a €R, the following
inequality holds:

/ (—822h1/120‘h1 —833h1/12ah1 —811 hg/lzahg —833h2/12ah2
R3

1
—Ogoh3 A**hy — 011 h3 A**hy)dx > 3 [ A% R]172,

where h=wu or h=».

Proof. Set

M = <—822h1/12ah1 —833]11/12&]11 —811 h2A2ah2 —833h2/12ah2

R3

—822h3A2ah3 —811h3A2ah3) dx.
Since [ps—020hi A**hydx = [ 020h1 AA**2hyd, we express M as

M — (822h1 AAQG_th +a33h1A/12a_2h1 +811h2A/12a_2h2 +833h2A/12a_2h2

RS

—|—(922 h3AA2a_2 h3 + (911 ]’L3 AA2a_2h3)dl’
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By integration by parts, we obtain
M= 1024% || 7o+ 105 A% ha [+ 01 A B 12+ | 95 A% ho |7
+]1024% 3| 72+ 01 A% Bs |72
:/ (VO N> hy NV Oy A T hy + VO34  hy -V O5A* 1 hy
R3

+ VLAY hy- VO A ho+ VO35 A hy- VO3 A hy
—i—V@ng‘_lhg . V@QAa_lhg +V81/1"‘_1h3 . V@l/la_lhg)dx

- / (|912A% | 4] 9204 e [P [ D30 4 b [ 4 [ D154 L |4 Do ALy |
R3

[ Dsa A0 R [P 010 A% B [P 4 [ D1 A% g | 851 A ho| P | D15 A% g |
+[Ba5 A0 R |* 4 [D55 A0 R |4 [ D11 A g | 4 [0 AC g | P |91 A9 g |
D10 40 g [P 4 D50 40 hg [P 4 | D524 g |

Using the incompressibility condition and the Cauchy inequality, we deduce

3
MZ/ Z (laii/la_lhlf+‘8jj/1a_1h2}2+ ‘8mm/1a_1h3|2> d$1d$2d$3
R3 .

/L?j?m:l

> %/ <|A/10‘*1h1}2+ \AAQ*1h2\2+|A/1°‘*1h3|2> da
R3
1 «
~ gl

The proof is completed. O

3 Proof of Theorem 1.1

Since the uniqueness and local-in-time existence results are known (see, for example,
the appendix of [11]), our main task in this section is to derive the a priori estimates.

Proposition 3.1. Let the initial data (ug,bo,wo) € (L2(R®))*. Then, for any t>0,

the solution to the three-dimensional magneto-micropolar fluid system (1.1) satisfies
the following estimate

) t ) t t
bt gn [ I9ulfadrs Sn [ 198 dr2y [ 190]dr <)o bowo)lfe
0 0 0
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Proof of Proposition 3.1. Taking the inner product of system (1.1) with (u,b,w),
and integrating over R?, we obtain

1d
5&H(Uabaw)||2L2+4X||w”%2+7\|Vw||%2+(ﬂ+x) (102w || 72+ | 05w 7.2

+[Ovua |32+ || Osuzl|7o 4[| O2us|| 72 + (| Osus |72 ) +n (10201172 + | 0501 |72

+|01ba |22+ (| Dsbal 22 +[|0abs 22 + || Dsbs] |22 (3.1)

:/(b-Vb—i-?Xvxw—u-Vu)-udx—i—/(b-Vu—u-Vb)-bdx

+/(2Xvxu—u-Vw)-wda:—/Vp-u.
By the incompressibility conditions V-u=V-b=0 , we obtain the following identities

/u-Vu-udx:O,/u-Vb-bdx:O,/U-Vw-wdxzo,

/Vp-ui(),/b~Vb-uda:+/b-Vu-bdx:0.

On the other hand,
/Qvaw-u+2XvXu-wdx=/4xqu-wdx

S 4X/ (((92U3 —aglLQ) — (31u3 —33u1) -+ ((91U2 —82u1))wdx

<X ([|92us| 72 + | Osual|72+ || Orus |72 +1|Osua || 72+ |Orus |72
+|00us ||72) +4x [[w] 72

By combining the above estimates, Lemma 2.2, and (3.1), we obtain

d 2 2
EH(%b,w)Hiz+gMHVUH%z+§77||Vb||2Lz+27||VW||%2 <0. (3.2)

Integrating both sides of (3.2) from 0 to ¢(Vt>0) gives

2 t 9 t t
b+ [ IVulfadren [ 198dr2y [ [Vulfar<cs. (33)
0 0 0

]

Proposition 3.2. Suppose the initial assumptions of Theorem1.1 hold, the system of
equations (1.1) admits a global smooth solution (u,b,w). For any t>0, the following
inequality holds:
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9 t 2 t t
(b))l [ IV 50 [ 1960 dr+2y [ I9u(o)lfdr

t
2t / (by0)

where C(p,m,7y) is a constant.

SC(H(ul)?bO?u]O” Hs %{SdTa

(Vu,Vb,Vuw)|

Proof of Proposition 3.2. By applying the operator A° to the first three equations of
the system (1.1), and taking the L? inner product with (A%u,A%b, A*w) , one obtains:

1d

5 T (A%, A%0, A*w) || 72+ () (0245w |72+ O3 A%wn || 24| Oy A% ua || 72 +]| 05 A%us |7 2

(| Oa A us |72+ (|01 A% |72 ) +1 (|00 A%b1 |72+ [| O3 A1 |72+ | 01 A%Ds | 7.2
+ |05 A%ba |72+ (|02 A°D3 || 72+ |01 A3 | 7.2) +4XHAstinrVHASHwH;

:/[As,b-V]b-/lsudm+/2Xv><Asw-/lsud:c—/[As,u-V]u-/lSudx

+/[As,b~V]u~/lsbdx—/[As,u~V]b~/lsbda:+/2Xvx/lsw/lswdx

8
—/[AS,U~V]U)'Asde2:ZIZ'.
i=1

This utilizes the following fact

(3.4)

/Asu-VASu-/lsudx:O,//lsu-V/lsb-/lsbdx:O,//ISVp-Asudx:(),
/Asb-V/lsb-/lsudx—i-//lsb-VASu-Adex:O.
First, estimate 1, by applying Lemma 2.1, we obtain

mz\/ A%V ]b- Aud| < |[A4°,b- Vb 2 [ 4 V|

<OVl oo [[A70] 12 HAs_lquL2>
Similarly,
| I3+ 14+ 15+ 17|
SOVl o A ull gVl | A0 2) | AT VB o ACV | oo [ A% 2 | A V|
FC([Vul o A0 2 [Vl o | A%l 2) | A7 V0| -

Finally, we estimate the remaining two terms. Since [2yA*V xw-Asudz=[2xV x A*u-
A*wdz |, we then apply Young’s inequality to obtain
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|12+[6’ :4X'/v X Au- NPwdx

<X (1024 us|| 72 + (|05 A%us| |7+ (|01 A | 2+ | D5 A% |72+ ]| Oy A*us |7
+ (|02 A% [[72) +4x | 4wl |7

Similar to the proof of Proposition 3.1, by combining the above estimates, ap-
plying || f|l e« SC||fl:(s>2) and using Young’s inequality, we obtain

d S S S 2 S 2 2 S 2 S 2

R S AR S R W AR P

<C||Aul| o (IIVull5s + VDI + Vel 5.) +CI A 2 |Vl [ VO

+ O Awll 2 [Vl e [V

SO(|A%u o+ A°D]| 2+ [| AW 2) (| V]

Then, by adding (3.3) and (3.5), we obtain

Hs

pok

H:  (3.5)

2 V]| ] V]

d 2 2
T H(u,b,w)HZerguHVUI §S+§n\|Vb\|ZS+27\|Vw|I§IS

<O (|Jul] o +]10] o) (IVu]) 3.+ [ V0] 7o) -

By integrating (3.6) with respect to time over the interval [0,¢], we obtain

2 [t 2 [ '
2ot o [ I9ulars 2o [ 10l dr+2y [ 190
3 0 3 0 0

t
et [ (b
Finally, by combining the assumption on the initial values, we obtain
E(t)<CoE(0)+C E>(t).

Now, we begin the proof of the uniform boundedness of the a priori estimates. First,
assume that F(t) is bounded. For a constant Cy>0 , we have

2tV

HS+||w|

[(u,b,0))

2
sdr

< C|(uo,bo,wo)| 1e) dT.

o) ([(Vu, Vb, Vw)|

1

E(t)<M:= . 3.8
(<M= 35)

Next, we prove that if we choose a sufficiently small § >0 such that

1
E(0)=||(ug,b SO 3.9
(0) = 1| (u0,bo,wo)| Hs >0 X0p 16C,C2’ (3.9)
then F(t) actually has an even smaller upper bound, i.e.,

M
B()<-
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Furthermore, by the bootstrapping principle [15], it can be asserted that the
solution to the system exists globally at any time.
By combining the a priori estimates and the upper bound condition (3.8), we

obtain
E(t)<CyE(0) —|—C’1E(t)%E(t) <CoE(0)+ %E(t), (3.10)

Substituting (3.9) into (3.10), we deduce that

1 1
Et)<20’°<——=_M.
(=27 gm=5

At this point, by the bootstrapping principle, we conclude that for any ¢ >0, we
have

D) t 2 t t
Iwbao) @)t 5 | IVaedr 20 [ IV dr+2y [ [T]dr
0 0 0
<CH.
This means that the solution is globally bounded for all time ¢ >0, as shown by
(1.5).
This completes the proof of Theorem 1.1. O

4 Proof of Theorem 1.2

This section is primarily devoted to establishing the decay properties of the solution.
By employing the interpolation inequality, it suffices to prove the decay rates stated
in Theorem 1.2 for integer values of k. In view of the stability result in Theorem
1.1, it is no longer necessary to perform the basic L? estimates and higher-order
estimates. However, for the decay estimates of (A~ u, A='b, A~ w) in Proposition 4.1,
we consider the a priori estimates involving negative derivatives, F1(t) and FEs(t),
as well as the energy estimate Fj3(t) obtained via the weighted energy method.
To facilitate the closure of these estimates, we incorporate the weighted energy
estimate E4(t) from Proposition 4.2 and define the total energy functional E(t)=
E1(t)+Eq(t)+ E3(t)+E4(t) (the definitions of E;(t), i =1,2,3,4, can be found in
Remark1.2).

By combining the a priori estimates obtained in the previous two propositions
(namely, equations (4.8), (4.14), (4.21), and (4.26)), we derive the following energy
inequality:
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By employing a bootstrapping argument, we deduce that there exists a sufficiently
small constant § >0 such that the initial energy satisfies £(0) < 62, which implies
that E(t) remains uniformly bounded in time. We are now in a position to begin
the proof of Theorem1.2.

Proposition 4.1. Suppose the initial assumptions of Theorem1.2 hold. If there
exists a sufficiently small constant ;>0 such that

H (A_iu()?/l_ibﬂv/l_in) ||L2 < 51a

then the system(1.1) admits a global smooth solution (u,b,w) € C([0,00);L*(R?)),
which satisfies )
“(A’lu,A’Ib,A’Iw)“LZSC’(l—i—t)’Z,

where i=1,2, and C(u,n,7) is a constant.

Proof of Proposition 4.1. Step I: Estimates for (A™'u,A71b, A= w)
Similar to Proposition 3.2, multiplying the system (1.1) by (A~2u, A72b, A7 2w)
and integrating over R?, we obtain

e LG N Rs] RSN (e s L
e R L [ T e P
ST e e R W S Y R Ve Y
e Y R TV R i 3
:/b-Vb-/l_2udx+/2Xvxw-A‘Qudx—/u-Vu-A_Qudx

—l—/b-Vu-AZbdx—/u-Vb-/l26d:)c+/2xVXu-A2wdx

8
—/u-Vw‘/ldex—/Vp‘AQde::ZKi.
i=1

First, by the incompressibility condition, we easily obtain Kg=0. For K7, applying
the Gagliardo-Nirenberg inequality and the Young’s inequality, we obtain

K| =

/b-Vb-/l_Qudx

/A_1V(b®b)-/l_1ud:v

<[[b@bll 2 [ A" ul o SO A u] s [1B] (4.2)
<O[[ A || L 11817 V0] 72
<C||A|| . (81122 + (VD)%)
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In a manner similar to the estimate for K, we obtain
. 2 2
K| <CJ[A™ | o (e +Vull72).

Next, we estimate K4, and derive the following bound

| K4 = ’/A_1V(b®u)‘/1_lbd$ <l[b®ul| ;2 HA_leLQ

<O alull o | A0 2 < C 1B IVl 2 19l 475
<470l (100121900 o+ a2 Vel
<C[ A7) o (18117 + VB + 7o+ [Vl 72)

Similarly,

s+ K| <C (| A7 o+ [[A7 )
X (lllza+ 1V ulza+ 1607+ V]2 +llwlly+ [ Vel )-

Finally, we estimate K, and K.
]K2+K6\:‘4x/V><Alu-/l1wdx

<X (00 sl 104 w7+ 014 s

04 w2t A 2 + 00 [2) [ A w2

473

(4.3)

(4.4)

(4.5)

(4.6)

By substituting (4.2) through (4.6) into (4.1) and combining with Lemma 2.2, we

obtain

d 2 2
5H<A-1u,A—1b,A—1w>H;+§uuuuiz+§nubuiz+2v||wuiz
<O (A u, A7, A7 )| .) (1(V, Vb, V) |30+ || (w,b,w) |32 -

Integrating the above inequality over the time interval [0,t], we obtain

B B B 9 9 t 9 t t
(0, a70, 47 ) 3+ 2 [ aldr S [ blEadr2y [ oldr
0 0 0

t
<C)[(A g, A b, A w14 C [ (A A A ) ,)
0

% (I1(V, Vb, V) |72 4[| (w,b,w) [72) dr.

(4.7)
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Therefore, )
Ey(t) < C3 By (0)+CoBE (1) + Cs B2 (1) B (1), (4.8)

where (3, Cy4, and C; are positive constants.

Step II: Estimates for (A~2u,A72b, A~ %w)

To estimate Fy(t), we apply the operator A72 to system(1.1), multiply the result
by (A72u,A72b,A"%w), and integrate over R?, obtaining the following

3 720720720 b o) (0 2 s~
+Ham-ﬁu?uiﬁuagwu?uiﬁ||azA-2u3H;+||am-2u3u;)
1007200+ §0n 200 0122l 2,
L A ) R P R (19)

:/A_Q(b-Vb)-A_Zudx+/2Xv><A_Qw-/l_zudx—/A_ZVp-/l_Qudx

+ / A2 (b-Vu)- A bdz — / A7 (wVb)- A bdz — / A7 (u-Vu) A" %udz

8
+/2Xv></12u-/1dex—//lQ(U-Vw)‘Adex::ZNi.
i=1

First, it is straightforward to verify that N3=0. We now proceed to estimate N;. By
employing the Hardy-Littlewood—Sobolev inequality, the interpolation inequality,
the Gagliardo—Nirenberg inequality, Holder’s inequality, and Young’s inequality, we
derive the following estimate

|N1|:’//1_2(b-Vb)-A_2udx

:'/A_QV(bQ@b)-/l_zudx
<[|47 @b L[4 ull . <ClA7u 0B g

<C|| A2 6B, [b@b] 2,

< C||A2ul| o (16&b]| 2+ (6] 2) (4.10)
<[ A%l . (1181172 +[1B1174)

<Ol A72ull . (W12 + 101 90 2

<CJ|A2ul| . ()17 4+ V2I132)
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Similarly,

| Ny+ N5+ Ng+ Ng| gC(||(/1*2u,/1*2b,/1’2w)||L2)

><(||UI|iz+IIVUIIZLer||b||222+IIVbIIiz+||w||iz+||lelia()- )
4.11

Finally, we estimate Ny and N7, and derive

B (e R L e R AR et
(4.12)
R e ) R s

Combining (4.9)-(4.12), we obtain

d 2 2
A0 2720 A7) [t A7 a4 S AT 294

<O (A0, A720,A72w0) || ) (11, b,w) [z 41| (Ve Vb, V) [ 7).

Integrating the above inequality over the time interval [0,¢], we obtain

2 [ 2 [* t
L =y W Ve Ry W Ve R oy A PR
< H (Ao, A%y, A %wy) Hig

t
+C / (A2, A720,4720) | L, (1 (V, Vb, Vw) |72+ | (w,b,w)][72) dr.
0

(4.13)
Further, we obtain

Ea(t) < Co Ex(0)+Cy B2 (1) Ex () + Cs E2 (£) E(t), (4.14)

where Cy, C7, and Cy are positive constants.
Step III: Weighted energy estimate for (A~ u, A7tb, A~ w)

Applying the operator A™! to system(1.1), taking the L? inner product over R3
with (A~ u, A71b, A~ w), and multiplying the resulting expression by the time weight



476 S. Liu / Ann. Appl. Math., 41 (2025), pp. 461-483

(1+1)Y/2, we obtain

5 03 [ (A7 0, A7, A7 ) [+ () (1402 (110247 B+ 1954 |2
+\|31/171U2H%2+H33/171U2H%2+\|82/171U3H%2+Hal/rlUBH%z)
(1+2)F (10247 030+ 05470y 2

+||alA—1b2||iz+||83A—1b2||iz+||82A—163||%2+||81A‘1b3||%2)
1 1 i
(L2 AT w| ey (L) 2 w2 =D i
=1
(4.15)

Here,

J = i(1+t 2][(A A7, A HLQ, (1+t)5/A1(b-Vb).A1udx,
J3=—(1—|—t)§/A_l(u-Vu)~/l_1udx,J4:— (1+1) ;/V/l p-A"tudz,
J5:<1+t)é/QXVXA_1W'A_1UdI,J6:_(1+t)2//1_ (u-Vb)- A" bd,
J7—(1+t)%/A1(b-vu)-A1bdx,Jg—(1+t)%/2XV><A1u-A1wdx,

Jo=—(1+1)2 /A_l(u-Vw) A hwdr.

It is straightforward to verify that J,=0. By integrating J; in time over the interval
[0,¢], we obtain

/J1d7< /H A7p, AT HiQdTﬁ}lEg(t). (4.16)

We now estimate J; and Js. By applying Young’s inequality, we obtain

et (1005 027 04004 0+ 00 v Jor

+H81A1quZ+H82AlulHiz) FAx (142 47w .
(4.17)

Following a similar procedure as in (4.2), we obtain

3 1
| Jo+ J3+ 6+ J7—|—J9|§C(1—|—t)% H(/l_lu,/l_lb,/l_lw) HL2 |(Vu,Vb,Vw)| 7, ||(u,b,w)]| ;2.
(4.18)
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By integrating (4.18) in time over the interval [0,t], we obtain

t
/ | o+ Js+Js+ Jr+ Jo|dT
0
t , .
sc/ ((1+7)%H(Aflu,/wb,/rlw)um||(vu,vz),vw>||32 ||(u,b,w)Hzg>d7-
0

\ t 1 1 3
gcsup(1+T)sH(A-lu,A-lb,A-lw)HL2/0 (7)) 172 1 (Ve, 90, V)| 7, ) dr

0<7<t

¢
<O sup (L+7)3[|[ (A7 w A0 w) | / ()2l by) [ (V00w ) dr
0<r<t 0
3 1
<C (B )+ B (OEW).
(4.19)
On the other hand, combining (4.15), (4.17), and (4.18), we obtain

d 1 _ _ _ 2 2 1 2 1 1
E(HWH(/I fu, A7, A 1w)I|L2+§u(1+t)2I\U\!iz+§n(1+t)2HbHQLerQV(lth)?Hw\ﬁz

<O+ |(A7 0, A7 0, A ) | aa,byw) |2 [| (A2, A0, A7 M0) |2,

1 P RTRR T 2
+é_l(1+t) 2H(/1 Yu, A71b, A 1UJ)HL2.

(4.20)
Finally, integrating (4.20) over the interval [0,¢] and combining it with (4.16) and

(4.19), we obtain

, 2 [t ,
sup (1+7)2 H(A_1u7/1‘1b,/1‘1w)(7)Hifr—u/ (1+7)2 [Ju(r)| 72 d7
0

0<r<t 3
2 [ 1 2 ! 1 2
s [ Qe adr2y [ (L0t um)adr
0 0
3 1 1
<CE(0)+C <E3 (t)+E2 (t)E(t)> +Ba(t).

which yields
3 1 1
By(t) S CE3(0)+C (B3 (1) +Ef () E(t) )+ Ea(0), (4.21)
At this stage, utilizing the uniform boundedness of the energy functional F (t),

we derive

(A~ u, A1, A ) ||, SC(1+8) 71,



478 S. Liu / Ann. Appl. Math., 41 (2025), pp. 461-483

Proposition 4.2. Suppose the initial assumptions of Theoreml.2 hold. If there
exists a sufficiently small constant do >0 such that

|| (2o, b0,w0) || L2 < d2,

then the system (1.1) has a global smooth solution (u,b,w)€ C([0,00);L*(R?)) that
satisfies

I bw) 2 <C(4)77,
where C=C'(u,n,7) is a constant.
Proof of Proposition 4.2. The equation (1.1) is inner-multiplied in L? on R? and
then multiplied by the time weight (1+t)%

1d 1
= (1) [|(w,b,w) [+ (X)) (148)2 (19w || 72 41|95 |72 + (|97
(

, which gives the result:

2dt
+10suzy2 +1|02us] 32 + 1 Ovus||72) +1(1+)2 (0aball7e+ 1 9sb |72 +1|O1b2| 3
+103ba [ + 11923172 + 191bs72) +4x (L)% |72 +(148)2 | Va3
:%(1—1-15)%||(u,b,w)||iz+(1+t)g/b-Vb-udx—(l—i—t)g/u-undx

—(144) S/vp udx+(1+t)3/2Xva-udx+(1+t)§/b-vu-bdx

9
—(1+t)g/u-Vb-bdx+(1+t)§/2)(V><u-wd:v—(1+t)§/u-Vuwwdm:ZLi.
i=1
(4.22)
Note that, due to the incompressibility condition V-u=V-b=0, we obtain
L2+L6:(1+t)3/b~Vb.udx+(1+t)3/b.vu.bdx:o;
L3:—(1+t)g/u-Vu-uda::O;L4:—(1+t)g/Vp-udx:(); (4.23)

L7:—(1—|—t)§/u-Vb-bdx:O;ng—(l—l—t)g/u-Vw-wdsz.
For L; and Lg, by using the identity [V xw-u,dz= [V xu-w,dz and applying
Young’s inequality, we obtain
Ly Ls < X(1+1)2 ([ 0usl[7a + [ Ostz 72+ [|Bruss] |
+|0sun 72+ ([ 9rua |72 + 190 [[72) +Ax (146)% [[w] 7.

For L;, integrating with respect to time over [0,t], we obtain

t t
[ mar=3 [aen b lwbwladr < E0),
0

0

(4.24)
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Moreover, combining (4.22) with (4.23) and (4.24), we obtain

d 3 2 3 2 3 3
G (UHOR () |[Fa 4 S p(L+0) 2 Vullfa + 50 (1+0)2 [ Vb7 42y (140)% [ Ve [

<C(+1)3 | (w.b,w)]2.
(4.25)

Integrating (4.25) over the interval [0,¢], we obtain
3
Ey(t) gCE4(0)+ZE3(t). (4.26)

Using the uniform boundedness of E(t) and the initial bound E4(0), we conclude
that F4(t) remains uniformly bounded for all ¢>0. As a result, we further obtain

H (U,b,’(U) ”L2 < C(l —|—t)_%‘
O

Proposition 4.3. Under the initial assumptions of Theoreml.2, if there exists a
sufficiently small constant d3>0 such that

||(As*u()u/ls*bOuAs*wO)HL2 <637

then the system (1.1) admits a global smooth solution (u,b,w)€ C([0,00); H* (R?))
satisfying

_k
2

4t % ), <105,
where C'=C'(u,n,7y) is a constant and k€R with k>—1.

Proof of Proposition 4.3. We now proceed by mathematical induction to prove it.
First, Propositions 4.1 and 4.2 have established the decay rates for ||(A™ u, A71b,
A7 w) |2 and ||(u,b,w)||z2. Assume that the solution (u,b,w) has derivatives up to
order k—1, and suppose that the following statement holds:

2 t
(1) (A, 24 4 0) [t g [ ()00 0
0 (4.27)

" t
+§77/0 (L) HA’“bHZdHM/O (1+7) 00 | At udr < €83,

To prove that the estimate holds when the solution (u,b,w) possesses derivatives
up to order k, namely,

kE_3
271
Y

| (AFu, A¥b, AFw)|| , <C(1+18)~
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we apply the operator A* to the system (1.1), multiply the resulting equations by
(AFu, Akb, Akw) respectively, take the L? inner product over R?, and then multiply
by the time weight (1-+¢)*"2. This yields:
1d
24t

B A Y e e e R IR R (

()52 [| A (,b,1w) |- () (148) 2 (||82/lku1HL2+H@g/lku1HL2+H81/1ku2HL2

2

el a4 sl

Fy(14¢)k 2 HA’“*leL2+4X (14+¢)k2 HA’“wHLQ ZM,,

(4.28)
where

MF% (k+;> (14t)F+2 HA’f(u,b,w)H;,M2:(1+t)’f+3/A’f(b-Vb)-A’fudx,
Mgz—(l—l—t)“g/Ak(u-Vu)-Akudx,M4:—(1+t)k+g/Vp-/l%udx,
M5z(1+t)k+3/2Xva-A2kudx,M6:(1+t)k+3/Ak(bvu)-A’fbdx,
M7_—(1+t)k+3/Ak(u.Vb).Akbdx,Mg_—(1+t)k+3/Ak(u-vw)-Akwdx,
M9:(1+t)k+3/2Xqu-A2kwdx.

Integrating M; over the time interval [0,¢] and applying the induction hypothesis
(4.27), we obtain

t t
/ MldTSC'/ ((1—1—7)“%H(/lku,/lkb,/lkw)H;)dTSC.
0 0

By the incompressibility condition, it follows directly that My=0. For the esti-
mates of M5 and My, by applying Young’s inequality, we obtain

| M+ My| = (1+1)"+3

/QXAkV xw- A u4-2xV x AFu- AFwde

<X (][04 sl | | 0s A s [+ [[90A s 7, 054 7,

oA a7+ |0 A Hia) +AX(11) 5 || ARw]| 7,
(4.29)
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For M,, by applying the Gagliardo—Nirenberg inequality, Holder’s inequality, and
Young’s inequality, we obtain

|M2]:’(1+t)k+3/Ak(b-Vb)-/lkudx

:‘(1+t)k+3/Ak(b®b)~/1kVudx

< (14682 || A 0@b)|| . [ A ul)
(1653 || AR |2, +C ()52 || A% |2, 1012

IN

(1) A 2y O ) ] 1 o

IA
Sl=Rl=

IN

k2 (Hogoak+1, 12 ) kL )2 k3 || g2 2
() (A 435 A5 ) +C e 3| A%, el
(4.30)
Similar to My, we can estimate Mz, Mg, M7, and Mg together as follows
| M3+ Mg+ M7+ Ms|
3 2 3 2
e Gl T

+ L ) 3 || A+

" N e[ CET L PR

(4.31)
By applying Lemma2.2 and combining (4.28), (4.29), (4.30), and (4.31), we obtain

12

%(1+t>k+3 [ (A*wu, AFD, AF

FAy(148)k3 H/l’““wHQL2

W)t S A2+ 210t 45

<O (w00 [ (k4 5) 002 0 0, 250 .

Based on Theorem1.1, the uniform boundedness of the energy functional E(t),
and the initial value assumptions, together with Gronwall’s inequality, we obtain

12 || (AP, A4, ARw) |2,

(
< (|| (4*u(0), A40(0), A4u(0))
(HZ’) / (A7) 2 A’“u@)’Akb(T)’Ak“’(T”Hi?dT)

<ep{C [[utr) bt (e |

<Cexp{CE( )}((52+C’) <C.
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Furthermore, we obtain

k_3
274
Y

| (AFu, AFb, AP w)| |, <C(1+1)~

Thus, by mathematical induction, we conclude that for any k€R and k> —1,

the above decay estimates hold. Therefore, the proof of Theorem1.2 is complete.

]
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